From MV-algebrasto
GM V-algebras

Anatolij DVURECENSKIJ

Mathematical Institute, Slovak Academy of Sciences,
Stefanikova 49, SK-814 73 Bratislava, Slovakia
E-mail: dvur ecen@rat . savba. sk

The talk given at the Summer School on Algebra and Ordered Sets, Stara Lesna,
Slovakia Oct. 5-11, 20009.

° ° ° ° ° ° ° ° °
From MV-algebras to GMV-algebras — p.



MV-algebras

MV-algebras were introduced in 1958 by Chang



MV-algebras

MV-algebras were introduced in 1958 by Chang
half century !!!



MV-algebras

MV-algebras were introduced in 1958 by Chang
half century !!!

Aim: to give an algebraic proof of the
completeness of the Lukasiewicz
Infinite-valued sentential calculus.
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(I'(G,u),d,*,0) - prototypical example of
MV-algebras
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Mundici, 1986: there is a categorical
equivalence between the variety of
MV-algebras and the category of unital
Abelian /-groups

New look at the category of unital Abelian
¢-groups

Komori 1981: Every proper variety of
GMV-algebras is generated by finitely many

[(Z,n) or T(Z X Z, (n, 0))
Only countably many of subvarieties
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GMV-algebras

Georgescu and lorgulescu [Gelo] (pseudo
MV-algebras), Rachunek [Rac] (generalized
MV-algebras) - 1999

GMV-algebra is an algebra (M;®,”,~,0, 1) of
type (2,1, 1,0,0) with an additional binary
operation » defined via

yOzr= (" &y )"



A) z@ (Y@ z)=(zBY) D 2;

A2) ct H0=0P x = z;

A3 zPl=1Px=1;

(A4) 17 =0; 1" =0

A5) (z~ @y )" = (" DY™);

A6) 2D (27 OY) =y (¥ Oz)=(20y ) Dy =
(y©z7) D z;

AN 20 (2" @y)=(TDY")OY;

(A8) (z7)~ = .



r<y Iff 2 dy=1
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r<y Iff 2 dy=1
M — distributive lattice

crVy=z® (- y)andzAy=20 (z~ Dy).

GMV-algebra M is an MV-algebra iff
rdy=ydxforall z,y € M.

a partial operation +on M. a+b=a P b Iff
a®Ob=01Iffa<b Iffb<a™.
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(G, u) unital Z-group, u strong unit

I'(G,u) := [0, u]
Dy = (r+y)Au,
r = u-—2x,

T = —x+u,

rOy = (x—u+y)VO0,
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(G, u) unital Z-group, u strong unit
I'(G,u) := [0, u]

rPy = (z+y) Au
= u—ux,

S
|

S
]

; —T + U,
rOy = (x—u+y)VO0,

(I'(G,u);®,”,~,0,u) is a GMV-algebra.
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Theorem 0.1 [Dvu 2002] For any GMV-algebra M,
there exists a unique (up to isomorphism) unital
¢-group G with a strong unit « such that

M =T(G,u).

The functor I' defines a categorical equivalence
between the category of GMV-algebras and the
category of unital /-groups.
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Symmetric and Perfect GM V-algebr ac

M 1s symmetric z~ = z~, SYM the variety of
symmetric GMV-algebras.

M 1s perfect If M is symmetric, M = My U M,
MyN My =0, My < My, My = My, M{ = Mj.

Rad(M) = ({I: I € NM(M)}



M = Rad(M) URad(M )~



M = Rad(M) URad(M )~
(M) is the greatest perfect subalgebra of M




M = Rad(M) URad(M )~
(M) is the greatest perfect subalgebra of M
G - /-group,
£(G) =T(ZXG,(1,0))
IS a perfect GMV-algebra.



M = Rad(M) URad(M )~
(M) is the greatest perfect subalgebra of M
G - /-group,

£(G) =T(ZXG,(1,0))

IS a perfect GMV-algebra.
V(PGMYV)



Theorem 0.2 The functor £ defines a categorical
equivalence between the category, PGMYV, of
perfect GMV-algebras and the category, £, of
¢-groups.
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Theorem 0.6 The functor £ defines a categorical
equivalence between the category, PGMYV, of
perfect GMV-algebras and the category, £, of
¢-groups.

M € V(PGMYV) iff

202 = (20 1)

Theorem 0.7 If G is a doubly transitive ¢-group,
then V(PGMYV) = V(E(G)). In particular, an
identity holds in every perfect GMV-algebra if and
only if it holds in £(G).
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Holland - €2 a totally ordered set Aut(£2) all
automorphisms f : Q — Q. Aut(€2) is the
¢-group under compositions, f < g Iff

wf <wg, w € ().

Every /-group G — Aut(€2) for some chain 2.
(G, Q2) permutation group

(G, Q) is transitive o, f € QAf e G af =
(G, ) is doubly transitive given

o <ao,[1 <PoeQdfeGoarf =70
Qe f = o



Let w € Aut(R) be the translation tu =t + 1,
t € R, and let

BAut(R) ={g € Aut(R) : dne N, v " <g<u"

Then (BAut(R), u) is a doubly transitive unital
/-permutation group
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Theorem 0.8 [DiNola, A.D., Tsinakis] If G IS a variety
of /-groups, then ®(G) :=V({E(G): Ge G})isa
subvariety of V(PG.MYV) and the mapping

G — ®(G) is set-inclusion-preserving.
Consequently, the variety of symmetric
GMV-algebras has continuum many subvarieties.



Theorem 0.9 [DiNola, A.D., Tsinakis] If G IS a variety
of /-groups, then ®(G) :=V({E(G): Ge G})isa
subvariety of V(PG.MYV) and the mapping

G — ®(G) is set-inclusion-preserving.
Consequently, the variety of symmetric
GMV-algebras has continuum many subvarieties.

Komory: there is only countably many
subvarieties of the variety of MV-algebras,
MY
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n-perfect GM V-algebras

Let n > 1 be a fixed integer. A non-trivial
GMV-algebra M Is said to be n-perfect If there are
nonempty subsets M, M, ..., M, of M such that

(@ M; N M; =0 and M; < M, forall i < j, thatis,
if z € M; and y € M;, thenz <y,

by M = MyU M U---UM,,
(c) M. =M,_,=M"foranyi:=0,1,...,n,
(d) ifx € M;and y € M;,thenx @y € M1 j)an-



prototypical example of an n-perfect
symmetric GMV-algebra

£.(G) = T(ZX G, (n,0))



prototypical example of an n-perfect
symmetric GMV-algebra

£.(G) = T(ZX G, (n,0))

Characterization of n-perfect is more
complicated than that of perfect - partial result
using cyclic elements
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prototypical example of an n-perfect
symmetric GMV-algebra

£.(G) = T(ZX G, (n,0))

Characterization of n-perfect is more
complicated than that of perfect - partial result
using cyclic elements

$,(G) =V{E.(G) : G € G}, G asubvariety of
the variety /-groups. ®,, Is a set-inclusion
preserving mapping.



Top varieties

For any value V' of (G, u), we set

K(WV)=(9'Vy

geliG

(we momentarily employ multiplicative notation
for (G,u)). Then K (V') is a normal convex
¢-subgroup of (G, u) contained in V', and
(G/K(V),G/V)is a primitive transitive
/-permutation group, called a component of G.



Let
T(V) =

{T(G,u): TG/K(V),u/K(V)) e V,VV € T'(u)}.

By [DvHo], 7 (V) is a variety, referred to as a top
variety of V.



Let M be the set of GMV-algebras M such
that either every maximal ideal of M iIs normal
or M is trivial.
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Let M be the set of GMV-algebras M such
that either every maximal ideal of M iIs normal

or M 1s trivial.
M is a variety such that

NCM=TMV)=TWN)=T(M).



Komori char acterization

0(t1) ={n € N: 1 <n, nisadivisor of ¢},

J C Nand: > 2 we let

A, J) ={d € a(i)\ [ J ()},

jed

In case J = (), we define A(i,D) = 0(4).



Lettieri Di Nola: V there exist finite sets I and J,
M e YV iff M satisfies the identities

(n+1) o™ =202", n =max{IUJ}, (3.2)

(p@a" )" =(n+1)©a’, (3-3)

for every integer p, 1 < p < n, such that p is not a
divisor ofany: € T U J, and

m+1)ezi=Mn+2) O 2! (3.4)
forevery q € |,.; Az, J).



If I = (), we rewrite (3.2)—(3.3) as follows: Let J
be a nonempty finite set of positive integers, and
consider the identity

(n+1)oz")=202"", n=maxJ, (3.6)
as well as all identities of the form
(p ® xp_l)”ﬂ =(n+1)©a (3.7)

where p Is an integer with 1 < p < n and p Is not
a divisor of any ¢ € J.
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Theorem 0.10 Let W be the variety of

GMV-algebras from M satisfying identities
(3.6)—(3.7) for some finite nonempty set J of
natural numbers and for all integers p, 1 < p < n,
such that p Is not a divisor of any 5 € J. Then

W=\/BP;=\/T(V(S;: jeJ))

jeJ jeJ



Theorem 0.11 Let VW be a proper top subvariety
of the variety M. Then there exists a finite set J

of natural numbers such that
W =\/ BP.. (3.8)

neJ

In addition, a GMV-algebra M € M belongs to
W if and only if M satisfies identities (3.6)—(3.7) for
any n € J and for any integer p, 1 < p < n, such
that p Is not a divisor of any n € J.



Theorem 0.12 There are only countably
many proper top subvarieties of
GMV-algebras within the variety M.
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Theorem 0.13 There are only countably
many proper top subvarieties of
GMV-algebras within the variety M.
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Coversof the Variety of MV-algebras

Aim: To describe all covers of the variety of
MV-algebras, MYV which are in SYM N M.

Holland 2004 found some non-commutative
covers of the variety of Boolean subalgebras,
l.e., generated by I'(Z, 1).



Covers where at least one element has a
noncommutative radical
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Covers where at least one element has a
noncommutative radical

Theorem 0.15 If G is a cover of the variety of
Abelian /-groups, A, then the variety

MYV P(G) C SYMnN M is a cover of the variety
of MV-algebras, MYV, such that at least one Its
element has a non-commutative radical.
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Covers where at least one element has a
noncommutative radical

Theorem 0.16 If G is a cover of the variety of
Abelian /-groups, A, then the variety

MYV P(G) C SYMnN M is a cover of the variety
of MV-algebras, MYV, such that at least one Its
element has a non-commutative radical.

And conversely.
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Holland-Medvedev 1994 — there Is
uncountably many covers of the variety of
Abelian /-groups.
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Holland-Medvedev 1994 — there Is
uncountably many covers of the variety of
Abelian /-groups.

Corollary 0.18 MY has uncountably many
coversin SYMn M.



Covers where each element has a commutative radical
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Covers where each element has a commutative radical
p - prime, the Scrimger group .S,
% p—l
7 A ¢ (IL_ Zs )

where Z; = Z
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Covers where each element has a commutative radical
p - prime, the Scrimger group .S,
% p—l
7 A ¢ (IL_ Zs )

where Z; = Z

S, the variety of /-groups generated by .S,. If
p # q,then S, # S,. S, Is a cover of A.
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Theorem 0.19 Let p be any prime number, n > 1
an integer, .S, be the Scrimger /-group with a
fixed strong unit u,, = (p";0,...,0), and let
>.(S,,n) be the variety of symmetric
GMV-algebras in M generated by the p"-perfect
GMV-algebra I'(S,, u,). Then MV Vv ¥(S,,n) is a
cover of MYV such that every element of 3(.S,,n)
has a commutative radical.



Theorem 0.20 Let p be any prime number, n > 1
an integer, .S, be the Scrimger /-group with a
fixed strong unit u,, = (p";0,...,0), and let
>.(S,,n) be the variety of symmetric
GMV-algebras in M generated by the p"-perfect
GMV-algebra I'(S,, u,). Then MV Vv ¥(S,,n) is a
cover of MYV such that every element of 3(.S,,n)
has a commutative radical.

And conversely



Remarks

(1) If V Is a non-commutative cover of the variety
of Boolean algebras, B, then MY NV = B, and
MYV VvV V is a cover of MV. (The converse Is not

true)



(2) Holland’s example
T = {Z mt" . my,n; € 7}

(r,n)(s,m) = (r +t"s,n +m)
S, =TXZ, C =V((S,(1,0)))
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(2) Holland’s example
T = {Z mt" . my,n; € 7}

(r,n)(s,m) = (r +t"s,n +m)
S, =TXZ, C =V((S,(1,0)))

C: VvV MV, t € Rt are non-commutative covers of
B.
We have continuum many covers, MY V C;, of

MY which are not symmetric but they are from
M.

From MV-algebras to GMV-algebras — p. ¢



Problem What about other covers of M) outside
of SYMNM?
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Free Products of GM V-algebras

Any system of nontrivial GMV-algebras has a
free product in GMYV

AP holds in MY, AP holdsin YV C MV iffitis
generated by a chain MV-algebra

AP fails in GMYV, Plerce’s weaker form of AP
Sy LMY S, = S[mm], Mundici

S, LI9MV G is non-commutative



Thank you for your attention
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