
Automata learning algorithms 
obtained from 

Myhill-Nerode-style theorems



The free Monoid and the right congruence

 Definition (Free Monoid)  Definition (Right equivalence)



The Myhill-Nerode theorem

 Theorem (Myhill-Nerode 1957)
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The L*-algorithm – Counterexample processing (Rivest and 
Schapire)
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Correctness of the L*-algorithm

•  



Running time of the L* algorithm

•  



What was used in the proofs?

•  



Passive learning



Augmented Prefix Tree Acceptor (APTA)
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Merging (and determinisation)
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Conflict Graph
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Colouring the Conflict Graph
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5+6 5+1 6+1

Individually possible Not possible in combination!

Solution:
Determinisation 
also enforced for
colouring. (Heule, 
Verwer 2010)

For probabilistic models:
Spectral learning 
(Balle et al 2014)



Learning in the limit (Gold)

• A language is learnable in the limit if:
• There exists an ordering of words in a language such that there exists a 

learner that will, after seeing some finite sequence in that order, return 
the correct solution and will never change its output again upon seeing 
further words.

• All regular languages are learnable in the limit

• Context-free languages are not learnable in the limit



Learning 
bidirectional DFA



  

a

b

 



  

a

b

 

a b a b a b a b a b a b a b



  

a

b

 

a b a b a b a b a b a b a b



  

a

b

 

a b a b a b a b a b a b a b



  

a

b

 

a b a b a b a b a b a b a b



  

a

b a b a b a b a b a b a b a b



  

a

b a b a b a b a b a b a b a b



  

a

b a b a b a b a b a b a b a b



  

a

b a b a b a b a b a b a b a b

 



  

a

b

 

a a a a a a a b b b b b b b



  

a

b

 

a a a a a a a b b b b b b b



  

a

b

 

a a a a a a a b b b b b b b



  

a

b

 

a a a a a a a b b b b b b b



biDFA recognise a proper subset of the 
linear languages and a proper superset of 
the regular languages

Expressiveness (Jirásková and Klíma)

CFG

LIN

biDFA

REG

biNFA



A Myhill-Nerode style theorem for biDFA?
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The centre function for biDFA

•  



The centre function for biDFA

•  



The Myhill-Nerode theorem for biDFA

 Theorem (Dieck 2023)



Active Learning for biDFA

48

Inference problem for a 
biDFA recognisable 
language L

Given:
• A membership oracle for L
• An equivalence oracle for L
• An orientation oracle

Result:
• A biDFA recognising L that 

is minimal w.r.t. the state 
orientations given by the 
oracle

o a b

_ left 1 0 0

a right 0 0 1

b left 0 0 0

a b

aa 0 0 0

ab 1 0 0

ba 0 0 0

bb 0 0 0



Active Learning for biDFA
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Inference problem for a 
biDFA recognisable 
language L

Given:
• A membership oracle for L
• An equivalence oracle for L
• An orientation oracle

Result:
• A biDFA recognising L that 

is minimal w.r.t. the state 
orientations given by the 
oracle

o a b

_ left 1 0 0

a right 0 0 1

b left 0 0 0

a b

aa 0 0 0

ab 1 0 0

ba 0 0 0

bb 0 0 0

As long as every row in the top table is unique the orientations in 
the extended table are not required to fill it.

Counterexample processing in the style of Rivest and Schapire 
(1993) can maintain this property



Theoretical Corollaries

No restrictions

NL-complete NL-complete Undecidable

NL-complete In NL

NP-complete In P NP-hard

50



Problems

• Generally, we are not given a strictly stable centre function
• We need to use a heuristic to guess it in practice

• We do not even know if equivalence is decidable
• (For arbitrary centre functions)

• Is the lack of a given centre function an issue for learning in the 
limit when doing passive learning?



•If you have a Myhill-Nerode style theorem, you 
can likely also obtain a learning algorithm

•There are several automata types out there that 
would be interesting for learning

•E.g. Translucent letter automata

•The learning algorithm also often translates into a 
minimisation algorithm



Thank you for 
listening!



Heuristics

54

• Only membership oracle is 
normally available in 
practice

• Equivalence is an open 
problem even if a biDFA is 
given as teacher

• Finding a good state 
orientation is the goal and 
as such not given



Heuristics
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• Only membership oracle is 
normally available in 
practice

• Equivalence is an open 
problem even if a biDFA is 
given as teacher

• Finding a good state 
orientation is the goal and 
as such not given

For DFA inference (original 
L*) an equivalence oracle 
constitutes an NP oracle.

Heuristics for DFA 
equivalence exist.



W-method
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 Chow (1978)



W-method
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 Chow (1978)  



W-method for biDFA
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 Dieck and Verwer (2025)



Orientation heuristic
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Goal: Minimise the number of 
states

Idea: Be locally greedy



Orientation heuristic
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Orientation heuristic
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Orientation heuristic
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Orientation heuristic
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Orientation heuristic
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o a b ab
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• If an orientation decision does not have an immediate effect locally the 
heuristic can not make a good judgement (Longer loops are an issue)

• If not enough future traces are tested the heuristic might base its 
decision on wrong information



Orientation heuristic
Language Without prefilling 

columns
With prefilled columns

#Minimum Discovered 6/10 10/10
#100+ states 0/10 0/10
Average biDFA size 5.8 3
#Minimum Discovered 5/10 10/10
#100+ states 0/10 0/10
Average biDFA size 7.1 5
#Minimum Discovered 6/10 8/10
#100+ states 0/10 0/10
Average biDFA size 7.3 4.5
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Orientation heuristic
Language Without prefilling 

columns
With prefilled columns

#Minimum Discovered 1/10 5/10
#100+ states 0/10 0/10
Average biDFA size 8.8 6.3
#Minimum Discovered 2/10 10/10
#100+ states 8/10 0/10
Average biDFA size 5* 5
#Minimum Discovered 0/10 2/10
#100+ states 10/10 5/10
Average biDFA size _* 10.8
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*Only runs that did not get forcibly terminated counted towards the average



Thank you for 
listening!


