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1 Introduction

A vector lattice is a partially ordered (real) vector space which, as a partially ordered
set, is a lattice. Many of the most important spaces of functions occurring in measure
and integration theory, cf. [7], are vector lattices. Thus, it is not surprising that the
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abstract theory of vector lattices (also called the Riesz spaces) play a significant role
in the study of such function spaces. It is also true that the vector lattice structure of
function spaces has had a deep influence on the development of the abstract (measure
and integration) theory, cf. [6]. Let us mention here the book [4], where the reader can
find a generalization of the Riemann integral (called the Kurzweil-Henstock integral)
in Riesz space context. Note that the effort to provide an integration technique in vector
lattices (definition of the integral as the limit of a certain net) is already contained in
paper [11] and others. Also, other types of integral, e.g. the so called Choquet integral
with respect to Riesz space-valued (fuzzy) measures, cf. [5], a Bochner-type integral
for Riesz space-valued functions, cf. [3], etc., have been introduced.

Usually four types of sequential convergences of functions are associated with a
measure: convergence in measure, almost everywhere convergence, almost uniform
convergence, and convergence in the mean, cf. [7]. The purpose of this article is to
study the first three types of convergences in connection with an L-valued charge
(= a finitely additive measure), where L is the positive cone of the vector lattice of all
regular linear operators L : X — Y and X, Y are two Archimedean vector lattices.
The convergence in mean is closely related to a kind of integral and, consequently,
with convergence theorems for that integral. Note here that a Riemann-type integral
for such LL-valued measures, when X is an Archimedean vector lattice and Y is a
complete vector lattice, was constructed by the first author in [8]. The second author
extended the Dobrakov submeasure to Banach lattices, cf. [9].

2 Preliminaries

Let N, R denote the sets of all natural and real numbers, respectively. The notion of a
vector lattice is applied here in the sense as in [2]. Alternatively, the term Riesz space
is used in [10] and K-lineals in [12]. Let V be a vector lattice and let S(V) be the
system of all sequences with elements from V. These sequences will be denoted by
(v;), where v; € V,i € N.

Let X be an Archimedean vector lattice (A.V.L., for short). Denote by XT the
positive cone of X, i.e. Xt = {x € X, x = x Vv 0}. It is a distributive lattice with
zero. A sequence (x;) € S(X) is called to be (r)-convergent to x € X (we write
X = (r)-lim; . X;), if there exists u € X™ (called the regulator), such that for each
& > 0 there exist ip € N, such that for all i > iy, i € N holds |x — x;| < ¢u.

Each linear solid subspace of a vector lattice is called an ideal. An ideal in an
A.V.L.is an A.V.L. as well. If u € X, then the smallest ideal containing u is called
a (u)-ideal in X (denoted by X(u)). It is easy to see, that

Xu)={xeX; I eR,0=<A <400, x| < Au},

and the Minkowski functional | - ||, of order interval [—u, u], u > 0 is a monotone
norm in X (u) (analogously for w € Y we introduce a (w)-ideal Y(w) in Y and || - ||,
respectively). It is well-known that in normed lattices the convergence with regulator
implies the norm convergence, cf. [1].
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Let X, Y be two real A.V.L. Let £L(X, Y) be a space of all linear regular opera-
tors L : X — Y and L the positive cone of L(X,Y), i.e. L € L if and only if for
every x € X' thereis Lx € Y' = {y € Y;y =y Vv 0}. Every additive and positive
homogeneous operator Lo : XT— Y™ has a unique extension to a linear operator
L : X — Y, where the extension is defined by the formula Lx = LoxT — Lox—,
where x = xt —x—, xt, x~ e XT.

For (u, w) € X x Y* denote L(«, w) = {L € £(X,Y); Lu € Y(w)} and for
L € L(u, w) put p, (L) = ||Lullw. A sequence (L,),en € L£(X,Y) of operators is
said to be convergent to L € L(X,Y) in L(u, w) whenever nlgrgo Puw(lLy,—L)=0
in Y(w).

For (uy, wy), (uz, wy) € Xt x YT we write (u1, w;) < (uz, wy) if and only if
uy < upand wy > wy. Let £ = {L(u,w); u € X", w € Y"} and on £ define the
operations A, V and an order < as follows:

L(ui, wy) vV L@y, wy) = L(up Aup, wy Vwy),
L(uy, w) AL(uza, w2) = Lup Vuz, wy Awy),
L(uz, wo) < L(up, wy) iff  (uy, wi) < (U2, wa),

where (41, w1), (u2, wy) € X x YT, Itis easy to see that A, \ are lattice operations
in £.
Let T be a non-void set. Denote by 27 the potential set of the set T and by ¥ an
algebra of subsets of 7. We use x g to denote the characteristic function of the set E.
Letm : ¥ — L be acharge (= a finitely additive measure). For (1, w) € X+ x Y+
define the set function 1, ,, : £ — [0, +-00] as follows

Puw(E) = [m(E)ully, E € X.

Ifm(E)u ¢ Y(w), we put i, (E) = +00. The following assertion is obvious.

Lemma 2.1 For every (u, w) € X x Y™ the set function Hu.w IS a monotone, sub-
additive, and iy (W) = 0 (i.e., (y,w is a submeasure on X).

Put & = {fy.w; u € X, w € Y} and call it the generalized submeasure. A set
E e X issaidto be of finite generalized submeasure v if there exist (u, w) € XTx YT,
such that p, (E) < 400, i.e., if m(E)u € Y(w).

For (u, w) € Xt x Y denote N,y = {N € Z; uyw(N) =0}. Aset N € &
is called p-null if there exists a couple (u, w) € Xt x YT, such that N € N, ,,. We
say that an assertion holds w-almost everywhere, shortly p-a.e., if it holds everywhere
except in a p-null set.

3 A lattice structure of operator spaces

In this section we consider a lattice structure of the range space of the operator valued
measure m, the space £(X, Y). The first assertion is trivial.
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Lemma 3.1 The space X is an inductive limit of A.V.L. X(u), where u € X, and we
write

X = injlim X(u).

ueX+t
Theorem 3.2 The family £ of operator spaces is a distributive lattice.

Proof For (u1, wy), (uz2, wp), (u3, w3z) € XT x YT, we have:

L(ur, wi) v (L(uz, wa) A L(uz, w3))
=L(u, w) v Lu Vusz, wy A ws)
=L A (uz2 Vusz), wy vV (w2 A ws))
= L((u1 Auz) vV (up Aus), (wr vV wz) A (wy V wsz))
=L Auz, wy Vwr) AL(up A uz, wy vV wy)
= (L(uy, wp) Vv L(uz, wz)) A (L(uy, wy) V L(usz, wp)).

By [2], Theorem 2.2, £ is a distributive lattice. |

The lattice £ introduces a topology of an inductive limit on £(X, Y), i.e. there holds
the following theorem.

Theorem 3.3 Let X, Y be two A.V.L. Then

LX,Y) = injlim  L(u, w).

(u,w)eXtxY+t

Proof For (u, w) € X x YT it is easy to verify that L(u, w) is a vector subspace of
L(X,Y) equipped with the topology given by the seminorm p,, ,,(L).
Show that

U L(u, w) = £(X,Y).

(u,w)eXtxY+

It is enough to prove the inclusion U(u,w)ex+xY+ L(u,w) D L(X,Y) (the reverse
inclusion is trivial). Let L € £(X,Y). So, to each u € X there exists Wy €
Y+ such that Lu C wy,r, ie. puw, (L) <1 < +oo. Thus, L € L(u, w,,1) C
U(u,w)ex+xY+ L(u, w).

Let (41, wy), (u2, w2) € XT x YT. Show now that if L(u2, ws) < L(u1, wy), then
L(u>, wy) C L(u1, wy) and if a sequence (L,),cn € L(X, Y) of operators converges
to L € L(X,Y)in L(uy, wy), then the sequence (L), N converges to L in L(u1, w)
as well. Indeed, by definition (#1, w1) < (2, wp) iff u; < up and wy; > wy. The
relation u| < up implies that p,, (L) < py, (L) for every w € Y. On the other
hand the relation wp < w; implies that ||Lx|,,, < |[LX|ly, for every x € X. From
this we have py w, (L) < pu,w, (L) for every u € X*. Thus,
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Puy,wy (L) < pu|,w2(L) =< Puz,wz(L)'

So,if (1, wi) < (w2, wy) and L € L(X, Y), then pyy.u, (L) < Py (L). o

Theorem 3.4 For every (u1, wy) € Xt x YT, the set
Jupwy = {L(u, w) € £ L(u, w) < L(ui, wy), u e X, we Y}

is an ideal in £.

Proof Let p,u € Xt and w,q € YT, such that (11, wi) < (u, w) and (u1, w1) <
(p,q).Sinceu A p > uyand w Vv g < wy, then

L(u,w)VvL(p,qg) =Lunp,wVvqg) <L, w).
Also, if p,u € XT and w, g € YT, such that (1, wy) < (p, q), then

LG, w) AL(p, ) =LV p, w A q) < Luy, wy).

Dually to Theorem 3.4, we obtain the following direct consequence.

Corollary 3.5 For every (uz, wy) € X+ x YT the set
Surwy = {L(u, w) € £; L(uz, wy) < L(u, w), u e X", we Y},

is a filter in £.

Theorem 3.6 Let (uy, wy), (up, wy) € Xt x YT, If (uy, w1) <K (U2, wr), then the
order interval

[L(u27 w2)v L(l/tl, wl)] = jl,tl,wl N guz,wz

in £ is a Boolean algebra with L(us, wy) as null element and L(uy, wy) as unit
element.

Proof Letu € X*, w € YT, such that (1, w1) < (u, w) < (u2, wp). Put
L(u, w)™ = L((u2\u) V u1, (wi\w) V w) € [L(uz, wa), L(uy, w)]

and show that L(u, w)T is a complement of L(u, w) in [L(uz, wa), L(u1, wi)]. We
have

L(u, w) v L(u, w)L = L(u, w) vV L((ux\u) vV uy, (wi\w) vV ws)
= L(u A [(u2\u) Vur],w Vv [(wi\w) vV w])
= L([u A (ua\u)] V [u Aup], wy V wy) = Lup, wy).

Analogously, L(u, w) A LL(u, w) = L(ua, wy). So, L(uy, wy) is the null element
and L(uy, wy) is the unit element of the Boolean algebra [L(u2, w2), L(uy, wy)]. O
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4 Convergences of measurable functions

Our basis space which we deal with is the space of all measurable functions in the
following sense.

Definition 4.1 The largest vector space of functions f : 7 — X with the prop-
erty: there exists r € XV, such that for every u > r, u € X, and § > 0 we have
{teT; |f()| > 6bu} € ¥, will be denoted by M and called the space of all measur-
able functions. We say that a function f is (r)-measurable if f € M.

A function f : T — Xis called X-simpleif f(T)isa finite setand £~ (x) € X for
every x € X\{0}. The space of all £-simple functions is denoted by S. The following
result is obvious.

Lemma 4.2 Let F be the set of functions f : T — X, such that there exists r € XT
and f; € S, i € N, such that for all t € T and for all ¢ > 0 there exists ig € N, such
that for all i > ig holds | f; (t) — f(t)| < er. Then F C M.

The following three definitions introduce the analogies of the notions of conver-
gences almost everywhere, almost uniformly, and in measure in the case of operator-
valued charges in A.V.L.

Definition 4.3 Letm : ¥ — L beachargeand E € X.

(a) Letr € XT and (u, w) € Xt x YT. We say that a sequence (f; : T — X);en of
Sunctions (r, E)-converges [L, w-a.e. to a function f : T — X if foreach e > 0
there exists iy € N, such that for alli > iy, i € N and for all + € E\N holds
|fi(t) — f(t)] < er, where N € Ny 4.

(b) We say that a sequence (f; : T — X);eN of functions (r) g-converges ji-a.e. to
a function f : T — X if there exist r € X*, u € X, w € YT, such that the
sequence (f;);cN of functions (r, E)-converges (i, y-a.e.to f.

Definition 4.4 Letm : ¥ — L beachargeand E € X.

(@) Letr € XT and (u, w) € Xt x YT. We say that a sequence (f; : T — X);en of
functions (r, E)-converges uniformly to a function f : T — X if foreache > 0
and for each ¢ € FE there exists ip € N, such that for all i > iy, i € N holds
/i) — f(O)] <er.

(b) Letr € XT,u € X, w € Y. We say that a sequence (f; : T — X);eN of
Sunctions (r, E)-converges i, w-almost uniformly to a function f : T — X if
forevery ¢ > Othereexistsaset ' € X, such that j, ., (F) < € and the sequence
(fi)ien of functions (r, E\ F)-converges uniformly to f.

(c) We say that a sequence (f; : T — X),eN of functions (r) g-converges [i-almost
uniformly to a function f : T — X ifthereexistr € XT,u e X*,w e YT,
such the sequence ( f;);eN of functions (r, E)-converges i, -almost uniformly

to f.

Definition 4.5 Letm : ¥ — L beachargeand E € X.
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(@) Letr € X* and (u, w) € X x YT. We say that a sequence (f; : T — X);en
of functions (i, (r, E)-converges to a function f : T — X if foreach e > 0
and § > O there exists i, 5 € N, such that for every i > i.s5,i € N holds
uw({t € E5 | fi(t) — ()] = ér}) <e.

(b) We say that a sequence (f; : T — X);eN of functions u(r)g-converges to a
function f : T — X if there existr € X+, u € X+, w € YT, such the sequence
(fi)ien of functions i, (r, E)-converges to f.

The following lemma explains the nature of the sequential convergences given in
above definitions.

Lemmad.6 Let E € X and r,r; € X1, (u, w), (u, wy) € X* x YT, such that
r<ri,u>uy,w <wi.lfasequence (f; : T — X);cN of functions

(a) (r, E)-converges [Ly y-a.e.,
(b) (r, E)-converges (i w-almost uniformly,
(c) py,w(r, E)-converges

to a function f : T — X, then the sequence (f;);eN of functions

(a) (r1, E)-converges iy, w -a.e.,
(b) (r1, E)-converges iy, v, -almost uniformly,
(¢) uy.w, (r1, E)-converges

to f, respectively.

Proof By assumptions it is easy to see that iy, w,(E) < py,(E) forevery E € X,
and

sup A > sup A

|x|<Ar [x[<Ary

forevery x € X. The rest of the proof follows from Definition 4.3(a), 4.4(a), and 4.5(a),
respectively. O

The remaining results of this section show that the introduced convergences of
function are well-defined.

Lemma 4.7 Let E € X. If a sequence (f; : T — X);cN of functions (r) g-converges
u-a.e.to f: T —Xandg: T — X, then f = g u-a.e. on E.

Proof Lete > 0.By assumption there existi; € N,r; € X, N; € Nul,wl,(ul, wi) €
Xt x YT andir € N, ry € X, Na € Niyupys (2, w2) € X x YT, such that for
each i > max({iy, iz} holds | f;(¢) — f(z)| < rie for every t € E\N; and for each
i > max{iq, i} holds |g;(t) — g(¢)| < rp¢e for every t € E\N>.

The uniqueness of the (r)-limit in A.V.L. implies that f () = g(¢) for every t €
E\(Ny{ U N,). Further, Ny UN, = N € Nu,w, where u = uy Aup, w = wp vV wy. O

Lemma 4.8 Let E € X. If a sequence (fi)ieN € M of functions pu(r)g-converges to
feMandg e M, then f =g p-a.e.on E € L.
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Proof Lete > 0,8 > Obetwoarbitrary realsandletry, rp € X, (u1, wy), (u1, wo) €
Xt x YT be as in Definition 4.5 for the functions f and g, respectively. Putu = u Aus,
w = wi V wy, and r = ry V ra. Then there exists i, s € N, such that forevery i > i, s,
i € N we have

Huw({t € E; | f(1) —g@)] =2-3r})
S puwt € B [f(0) — fi(Ol = dr}U{t € E; [fi(t) —g(0)| = ér})
<y ({t € E5 | f@) — g0 = 6r1}) + puy,u, ({1 € E5 | f() — g(0)] = dr2})
<2-¢.

Since § > 0, ¢ > 0 are arbitrary reals, there is

puw({t € E; [f(1) —g®)| >r}) =0,

ie. f =g pn-ae.onkE. O

Remark 4.9 Note that Lemma 4.7 and Theorem 5.2 below imply that if (f; : T —
X);en is a sequence of functions which (r) g-converges p-almost uniformly to f :
T —-Xandg:T — X, then f =g pu-ae.on E € X.

In the sequel of this paper we suppose all functions to be (r)-measurable.

5 Relations between convergences of functions

In the previous section we introduced some convergences on the space M which
are generalizations of the classical notions such as the almost uniform convergence,
the convergence almost everywhere and the convergence in measure. The following
theorems show how these relations are satisfied in the context of A.V.L.

Theorem 5.1 Letm : ¥ — L be a charge and E € X be a set of finite generalized
submeasure (. If a sequence (f;)ieN € M of functions (r)g-converges p-a.e. to a
function f € M, then the sequence ( fi);cN of functions u(r)g-converges to f.

Proof By assumption there are r € X+ and (11, wy) € X x Y™, such that for every
8 > 0 there exists ig € N, such that for every i > is, i € N, there holds

|fi(®) — f()| <8r, t € E\N, N € Ny w,-

Also, by assumption there exists a couple (12, wp) € X x Y™, such that Py (E) <
+o00. Denote by u = uy A uz, w = w; V wy. Then for every i > is, i € N, we have

puw({t € E5 [ fi(t) — f(1)] = dr})
= puw({t € E\N; | fi(t) — f(t)] = 7}) + pu,w(N)
< Wupuwy ({8 € ENN; [ fi (1) — f(@O)] = 8r}) + puy wy (N)
= Wuyun (P) =0,

hence the result. |
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Theorem 5.2 Letm : X — L be acharge and E € X. If a sequence (fi)ieN € M of
Sfunctions (r) g-converges p-almost uniformly to a function f € M, then the sequence
(fi)ieN of functions (r) g-converges p-a.e. to f.

Proof Let e > 0 and § > 0 be arbitrary. By Definition 4.4 there existr € X, u €
X*,w € YT, and a set E, € X, such that 1, ,(E¢) < & and the sequence (f;);eN
of functions (r, E\ E;)-converges uniformly to f, i.e., there exists i, s € N, such that
foreveryi > i.s,i € Nandt € E\E, holds | f; () — f(¢)| < or.

Lete = %, k € N and put F; = E,. Then (Fy)ieN is a sequence of sets from X,
such that p, ., (Fr) < % and the sequence ( f;);en of functions (7, E\ Fi)-converges
uniformly for every k € N. Put ()72, Fx = F. Thus we have

1
0= puw(F) = tuw(Fr) < 7. ey

Since k € N is an arbitrary number, we conclude that j, ., (F) = 0. It is easy to show
that the sequence (f;);en of functions (r, E\ F)-converges to f. Indeed, if r € E\F,
then there exists k = k(¢), such that t € E\Fy. But |f;(¢) — f(¢t)| < ér for every
t € E\Fyandi >i.s,i € N. O

Theorem 5.3 Letm : X — L be acharge and E € X. If a sequence ( fi)ieN € M of
Sfunctions (r) g-converges p-almost uniformly to a function f € M, then the sequence
(fi)ien of functions u(r)g-converges to f.

Proof Let e > 0 and § > 0 be two arbitrary numbers. By Definition 4.4 there exist
r e X', (u,w) € X* x Y and a set F € X, such that p, ,(F) < ¢ and the
sequence (f;);en of functions (r, E\ F)-converges uniformly to f, i.e. there exists
iop = io(e, 8) € N, such that | f; () — f(¢)| < ér foreveryt € E\F andi > ip,i € N.
So,

{tekE; |fi)—fO|=6ér}CF
for every i > ip and

puw({t € E; [ fi(t) — f(O] = 8r}) <eé,

which completes the proof. O

To prove the assertion of Theorem 5.5, we introduce the following notion of o -sub-
additivity of the generalized submeasure (.

Definition 5.4 Letm : ¥ — L be a charge.

(a) For (u, w) € X+ x YT the set function ., is said to be o-subadditive on ¥ if
for each sequence (E,),cN € X holds

Mu,w( U En) <D tuw(En).
n=1

n=1
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(b) A charge m is said to be of o -subadditive generalized submeasure i if for every
(u, w) € X* x YT the set function i, ,, is o-subadditive.

Theorem 5.5 Let a charge m : ¥ — L be of o-subadditive generalized submeasure
wand E € X. If a sequence (fi)icN € M of functions 1 (r)g-converges to a function
f € M, then there exists a subsequence (f;)ieN of (fi)ien which (r)g-converges
w-almost uniformly to f.

Proof Let E € ¥. By Definition 4.5 there existr € XT and u € X™, w € Y™, such

that for every ¢ > 0 and 6 > O there exists i1 = i1(g,8) € N, such that for every
i > i1, i € N the following inequality is true

8

Since for every i, j € N we have
{teE; |fi(t)— fi(®O] = dr}
C [r €EE; |fit)— f(O] = gr] U [r €EE;|f()—fi(O = %r] (3)
the relations (2) and (3) imply
Muw({t € E5 | fi(t) — fj ()] = 0r}) < ¢ (4)

foreveryi, j >iy,i,j € N.
For every i € N there exists m = m(i) € N, such thatif k,/ > m, k,[ € N, then

1 1
M, w ([l €EE; |fi(t) — fitH] = E”]) <5 (5)

So, (5) implies that there exists a subsequence ( f¢;)ieN € M, such that

1
P ([r € E: |fiers () — fia (0] = 5”]) <5

Without loss of generality suppose fi, = fi,i € N.
Show that the sequence ( f;);cy of functions (r) g-converges p-almost uniformly
to f. Put

1
E; = [t €E; [finn(t)— fi)] = gr]'
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Then there exists i = i>(¢, §) € N, such that 1/ (227!) < &, Put F = U2, Ei. By
the o -subadditivity of the generalized submeasure &+ we obtain

o0
puw(F) < D" puw(Ei) < <e.

i=ip

22 —

We show that the sequence ( f;); e of functions (r, E'\\ F')-converges uniformly. Choose
i3 = i3(e, 8) € N, such that i3 > iy and 1/ (2’3_1) < 8. Then

r<ér

— 1
i@ = £;O1 = D 11O = fu O] < 57 <

n=i

2i3—l
forevery i, j > i3 and t € E\F. This completes the proof. O

6 Egoroff theorem

To prove the Egoroff theorem in our setting we suppose the charge m : ¥ — L to be
of o-subadditive and continuous generalized submeasure 1, where the last expression
is meant in the following sense.

Definition 6.1 Letm : ¥ — L be a charge.

(@) For (u, w) € Xt x YT the set function ., is said to be continuous on ¥ if
for each sequence (E,),eN € X such that E,, \( 0 (i.e., E,;, D E,41,n € Nand
Noey En = ) with py,,(E1) < 400 holds py (E,) — 0asn — oo.

(b) We say that a charge m is of continuous generalized submeasure [ if for every
couple (u, w) € X x YT the set function 1, ,, is continuous on .

Theorem 6.2 (Egoroff) Let a chargem : ¥ — 1L be of o -subadditive and continuous
generalized submeasure u and E € X be a set of finite generalized submeasure 1. If
a sequence (f;)ien € M of functions (r) g-converges j-a.e. to a function f € M,
then the sequence ( f;);eN of functions (r)g-converges p-almost uniformly to f.

Proof Lete > 0 and 6 > 0 be given. By assumption there exists a couple (u1, wy) €
X* x YT, such that p,, w, (E) < 400. Also, there exist r € X and (u2, wy) €
X+ x YT, such that for given § there exists is € N, such that for every i > is,i € N,
there holds

Ifi(t) = f()] < ér 6)

forevery r € E\N, where N € Ny, y,. Put Ey = E\N.
Putting 4 = u; A up and w = w; vV wy we have

Mu,w(E) =< l/Lu,w(EN) + Mu,w(N) =< ,U«ul,wl(EN) + Muz,wz(N) =< Mul,wl(EN) +0
=< Muy,u (E) < +o0.
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For every j,l € N put
1 S
B j=EnNiteE; |fi(t)— f@)l <7rand i>]

:ENﬂn[teE; |f,~(t)—f(t)|<;r],ieN. (7

i=j

Clearly, if k < j, then By ; C By forevery j, k,I € N. Put
o0
E; = U B jeX.
j=1

Clearly, the sequence (E;\By,;) jen tends to void set for every /[ € N. Since m is of
continuous generalized submeasure p, there exists an index j; = ji(e) € N, such that
for every i > j;, i € N, there holds

&
Mu,w(El\Bl,i) < ?

Put

F=|JENB ) UN. ®)
=1

By the o-subadditivity of the generalized submeasure © we get

Mt (F) = [, (U(EI\BI, iU N)

=1

00 oo
&
= E Mu,w(El\Bl,jl) + muw(N) < E ? +0=c¢. 9
=1 =1

Let us show that the sequence ( f;);cn of functions (r) g\ p-converges uniformly to
f. Without loss of generality suppose that § < 1. Then (6) and (7) imply

E, = Ey. (10)

(G

n

Choose Iy € N, such that % < 4. Since By j, C E, the inequalities (8) and (10)
imply
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En\F = Ex\ | JENBL;) = | E\ | JENBL)
=1 n=1 =1

o0 o0
= U E\ENBL) )= () Br.ji € Big.ji, - (11)
=1

n=1 =1

By the definition of the set By, , for every t € By, j, andi > jn, we have

|fi(t) = f(O)] < 6r. 12)

So, (8), (9), (11), and (12) imply that for every ¢ > 0 and § > 0 there exists an index
Jio = Jip(&, 8) € N, such that for every i > ji,, i € N, holds

|fit) = fO| < ér, t € EN\Byy,i D E\F, pu,w(F) <e,
i.e., the sequence (f;);eN of functions (r) g\ p-converges uniformly to f. O
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