ON INTEGRABLE FuUNCTIONS IN COMPLETE
BORNOLOGICAL LocALLY CONVEX SPACES
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Abstract. A Lebesgue-type integration theory in complete bornolog-
ical locally convex topological vector spaces was introduced by the first
author in [17]. In this paper we continue developing this integration
technique and formulate and prove some theorems on integrable func-
tions as well as some convergence theorems. An example of Dobrakov
integral in non-metrizable complete bornological locally convex spaces
is given.

1 Introduction

We can observe that theories containing a certain compatible collection of basic
theorems, a calculus, lie in the focus of the present measure and integration
investigations. This calculus makes possible and determines further applications
of the integral in a particular branch of mathematics.

In a series of papers 1. Dobrakov developed a Lebesgue-type integration
theory which deals with the L(X,Y)-valued measure o-additive in the strong
operator topology in the Banach spaces. Among them the papers [9] and [10]
are fundamental. It is well-known that the Dobrakov integral yields a greater
class of integrable functions than the also well-known (Lebesgue-type) integral
of R. G. Bartle, cf. [1], considering the same measure and set systems, cf. [9].
The Dobrakov integral is defined in Banach spaces. There are also some possible
generalizations of this integral, e.g. to locally convex spaces, cf. [22], [25], or [4],
[5], [6]. A definition of a Bartle-type integral in complete bornological locally
convex topological vector spaces in the sense of Hogbe-Nlend [19] may be found
in [3].

There is a natural tendency to generalize integrations from Banach spaces
to "higher floors”. For instance, there is a question how to construct a theory of
integration in locally convex spaces which are non-metrizable. The bornological
character of the bilinear integration theory developed in [22] shows the fitness
of developing a bilinear integration theory in the context of bornological convex
vector spaces.

One of the equivalent definitions of the complete bornological locally convex
topological vector spaces (C. B. L. C. S., for short) is to define these spaces
as the inductive limits of Banach spaces. Therefore there is a natural question
whether the Dobrakov integral in C. B. L. C. S. may be defined as a finite
sum of Dobrakov integrals in various Banach spaces, the choice of which may
depend on the function which we integrate. In [13, 14, 15, 16] we may find an
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integration technique which generalizes the Dobrakov integration theory to C.
B. L. C. S. and in [17] it is shown that such an integral may be constructed. The
sense of this seemingly complicated theory is that, at the present, this is the
only integration theory which completely generalizes the Dobrakov integration
to a class of non-metrizable locally convex topological vector spaces. A suitable
class of operator measures in C. B. L. C. S. which allow such a generalization
is a class of all o-additive bornological measures. For lattices of set functions
connected with an operator valued measure in C. B. L. C. S.; see [15], and for
convergences of measurable functions in C. B. L. C. S., see [14]. The construction
and existence of product measures in C. B. L. C. S. in connection with this
integration technique is given in [2].

The aim of this paper is to continue developing the integration technique
introduced in [17] and investigate some theorems on integrable functions for this
integral. Some convergence theorems will also be proved and basic properties
of the integral stated. An example of Dobrakov-type integral in C. B. L. C. S.
is given.

2 Preliminaries

In order to state our results, we give a brief development of a theory of integra-
tion in C. B. L. C. S. and collect the needed definitions and results from [13],
[14], [15] and [17].

2.1 Complete bornological locally convex spaces

The description of the theory of C. B. L. C. S. may be found in [19], [20] and [21].

Let X,Y be two C. B. L. C. S. over the field K of real R or complex numbers
C, equipped with the bornologies Bx, By, respectively. Recall that a (separa-
ble) Banach disk in X is a set which is closed, absolutely convex and the linear
span of which is a (separable) Banach space. Let us denote by U the set of all
Banach disks U in X such that U € Bx. So, the space X is an inductive limit
of Banach spaces Xy, U € U,

X = injlim Xy,
veu

cf. [20], where Xy is a K-linear span of U € U and the family U/ is directed
by inclusion and forms the basis of bornology Bx (analogously for Y and W).
The basis ¢/ in the inductive limit need not be unambiguous and, in particular,
it may be chosen such that Xy, U € U, are separable.

We say that the basis ¢ of the bornology Bx has the vacuum vector 2
Up e U, if Uy C U for every U € U. Let the bases U, VW be chosen to consist
of all Bx-, By-bounded Banach disks in X, Y, with marked elements Uy € U,
Uy # {0}, Wo € W, Wy # {0}, respectively.

Since Xy, U € U, in the definition of C. B. L. C. S. is a Banach space, it
is enough to deal with sequences instead of nets and therefore we introduce the
following bornological convergence in the sense of Mackey. Let U be a basis of
bornology Bx. We say that a sequence of elements x,, € X, n € N, U-converges

2in literature we can find also as terms as the ground state or marked element or mother
wavelet depending on the context



(or, equivalently, converges bornologically with respect to the bornology Bx)
to x € X, if there exists U € U such that for every € > 0 there exists ng € N
such that (x, —x) € U for every n > ng. We write x = U-lim,,—.o x,,. To be
more precise, we will sometimes call this the U-convergence of elements from X
to show explicitly which U € U we have in the mind.

Remark 2.1 A classical bornology consists of all sets which are bounded in
the von Neumann sense, i.e. for a locally convex topological vector space X
equipped with a family of seminorms @, the set B is bounded (or belongs to the
von Neumann bornology) if and only if for every ¢ € @ there exists a constant
Cy such that ¢(x) < C, for every x € B.

2.2 Operator spaces

On U the lattice operations are defined as follows. For U;,Us; € U we have:
Ui AUy = Uy NUs, and Uy VU, = acs(U; UUs), where acs denotes the topological
closure of the absolutely convex span of the set. Analogously for W. For
(Ul, Wl), (Ug, Wg) eU x W, we write (Ul, W1) < (UQ, Wg) if and only if U, C
Us, and Wy D Wh.

We use @ to denote the class of all functions U — W with order < defined as
follows: for ¢, 9 € ® we write ¢ < 1 whenever o(U) C ¢(U) for every U € U.

Denote by L(X,Y) the space of all continuous linear operators L : X —
Y. We suppose L(X,Y) C ®. The bornologies Bx, By are supposed to
be stronger than the corresponding von Neumann bornologies, i.e. the vector
operations on the space L(X,Y) are compatible with the topologies, and the
bornological convergence implies the topological convergence. Note that in the
terminology [21] the space L(X,Y) (as an inductive limit of seminormed spaces)
is a bornological convex vector space. For a more detail explanation of the
structure of L(X,Y), when both X, Y are C. B. L. C. S., cf. [15]. For the
topological and bornological methods of functional analysis in connection with
operators, cf. [26].

2.3 Basic set structures

Let T # 0 be a set. Denote by 27 the potential set of the set T and by A C 27
a o-ring of sets. If A is a system of subsets of the set 7', then o(.A) denotes
the o-algebra generated by the system A. Denote by ¥ = o(A). We use xg to
denote the characteristic function of the set E. By py : X — [0, 00] we denote
the Minkowski functional of the set U € U (if U does not absorb x € X, we
put py(x) = 00.). Similarly, pyr denotes the Minkowski functional of the set
WeWw.

For every (U, W) € U x W denote by myw : £ — [0,00] a (U, W)-semi-
variation of a charge (= finitely additive measure) m : A — L(X,Y) given
by

I
Ii’lU_rw(E) = sup pw (Z m(E N El))q) , EeX,

i=1
where the supremum is taken over all finite sets {x; € U;i = 1,2,...,I} and
all disjoint sets {E; € A; ¢ = 1,2,...,I}. It is well-known that myw is a
submeasure, i.e. a monotone, subadditive set function with my w (0) = 0 for



every (U, W) € U x W. The family my w = {myw; (U, W) €U x W} is said
to be the (U, W)-semivariation of m.

Denote by Ay w C A the largest o-ring of sets E' € A, such that my w (E) <
00. Observe that if (Uy, Wy), (U, Wa) € U x W such that (U, Wa) < (Uy, Wh),
then Ay, w, C Ay, w, and therefore o(Ay, w,) C o(Ay,,w,). Denote by
Ayw ={Auw C A; (U, W) eld x W}.

Remark 2.2 It is technically convenient to extend the definition of (U, W)-
semivariation my,w to an arbitrary subset F' of T" as follows:

mU,W(F) = Ee%ﬁch my,w(E).

For every (U, W) € U x W, denote by ||lm|yw : £ — [0, 0] a scalar (U, W)-
semivariation of a charge m : A — L(X,Y) defined as

I

> Am(ENE;)

i=1

, EFeX,
Uw

[m|v,w(E) = sup

where || L||y,w = supycy pw (L(x)) and the supremum is taken over all finite sets
of scalars {\; € K; |\| < 1,i =1,2,...,1} and all disjoint sets {E; € A; i =
1,2,...,I}. The scalar (U, W)-semivariation |ml/yw is also a submeasure.
Denote by [l = {lmlluws (U, W) € U x W},

For every W € W, denote by |ulw : ¥ — [0,00] a W-semivariation of a
charge p: ¥ — Y given by

I
lulw (E) = sup pw (Z Ain(E N Ei)) , Eel,
=1

where the supremum is taken over all finite sets of scalars {\; € K; |\;| < 1,i=
1,2,...,I} and all disjoint sets {F; € A; i =1,2,...,I}. The W-semivariation
||lw is also a submeasure. Denote by uyw = {uw; W € W}.

2.4 Basic convergences of functions

In the theory of integration in Banach spaces we suppose the generalizations of
the classical notions, such as almost everywhere convergence, almost uniform
convergence, and convergence in measure or semivariation of measurable func-
tions and relations among them as commonly well-known, cf. [9]. All this theory
may be generalized to C. B. L. C. S. as follows.

Let By,w be a lattice of submeasures Sy w : ¥ — [0,00], (U, W) € U x W,
where

ﬁUQ,WQ /\BUs,Wg = BUQ/\US,WQ\/Ws’
ﬁUQ,WQ vﬁUs,Wg = BUQVUS,WQ/\Wsﬂ

for (UQ,WQ), (Ug,Wg) ceUuUxWw, (e.g. Bu,w = My w, or ||m||uﬁw)

Denote by O(Buw) = {N € 3; Buw(N) =0, (U W) € U x W}. The set
N € ¥ is called Gy w-null if there exists a couple (U, W) € U x W, such that
Buw (N) = 0. We say that an assertion holds Gy, w-almost everywhere, shortly
Bu,w-a.e., if it holds everywhere except in a B, yy-null set. A set E € ¥ is said
to be of finite submeasure By if there exists a couple (U, W) € U x W, such
that ﬂU,W(E) < Q.



Definition 2.3 Let £ € ¥ and R € U, (U, W) € U x W. We say that a
sequence f, : T — X, n € N, of functions (R, E)-converges By w-a.e. to a
function f : T — X if lim, oo pr(£,.(t) — £(t)) = 0 for every t € E\ N, where
N € O(Buw)-

We say that a sequence f,, : T — X, n € N, of functions (U, E)-converges
Buw-a.e. to a function f : T — X if there exist R € U, (U,W) € U x W, such
that the sequence f,,, n € N, of functions (R, E)-converges Sy w-a.e. to f. We
write £ = U-lim,, .o £, Bu,w-a.e.

If E =T, then we will simply say that the sequence R-converges Sy, w-a.e.,
resp. U-converges [y y-a.e.

Definition 2.4 Let E € Y and R € U, (U, W) € UxW. We say that a sequence
of functions f,, : T — X, n € N, (R, E)-converges uniformly to a function
f:7 — X, if lim, . ||fn — f||g,r =0, where ||f||g,r = sup,c g pr(£(?)).

We say that a sequence f,, : T — X, n € N, of functions (R, E)-converges
Bu,w-almost uniformly to a function f : T — X if for every € > 0 there exists
a set N € 3, such that By w (N) < € and the sequence f,,, n € N, of functions
(R, E'\ N)-converges uniformly to f.

We say that a sequence f,, : T — X, n € N, of functions (U, E)-converges
Bu,w-almost uniformly to a function f : T — X, if there exist R € U, (U, W) €
U x W, such that the sequence f,,, n € N, of functions (R, E)-converges Sy, w-
almost uniformly to f.

If £ =T, then we will simply say that the sequence of functions R-converges
uniformly, resp. R-converges [y, w-almost uniformly, resp. U-converges (i -
almost uniformly.

Definition 2.5 Let £ € ¥ and R € U, (U,W) € U x W. We say that a
sequence £, : T — X, n € N, of functions my,w-(R, E)-converges to a function
f:T — X, if for every € > 0, § > 0 there exists n(e, §) € N, such that for every
n > n(e,0), n € N, holds: my; y,({t € E;pr(fa(t) — £(¢)) > d}) <e.

We say that a sequence f, : T — X, n € N, of functions vy w-(U, E)-
converges to a function f : T — X if there exist R € U, (U, W) € U x W, such
that the sequence f,,, n € N, of functions my w-(R, E)-converges to f.

If E =T, then we will simply say that the sequence of functions my w-R-
converges, resp. My yw-U-converges.

For a more detail explanation of described convergences of functions in C.
B. L. C. S. and relations among them, cf. [14].

2.5 Measure structures

For (U, W) € U x W we say that a charge m is of o-finite (U, W)-semivariation
if there exist sets B, € Ayw, n € N, such that T = |J7—, E,,. For ¢ € ®, we
say that a charge m is of o-finite (U, W)-semivariation if for every U € U, the
charge m is of o-finite (U, o(U))-semivariation.

Definition 2.6 We say that a charge m is of o-finite (U, W)-semivariation if
there exists a function ¢ € ® such that for every U € U the charge is of o,-finite
(U, W)-semivariation.



In what follows we suppose the charge m is of o-finite (4, W)-semivariation.
To be more exact we will sometimes specify that a charge m is of o,-finite
(U, W)-semivariation to indicate that ¢ is that function in Definition 2.6 which
provides the o-finiteness of the (U, )-semivariation of m.

Lemma 2.7 [cf. [17], Lemma 2.2] Let ¢,v € ® such that ¢ < 1. If a charge
m is of o,-finite (U, W)-semivariation, then m is also oy-finite (U, WV)-semi-
variation.

IfU eU, p € ®, and or(Ay,,w)) is the smallest local o-ring of all sets
of o-finite (U, ¢(U))-semivariation (i.e. the following implication is true: if
A€ AU,LP(U)’ B e UF(AU,ap(U))a then ANB ¢ AU,LP(U))) and OF(IilUW(U)) =
Oty (1)), where Op (y 1)) = {N € or(Ay,,w)); My, (N) = 0}.

Lemma 2.8 [cf. [17], Lemma 2.3] Let ¢ € ®. If a charge m is of o,-finite
(U, W)-semivariation, then ¥ = op(Ay,,w)) for every U € U.

Let W € W. We say that a charge 1 : ¥ — Y is a (W, 0)-additive vector
measure, if g is a Yyy-valued (countable additive) vector measure.

Definition 2.9 We say that a charge p : ¥ — Y is a (W, 0)-additive vector
measure, if there exists W € W such that p is a (W, o)-additive vector measure.

Note that if W € W and p: ¥ — Y is a (W, 0)-additive vector measure,
then p is a (W7, 0)-additive vector measure whenever W C Wy, Wy € W.

We say that a charge pp: ¥ — Y is a (W, 0)-continuous measure if there
exists Wy € W, such that E, D E,i1, E, € X, n € N, py, (u(E1))) < oo,
N>, E, = 0 implies

lm puwy (1(E)) = 0. 1)

Note that (1) holds for every W D Wy, W € W.

Lemma 2.10 If u is a (W, 0)-additive measure, then p is a (W, o)-continuous
measure.

Proof.  Since p is a (W, o)-additive measure, then there exists W € W, such
that p is a (W, o)-additive measure. Also the measure p is (W, o)-additive for
every WO WL, WeW.

Let E, D Enq1, B, € X, n € N, such that (), E, =0 and pw, (u(E1)) <
oo for some W, € W. Then pw (u(E1)) < oo for every W D W, W € W.

Put Wy = W, vV W,. Show that (1) holds. Denote by F,, = E, \ En41,
n € N. By the (W, 0)-additivity of u we have

0= lim pw, (H(El) — 1 (U E)) = lim pw, (1(Ent1).
i=1
O
Let W e Wand let v, : ¥ — Y, n € N, be a sequence of (W, o)-additive
vector measures. If for every ¢ > 0, E € ¥ with pw (v, (E)) < 00, and E; € X,
E,NE; =0,i#j,14,j €N, there exists Jy € N such that for every J > Jp,

o ( <(’jEmE>) <



uniformly for every n € N, then we say that the sequence of measures v,, n € N,
is uniformly (W, o)-additive on X.

Note that if a sequence v,,, n € N, of measures is uniformly (W, o)-additive
on X for W € W, then the sequence v,, n € N, of measures is uniformly
(W1, 0)-additive on ¥ whenever Wi D W, W; € W.

Definition 2.11 We say that the family of measures v, : ¥ — Y, n € N, is
uniformly (W, o)-additive on ¥, if there exists W € W such that the family of
measures vy, n € N, is uniformly (W, o)-additive on X.

The following definition generalizes the notion of the o-additivity of an op-
erator valued measure in the strong operator topology in Banach spaces, cf. [9],
to C. B. L. C. S.

Definition 2.12 Let ¢ € ®. We say that a charge m : A — L(X,Y) is a
o,-additive measure if m is of o,-finite (U,WW)-semivariation, and for every
A€ Ay py, the charge m(AN-)x : ¥ — Y is a (p(U), 0)-additive measure for
every x € Xy, U € U. We say that a charge m : A — L(X,Y) is a o-additive
(bornological) measure if there exists ¢ € @, such that m is a o,-additive
measure.

In what follows a charge m is supposed to be o-additive bornological mea-
sure. If ¢ < ¢, o, € @, and a charge m : A — L(X,Y) is a o,-additive
measure, then m is a oy-additive measure. Indeed, the fact that m is of oy-
finite (U, W)-semivariation follows from Lemma 2.7. The assertion that for
every A € Ay w, the charge m(AN-)x : ¥ — Y isa (¢(U), 0)-additive measure
for every x € Xy, is implied from the inequality pyw)(y) < pew)(y), y €Y.

2.6 An integral in C. B. L. C. S.

We use Ma i to denote the space of all (A,U)-measurable functions, i.e. the
largest vector space of functions f : 7' — X with the property: there exists
R € U, such that for every U € U, U D R, and ¢ > 0 the set {t € T; py(£f(t)) >

d} € . In what follows we deal only with (A,U)-measurable functions. Note
that in this my; y, = myw for every (U, W) € U x W in Definition 2.5.

Definition 2.13 A function f : T — X is called A-simple if f(T) is a finite set
and f~1(x) € A for every x € X \ {0}. Let S denote the space of all A-simple
functions.

For (U,W) € U x W, a function f : T — X is said to be Ay w-simple if
f= 2521 X;XE;, where x; € Xy, E; € Ayw, such that E; N Ej =0, for i # j,
i, =1,2,...,1. The space of all Ay -simple functions is denoted by Sy w .

A function f € S is said to be Ay w-simple if there exists a couple (U, W) €
U x W, such that f € Sy . The space of all Ay yy-simple functions is denoted
by SH,W-

For every E € ¥ and f € Syw, (U, W) € U x W, we define the integral by
the formula [, fdm = Zi[:l m(E N E;)x;, where f = 2521 XiXE;» Xi € Xu,
E, € Ayw, EiNE; =0,i# j,i,j =1,2,...,I. Note that for the function
f € Syw the integral [ fdm is a (W, o)-additive measure on X.

The following result is a version of the classical Vitali-Hahn-Saks-Nikodym
theorem in our setting, cf. [8].



Theorem 2.14 Let v, : ¥ — Y, n € N, be (W, 0)-additive measures and
let W-limy,—,o0 vn(E) = v(E) exists in Y for each E € X. Then ~,, n € N,
are uniformly (W, o)-additive measures on X, and consequently, v is a (W, 0)-
additive measure on X.

Theorem 2.15 [cf. [17], Theorem 3.8] Let m be a o-additive measure and f €
Mau. If there exists a sequence £, € Sy w, n € N, of functions, such that

(a) u'hmn—>oo fn =f I’i’lu,w-a.e.,

(b) the integrals [ f, dm, n € N, are uniformly (W, c)-additive measures on

)

then the limit v(E,f) = W-lim,,_, fE f, dm exists uniformly in E € X.

Definition 2.16 A function f € My is said to be Ay yy-integrable if there
exists a sequence f, € Sy w, n € N, of functions, such that

(a) U-limy,_ o0 £, = £ My y-ace.,
(b) [ f,dm, n € N, are uniformly (W, o)-additive measures on X.

Let Zy A denote the family of all Ay yy-integrable functions. Then the inte-
gral of a function f € 74y A on a set £ € ¥ is defined by the equality

yE:/fdm:W- lim f, dm.
E

n—oo E

Theorem 2.17 [cf. [17], Theorem 4.2] Let v(E,f) = [ fdm, E € ¥ and
feTuwa. Thenv(-,f): X =Y is a (W,0)-additive measure.

The following theorem gives a criterium of integrability of a (A, U)-measurable
function.

Theorem 2.18 [cf. [17], Theorem 4.3] A function f € Ma 1 is Ay w-integrable
if and only if there exists a sequence £, € Sy w, n € N, of functions such that

(a) (U, E)-converges 1y w-a.e. tof, and
(b) the limit W-limy oo [, fo dm = v(E) eaists for every E € 3.

In this case fE fdm = W-lim,,_ fE f, dm for every set E € ¥ and this limit
s uniform on 3.

For (U,W) € U x W denote by Zy,w the set of all Dobrakov’s integrable
functions with respect to Banach spaces Xy, Y. Observe that the space of
all integrable functions is constructed as a union of the net

Tyuw,a = U Iyw.
(UW)eUxW

Observe that the family A (my, ) (a collection of all my, yy-null sets) connects
the whole theory of the integration by the notions of the type "U, W-almost
everywhere” through the rows of the integrable functions Z;; w a into the one
unit. In [16], Lemma 3.13, it is proved that N (ry,)y) is an ideal of subsets



of ¥. So, the ideal N (ry, ) gives a new quality to the theory of integration
in the bornological spaces, which we do not observe in the classical case or in
the integration in Banach spaces where the structure of null set has no sense.
Moreover, in every previous theorem we can consider generally the set from the
N (1, 1v) in the assertions of the type "1y y-almost everywhere” for (U, W) €
U xW.

3 Theorems on integrable functions

Lemma 3.1 Let (U, W) €U x W. Then

my,w(E) = sup {PW (/ fdm) s feSvw,|fleu < 1}
E

for every set E € o(Ayw). Hence for every £ € Syw and every set E €
o(Ayw) the inequality

- ( / fdm) < 5.0 - g ow (B)
E
holds.

The proof is trivial and therefore omitted. Note that the assertion of Lemma 3.1
holds also when replacing Ay, w-simple functions by Ay, w-integrable functions
as it is proved in [18]. The following result is a useful one.

Theorem 3.2 If f is a Ay w-integrable function and ¢ is a bounded scalar
(A,U)-measurable function, then ¢f is a Ay yw-integrable function.

Proof. By Definition 2.16 there exists U € U, (R,S) e U x W, and M € %
such that mp (M) = 0 and lim,_,o py (£, (t) — £(¢)) = 0 for every t € T\ M.
Without loss of generality suppose that the sequence f,,, n € N, of functions
U-converges to f. Since m is a 0,,-additive measure for some ¢; € @, for
U there exists Wi € W such that ¢1(U) = W;. By definition, there exists
W5 € W such that the integrals [ f, dm, n € N, are uniformly (W», o)-additive
measures on L. Put o(U) = W = Wy V Wy, Then the integrals f_fn dm,
n € N, are uniformly (W, o)-additive measures on 3 and the measure m is also
of p-finite (U, W)-semivariation.

Without loss of generality suppose |p(t)] < 1 for every ¢t € T' and choose
the scalar Ay w-simple functions ¢,, n € N, converging on the whole 7" to ¢,
for which ||pn|l7,0 < 1 for every n € N. Then ¢, f,, n € N, is a sequence of
Ay w-simple functions U-converging my yw-a.e. to the function ¢ f. From the
definition of the scalar (U, W)-semivariation we get the inequality

for every set ' € ¥ and every n € N.

Since the integrals f f, dm, n € N, are uniformly (W, o)-additive measures
on Y, from the Hahn-Banach theorem and definition of the scalar (U, W)-
semivariation we immediately obtain the uniform continuity of || [ £, dm/||y,w (-).

E)

<[t

(
U,W U,W



So, the integrals f onf, dm, n € N, are uniformly o-additive Yy-valued meas-
ures on Y. This completes the proof of the integrability of the function ¢ f. O

Remark 3.3 For the sake of brevity we will continue proving each ongoing
theorem only using a couple (U,W) € U x W because the case (U, Wr),
(U, Wa) € U x W such that Uy # Uz or Wi # Ws may be reduced to this
case putting U = Uy V Uy and W = ¢(U), where p(U) = ¢1(U) V Wy V Wa,
p € ®, and 1 € ® is such that T is of o, -finite (U, @1 (U))-semivariation.

Theorem 3.4 Let A € Ay andf : T — X be ald-bounded (A,U)-measurable
function. If there exists a sequence of Ay w-simple functions f,, n =1,2,...,
nmy w-U-converging to the function £xa, then fxa € Ty w.

Proof. Let (U,W) € U x W. For each k = 1,2,..., take an nj such that
myw (Ar) < 27F where

a={te At 0 - 10) > 5 |

Put By = U;2, Ai for k = 1,2,..., and let B = (-, Bx. Then by o-
subadditivity of the (U, W)-semivariation my w we have that B € O(1hy,w)
and therefore [, fxpdm = 0 for each E € X.

Foreach k =1,2,..., put fi =, xa\p,. Then f;, k=1,2,...,is a sequence
of Ay w-simple functions U-converging on the whole T" to the function fx 4\ p
and at the same time ||f] ||rv < [[f||7,0 + 1 for each k = 1,2,.... Further, for
each set F € ¥ and each ki, ko € N such that k1 < k5 the following inequalities
hold

pw </ f;, dm */ fr., dm) < pw / (ff,, — fr,) dm
E E Eﬁ(A\Bkl)
+ pw / fp, dm | + pw / f, dm
EﬁBkl EmBkl

1
S 2]6172

(myw (A) + [fllrv +1).

By the assumption of the theorem we have my w (A) + ||f||r,v < oo and since
Y is complete, then from the above inequalities the existence of the limit
W-limy 00 fE f, dm = v(E) € Y follows for each E € X. From here the
integrability of fx 4\ p and consequently of fy 4 follows by Theorem 2.18. O

Definition 3.5 We say that a charge m : A — L(X,Y) is of continuous
(U, W)-semivariation if for every couple (U, W) e U x W,

Ep D Eng1, En € B, € Nipw (E1) < oo, [ En =0 = tgw(E,) \, 0.

n=1

Theorem 3.6 Let a charge m be of continuous (U, W)-semivariation. If A €
Ayw and £ : T — X is a U-bounded (A,U)-measurable function, then fxa €

IM,W'

10



Proof. Let (U W) € U x W and let us consider a sequence f,, n € N, of
Ay w-simple functions, such that the sequence f, x4, n € N, U-converges on
the whole space T to the function fy4 and ||f,]|a,0 < ||f]|a,v for every n € N.
Since A € Ay w, then the inequality

pw (/ fnxAdm) < flay fagw(ANE), neN, Eex,
E

and the fact that m is of continuous (U, W)-semivariation imply the uniform
(W, 0)-additivity of integrals [ f,xa dm, n € N, on . This proves the theorem.
O

Note that without the assumption m is of continuous (U, W)-semivariation
the previous theorem does not hold even in the case when a charge m : A —
L(X,Y) is o-additive in the equibornology of the space L(X,Y) (i.e., if for
every (U,W) € U x W the restriction my w (E)x = m(E)x, E € Ayw, of a
charge m to the set system Ay is a o-additive vector measure in the uniform
topology of the space L(Xy, Yw)). Immediately we have the following

Theorem 3.7 Suppose that m is not of continuous (U, W)-semivariation. Then
there exists a set A € Ay w and a U-bounded function £ : T — X such that the
function £x 4 is not Ay yy-integrable.

Proof. Let (U, W) € UxW. By assumption of theorem there exists an e > 0, a
set A € Ay w and a sequence of pairwise disjoint sets E,, € Ayw,n=1,2,...,
such that myw (ANE,) > ¢ for each n = 1,2,.... According to Lemma 3.1 for
each n =1,2,..., there is a Ay w-simple function f,, with

sup py(fa(t)) <1
te ANE,

W </ fn dm) > €.
ANE,

Put f = > 7 f.xg,. Clearly, f is a U-bounded function. According to The-
orem 2.17 the indefinite integral £ — | p fdm of a Ay w-integrable function f
for E € ¥ is a (W, 0)-additive vector measure on 3, and therefore the function
fxa cannot be Ay y-integrable. O

such that

4 Convergence theorems

In this part of paper we prove some convergence theorems for our integral (in-
cluding fundamental theorem on interchange of limit and the integral, see The-
orem 4.4) and we give a characterization of the set of all integrable functions
Tu,w,n, see Corollary 4.5. The following lemma will be useful, cf. [9].

Lemma 4.1 If a sequence f, € May, n = 1,2,..., of functions fyy w-U-
converges to a function f € May on every set E € A, then there exists a
subsequence f,, , k =1,2,..., of £, U-converging vy w-a.e. on the whole T' to

the function f.

11



Proof. Let (U,W) €U x W. Let fy =f and take aset B € ¥, B € O(my,w ),
such that f,xr\p, n = 0,1,2,..., are Ay w-measurable. Let N(f) = {t €
T; f(t) # 0} and put

F=|J(T\B)NN(£,).
n=0

Clearly, F' € o(Ay,w). Choose an increasing sequence F, C Apw, k=1,2,...,
such that F' = |J,—, Fi. By assumption and by [9], § 1.2, there exist a subse-
quence f1;,i=1,2,..., of f,, aset A1 € o(Ayw)NF1, A1 € Oy, w) and a
AywN(F1\ Ar)-measurable function g such that f; ; U-converges my, p-almost
uniformly to g in F;. Adapting proofs of Theorem 22.B and 22.C in [12] we
conclude that f = g my w-a.e. in Fy and consequently, there exists A} C Fy,
Al € Oty w) with Ay € o(Ay,w), such that f; ; U-converges on F; \ A] to f.

Repeating the argument with the subsequence f;;, ¢ = 1,2,..., we get a
subsequence f5;, ¢ = 1,2,..., of f1;, and a set A5 C Fp, A € O(ty,w) with
Ay € o(Ay,w), such that fa; U-converges on I \ Nj to f. Repeating this
process n-times we obtain a subsequence f, ;, i = 1,2,..., of f;,_; ;, and a set
Al C F,, A, € O(my,w) with A,, € o(Ay,w), such that f, ; U-converges on
F,\ Al to f. Put A=J.2, Al,. Then clearly A € o(Ayw), A € O(myw)
and the sequence f,, ,, n = 1,2,..., U-converges on F'\ A to f. Since T = FUB
and (BU A) € O(my,w), the assertion of lemma follows. O

Theorem 4.2 Let £ be a (A,U)-measurable function and let the sequence f,,
n € N, of Ay w-integrable functions iy w-U-converge to £ on every set E € A.
Then the following conditions are equivalent:

(i) for every set E € ¥ there exists a limit

W-lim | f,dm=v(F) € Y;

n—oo E

(ii) the integrals [ £, dm, n € N, are uniformly (W, o)-additive measures on
E.

)

(iii) the limit W-limy .o [, fodm = v(E) ezists in 'Y uniformly with respect
to B € X.

If anyone of these conditions holds, then the function f is Ay w-integrable with
Jp fdm = W-lim,, . [, £, dm for every set E € ¥ and this limit is uniform
on E € 3. Moreover, v:% — Y is a (W, 0)-additive measure.

Proof.  The fact that the set functions [ f, dm, n € N, are (W, 0)-additive on
Y is obvious for Ay w-simple functions f,,, n € N. By Theorem 2.17 the same
is true for Ay y-integrable functions f,,, n € N. Then by Theorem 2.14 (i)=-(ii)
and obviously (iii)=-(i).

Let (U, W) € U x W. Let (ii) hold and suppose the contrary, i.e. (ii)=-(iii).
Then there would exist an € > 0, a subsequence of natural numbers ny and a
sequence F, C X, k=1,2,..., such that

pW</ f,, dm — fdm)Zs
Ex Ej,

12



for k = 1,2,.... On the other hand, by Lemma 4.1 there exists a subsequence
fn.,7=1,2,..., of f,, such that f,, U-converges my w-a.e. to f in 7. Then
there exists rg such that

W </ fnk_rdm/fdm> <e
E E

for all » > ryp and every E € X. This contradiction shows the implication
(ii)=-(iii). Therefore these conditions are equivalent.

By Lemma 4.1 there exists a subsequence f,,, k = 1,2,..., of f,, such that
f,, U-converges my w-a.e. to f in T'. Then f is Ay w-integrable and

/ fdm =W- lim f,, dm = W- lim f, dm
E

k—oo Jp n—oo Jp

for F € 3. By (iii) the limit is uniform on ¥. The last statement follows from
Theorem 2.14. O

The following theorem answers the question on enlargement procedure to
the space Zy/,w A-

Theorem 4.3 If a sequence £, € Ty A of functions U-converges tyy yy-a.e.
to a function £ € May and the integrals [ £, dm, n € N, are uniformly (W, o)-
additive measures on X, then £ € Iy w A and

/ fdm = W- lim f, dm
E

n—oo E

for every set E € ¥ and this limit is uniform on X.

Proof. By Theorem 2.15 for each set E € ¥ there exists the limit

W- lim [ f,dm = v(E)

n—oo E
and this limit is uniform on . Therefore it is enough to prove that for (U, W) €
U x W the function f is Ay w-integrable and that v(E) = [, f dm for every set
EeX.
Since f is a Ay w-measurable function, take a sequence h,,, n € N, of Ay -

simple functions U-converging to f on the whole T". Consider the sequence
K= {fl, hl, fQ, hQ, N 7fn, hn, .. } and put

F=J{t e T pu () + po(ba(t)) > 0}.

Using notation from [9], Theorem 1, there exists a set N € o(Ayw), N C
F', and a nondecreasing sequence of the sets Fj, € Apw, j,k € N, with
UjZ1 UrZy Fji = F'\ N, such that

/anNdm:/hnvadm:()
E E

13



for every E € ¥ and n € N, and, moreover, the sequence KC converges U-
uniformly to the function f on every set Fj, j,k € N. Choose a subsequence
Nk, J, k € N, such that for every couple (4, k) there is

1

Ihn, o — o, 7y 0 - Do w (Fy k) < 5

Put gjr = hy,  xv + hy,, xF,, for every (j,k). Then gj, j,k € N, is a
sequence of Ay y-simple functions U-converging my -a.e. on the whole T" to

the function f for every j € N. Then for every k € N and every set E € ¥ there
holds

/zgmdm <pw z (80— £, dm

ENFj

J
+ pw Z/ fnj,k dm
= /E

N(F\N\F;

+ pw <I/(E) - /E £, dm>

Consequently by Lemma 3.1 and definition of W-semivariation we have

/Zgﬂdm <ZH = ol e ()

dm‘ (F\N\F})
w

+ ;V <I/(E) - /E £, dm>

Let € > 0 and choose ky € N such that QJk <s35,7=1L12,...,J. Since

V(E) = W-limy .o [}, fn, , dm uniformly with respect to £ € X for every j € N,
we may choose k1 > kg such that

Pw <V(E)/fmdm) << =12
o 3

for all k > ky and for all £ € ¥. Thus choosing k£ > k; we have

3

||h 3 1=12...,J, (2)

njw = oyl Ey o - Mow (B ) <

and

Pw <V(E) f/ £, dm) < % i=1,2,...,J, (3)
E
for all EF € ¥. Since [ f,dm, n = 1,2,..., are uniformly (W, c)-additive mea-

sures on X, then its W—semivariations | [ £, dm|y are uniformly continuous
on ¥ and since also (F'\ N \ Fji) \, 0, then there exists ko > kq such that

14



’f_fndm‘W(F\N\Fj,k) <g,7=12,...,J, forall k > ko and for all n € N.
Thus, in particular,

€ )
'/fnj,kdm‘W(F\N\Fjwk)<g’ =12 ...,J (4)

for k > ko. Consequently, from (2), (3) and (4) we obtain

J
Pw V(E)—/Zgj,kdm <e
B

for k > ky and E € . From it follows that W-limp_o [ grdm = v(E)
for every £ € ¥. So by Theorem 2.18 the function f is Ay y-integrable and
J fdm = v(E) for every E € X. The proof is complete. |

From the definition of A yy-integrable functions and from the previous the-
orem we immediately have that the set 7y, » A is the smallest set of functions
containing Sy yy for which Theorem 4.3 is valid.

Theorem 4.4 (on interchange of limit and integral) If a sequence f, €
Tuw,n, n €N, of functions U-converges 1ty w-a.e. to a function £ € Ma y,
and for every set E € X there exists a limit W-lim,,_, fE f, dm, then

(a) fe ZZ/{,W,A{
(b) [ fdm =W-lim, .o [, f,dm for every set E € X; and

(c) the limit W-lim,,_, o fE f,dm = fEfdm ezists in Y wuniformly with re-
spect to &/ € 3.

Proof.  The assertion follows directly from Theorem 4.3 and Theorem 2.14.
O

Corollary 4.5 From Theorem 2.18 and Theorem 4.4 we immediately obtain
the following characterization of the sets of all integrable functions Zy v a:
it is a smallest class of functions which contains the set Sy)v and for which
Theorem 4.4 holds.

Theorem 4.4 shows that if the process of Theorem 2.18 is repeated with
sequences of functions in Zzs y A instead of Sy we obtain only 7y yw A and no
new (A, U)-measurable functions are obtained. In other words, we cannot obtain
a larger extension of the integral when repeating the enlargement procedure to
the space Zy/,w,A-

If we reduce situations in [7], [22], [24], and [25] to C. B. L. C. S., we do not
obtain greater classes of integrable functions than our integral yields. However,
it is only our integral that preserves the theorem of interchange of limit and
integral for the class of all integrable functions and hence it can be considered
as the complete generalization of the Dobrakov’s integral theory which cannot
be said about each above noted integrals.

As a consequence of Theorem 4.3 and Theorem 4.4 we may easily obtain the
validity of Theorem 3.4 for general Ay y-integrable functions.

15



5 Properties of the integral

For the sake of completeness, here we give a more precise proof of Theorem 4.1
from [17] than it is given therein and also a detail proof of Theorem 4.4 therein.

Theorem 5.1 Let h,g € Ty wa and E € X. Ifh+g =0, then [,hdm +
Jpgdm =0.

Proof.  Let (U1, Wh), (U2, W2), (Un, Wh), (Ug, Wg) € U x W. We have to
show that if h,, g,, n € N are sequences of Ay, w,-, Ay, w,-simple functions
Ui-, Us-converging on T'\ Ny, wy,, T\ Nu,,w,, where Ny, w;,, € O(iy, wy,),
Ny, w, € (’)(rhU&Wg), to the functions h,g, such that h + g = 0 and the
integrals [ h,dm, [ g,dm, are uniformly (W;,0)- and (Ws, 0)-additive mea-
sures on X, respectively, then the sequence k, = h, + g,, n € N of functions
(U1 V Us)-converges My, au,, Wi, vw,-a-€. to the function k = h 4 g.

Indeed, let ¢ > 0 be chosen arbitrarily. Denote by U = Uy V Us, N =
Nu, w,, U NUg,Wg and put

ng = max{n € N; min{py, (h,(t) —h(t)) <e}; k =1,2}.
Then for every t € T\ N and n > ng, n € N, we have

pu(hn(t) +8n(t) = pu(hn(t) —h(t) + gn(t) — g(t) +h(t
< pU(hn t) h(t)) +pU(gn( ) (t )

)+
) + U( (t) +g(t))
< pu, (ha(t) = h(t)) + pu, (8n(t) — g(1)) <

Since the measure m is of o-finite (U, V)-semivariation, there exists a map
p1 : U — @i(U) with (U,1(U)) € U x W, such that m is of o,,-finite
(U, 1(U))-semivariation. Then by Lemma 2.7 the measure m is of o,-finite
(U, o(U))-semivariation, where p(U) = ¢1(U) V W1 V Wa. Denote by W =
@(U). Then there exist pairwise disjoint sets A; € Ayw, j € N, such that
U;il Aj=T.

Let E:UfilE“ EzﬁEJ :Q, EZ',EJ' S Z, fOI‘i?éj, Z,] € N. Then

pw </ kndm> < pw </ hndm> +pw (/ gndm>
UiaiIJrl E; UiaiIJrl E; U?i1+1 E;
< pwy (/ h, dm> + pw, </ gn dm)
UioiIJrl E; UioiIJrl E;

where I, n € N. The above inequality implies that the integrals [ k, dm, n € N,
are uniformly (W, o)-additive measures on .. Thus, for every ¢ > 0 there exists

J € N, such that
W (/ kndm> <e
ENUSZ 41 Aj

uniformly for every n € N. Denote by F}; . € Auw, Fjr € Aj, Fj i C Fj g4, for
7=1,2,...,J, k € N, a nondecreasing sequence of sets, such that the sequence
k,, n € N, of functions uniformly (U, F} x)-converges to k.

16



Then there exists ng € N, such that for every n > ng, n € N, and p € N

there holds -

337 tyw(4;)

”kn - knerHFj,k,U <

3

forj=1,2,...,J, keN.
Choose the sets F} .,k € N, such that for every p € N,

€
3.247

’/kn_,_pdm’ (Aj\Fj,k\N)< 7=12,...,J.
: w

Repeating now the proof of Theorem 3.8 in [17] from the inequality (5) on,
replacing formally here f,, by k,, n > ng, we obtain that

PW (/ k,dm —/ kn+pdm) < 3e.
E E

The uniqueness of the integral is proved. a

Theorem 5.2 (a) The family Ty A is a vector space.

(b) For every E € ¥, the map [,(-)dm : Ty yw A — Y is a linear operator.

Proof. Let A € Kand g,h € Ty v, o. We have to show that
(a) A\g € Tyuw,a and g+ h € Ty a, for all A € K; and

b) for every E € ¥ there holds: Ag)dm = A |, gdm and g+h)dm =
E E E
Jzgdm+ [ hdm.

IfA=0and g e IZ/{,W,Av then0-g=0¢ IZ/{,W,A and

/E(O-g)dm:0:0~/Egdm.

Let A # 0 and g € Ty, a. Then there exists a couple (Ug, Wg) € U x W,
and a sequence g € Sy, w,, n € N, such that

(i) limy, oo pu, (8n(t) —g(t)) =0 rig y-a.e., and
(i) limp—o pw, (/5 8 dm — [, gdm) =0, for E € .
We have

PWg (A/Egdm/E(Agn)dm) < pw, <)\/Egdm)\/Egndm>
+ o (3 [ goam— [ (g am)

<A (5)
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So, the sequence Ag,, n € N satisfies the definition of the integrable function
for the function Ag and Ag € Zyyw a. By (5) we get

PW, ()\/Egdm—/E()\gn dm)
= pw, <)\/Egdm/E()\gn dm) +pr< gdm — / Ag) dm>
< pw, <)\/ gdm—/()\gn m) +pr< (A\gn)dm — / Ag) dm)
E

g|A|-s+pr(/gndm /(Ag )
< 2|\ e
Thus

)\/Egdm:/E()\g)dm

Similarly, by definition of the integrable function, there exists a couple
(Un, Whn) € U x W, and a sequence h,, € Sy, ws, n € N, such that

(i) limy— o0 oy, (hy(8) — h(2)) = 0 gy w-a.e., and
(iv) limy, oo Pws, (fE h,, dm — fEhdm) =0, for £ €X.

Then we have

S <[/ gdm+/ hdm} /(gn+hn)dm)
E E E
< pw v (/ gdm—/gndm) T (/ hdm—/hndm).
E E E E

So, the sequence (g, — h,,) satisfies the definition of the integrable function for
the function (g — h). The proof is complete. O

6 An example of the integral in C. B. L. C. S.

Put X = D, where D denotes the space of all infinitely many times differentiable
real functions with compact supports on the real line. It is well-known, cf. [23],
that D = injlim,, , . D|_, 1n), Wwhere D_, 4, = injlim D n €N,

m— o0 [—n,—i—n]’
are Fréchet spaces for every n € N, and D[ RGOS N, is a Banach space

n,+n
equipped with the norm p,, ,,(x) = sup [x¥) (¢)|, where the supremum is taken
over all £ € [-n, +n], 0 < k < m, and x¥) (¢) denotes the k-th derivative of the
function x € D[ n4n) A the point & € [—n,+n], 0 < k < m. The space D is
a (von Neumann) bornological locally convex topological non-metrizable vector
space, cf. Remark 2.1. For further reading about D, cf. [23].

Denote by U the set of all U C D, such that

I I
U:{Zaiei; Z|ai|§1,eieD, aiER,izl,Q,...,I},

i=1 i=1
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where e; € D, i =1,2,...,1, are linearly independent functions over R and

S T
er(f) = € P ifte[-1.1),
1t { 0 if ¢ [—1,1).
Let Uy = {aeq; || < 1}. The family of all sets U € U forms a Banach disk
basis of a bornology on X. Denote by py the Minkowski functional of the set
U and Xy the linear envelope of the set U € U. Clearly, Xy is a Banach space
equipped with the norm py. The inductive limit
X = injlim Xy
Ueu
is an example of a set D equipped with the bornological convergence (which
differs from the usual convergence in D with respect to the metric given by the
system of seminorms py, m, n,m € N), cf. [16].

Measure Put X =Y and & =W. Consider a measure m(E)x = L(x)-A(E),
where x € X and X is the Lebesgue measure on the real line, F € ¥ is a
Lebesgue measurable set and L € L(X,Y) is a continuous linear operator. So,
for every U € U there exists an element W € W, such that L(U) C W. Denote
this function by ¢ : U — W. Take a couple (U,W) €U x W, and ¢ : U — W.
Clearly, L(Uy) = Wy C L(U) C p(U) = W for every U € U.

The set function m(ANJ)x : ¥ — Y, x € Xy, A € %, is a o-additive
measure in the strong operator topology of the space L(Xy, Yw). Indeed, let
E=U;2, E;, where E;NE; =0, E;,E; € 3, for i,j € N, i # j. Then

(AmU )xA(G(AﬂE)) Z)\AQE

=1

i MANE)L ZmAmE)xeYW,
=1 1=1

for x € Xy.

Null sets Let F € ¥ be of finite (U, W)-semivariation (see (6)). Since L(U) C
W and U is a convex set, then the (U, W)-semivariation

iy w(E) = suppw [ > m(ENE))x;

J
= suppw | > A(ENE;)L(x;))

J
=suppw [ L Z — Vx; -AE)

< AE), (6)

where the supremum is taken over all disjoint E; € ¥ and x; € U, j =
1,2,...,J. We see that the o-ideal N'(my, ) of my y-null sets is dominated by
the o-ideal of A-null sets, i.e. A(E) =0, F € Zyw (= the family of all sets in &
of finite (U, W)-semivariation), (U, W) e U x W, W = ¢(U) = my,w (E) = 0.
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Simple functions Denote by Xi the family of all functions in D of the type
x = Zle cie;, where ¢; = const(t) € R, e; € Xy, U €U, fori=1,2,...,1.
Denote by Sy w the family of all functions of the type

I

J J I
£(t) = ZXjXEj = Z (Z Ci,jei> XE, (t) = Zai(t)eiv

j= i=1
where

J
a; = Z Ci,jXEj> (7)
j=1

for B € Syw, x; € Xi,i=1,2,...,1,j=1,2,...,J. We say that Sy, is a
space of Xy yw-simple functions. Then the integral of f € Sy w is given by

J J
yE = [Efdm = Zm(Ej NE)x; = Z ME; NE)L(x;)
J I I J
= Z )\(E] n E)L (Z cm-ei> = Z Z )\(E] N E)Ciﬁj L(ez)
]; 1= 1= J=
= _Z@-L(ez),

where (3; = Z}']:1 ME;NE),i=1,2,...,I, E € ¥. Observe that Xi C D,

and [, fdm e D, E € X, for every f € Syw.

Integral Let for each ¢ = 1,2,...,I, a sequence of functions «; x : R — R,
K € N, being of the type (7), converges A-a.e. to a function a; oo : R — R, and is
dominated by a Lebesgue integrable function (so, a; o is a Lebesgue integrable
function), ie. ajx = Zj::l Ci,ji X Ej, s where Fj, ; € Xuw, fori=1,2,...,1,
limg oo Jx = 00, and jr = 1,2,..., Jg. Then fx = 327 o xe;, K € N, is a
sequence of ¥y w-simple functions converging M-a.e. to the (Dobrakov) Xy w-
integrable function f = Zle 0. ~€; and the integral may be computed easily
as follows:

I

I
/Efdm => <Kliinoo/Eo¢iK dA) L(e;) = ;@-mL(ei),

=1

where 8; oo = limg .00 Bi K-

The described integral is linear, absolutely continuous, and all theorems
of the Dobrakov’s integration theory can be applied. However, the choice of
the Banach spaces Xy, Yy depends on the function which we integrate. The
simplicity of this example consists from the fact that the considered operator-
valued measure is dominated by a non-negative real measure. It has implied
the common c-algebra for every integrable function (the domain of its integral).
Considering the general case, we need an additional assumption concerning a
notion of o-finiteness of the measure to construct an integral.
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