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Motivation

» Mathematical inequalities are important in many areas of mathematics.

» Discrete versions of integral inequalities are often harder to prove. We want tools
that make them easier.

> A single framework can treat both continuous and discrete cases, so we do not
repeat the same ideas twice.

> Time scales calculus lets us define differentiation and integration on any closed
subset of R, giving one general inequality that covers many cases.

» With this unified view, we can get new continuous results, new discrete results, and
new formulas in quantum calculus.



Hardy-Type Inequalities

» In 1920, Hardy [5] proved the discrete inequality

; <}' ;a(i)> = (pil> ;ap(”)v p>1, 1)

where a(n) >0 for n > 1 and a € ¢P(N) (i.e., >°° aP(n) < 00).

» In [6, Theorem A] he proved the integral version of (1): for f >0, f € LP(0,0), p > 1,

/ (/f dt) dx<( )/ £2(x) dx. )

P
» In both continuous and discrete cases the constant C = (p—fl) is sharp.



Generalized Hardy-Type Inequalities

Hardy [6, Theorem B] showed that if p > 1, A(n) >0, a(n) > 0 and A(n) = >_7_, A(i), then

nz_;/i\p((nr?) (iz;A(i)a(i)) < (pfl> nz:;/\(n)ap( )

Copson [4] generalized (3): for p > 1, a(i) > 0, A(/) > 0 and ¢ > 1,
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Reversed inequalities

Bennett [1] and Leindler [8] proved reverse forms of (4)—(5). If c <0< p <1,
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Weighted Hardy-type inequalities

The first weighted version (Hardy [7, Theorem B]):

/Ooo ()1( /Ox f(t) dt)va dx < (p_ﬁ;_7>p/ooox’yfp(x) dx,

forp>1,v<p—1, and
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Muckenhoupt and mixed norms
Muckenhoupt [9] characterized weights for

(/Ooo 0P (x) (/OX f(2) dt)p dx> e (/Ooo VP(x)FP(x) dx) . 10)

with 1 < p < o0, via

oo 1/p X . 1/p” p
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Bradley [3] studied the [P — L9 case (1 < p < g < o0):

(/OOO ud(x) (/OX f(t) dt)q dx>1/q <C (/OOO VP(x)FP(x) dx>1/p7 (11)
s ([ wioar) : ([ o) TR

and A< C < pY9(p*)/P A forl<p<g<ocand A= Cif p=1and g = cc.
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Finite-interval versions
Opic—Kufner [10]: for —co <a< b< oo, 1 < p < g < oo,

</ o[ o) dx) e (/awa)fp(x) dX) .
o a<xeh </xb u(t) dt) b (/: VP (t) dt) o < oo,
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P q

Sinnamon [12]: for 0 < g < 1 < p < o0,
1/r

D= [/b (/Xbu(t) dt> (/ A (1) dt)r/p* u(x) dx] < 0,

where 1/r =1/q —1/p, and (p*)'/P"q*/PD < C < (p*)'/"q'/PD.
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Time scale at a glance




Basic concepts on time scales

» A time scale T is a nonempty closed subset of R.

» Forward/backward jumps o,p: T — T:
o(t) :=inf{s€T:s >t} p(t) :=sup{s € T:s < t}.
» Graininess p(t) := o(t) — t.

» The set

™ T\ (p(supT), supT], supT < o0,
B T, supT = .
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Differentiation on time scales

Theorem (see [2, Theorem 1.20]): If f,g : T — R are differentiable at t € T® and o, 8 € R:
L (of + Bg)™(t) = af () + Bg"(t).
2. (fg)2(t) = FA(1)g(t) + f(o(1)g” (1) = F(1)g" (1) + F2(t)g(o(1)).
3. If g(t)g(o(t)) # 0, then

S A 0e() - (D88 ()
<g) O = e elo()
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Chain rule (two forms)

Theorem (see [2, Theorem 1.87]): if v : R — R is continuous, v : T — R is delta differentiable,
and u: R = Ris C, then

(uov)2(t) = /(v(c)) v2(t) for some c € [t,a(t)]. (14)

Lemma (see [2, Theorem 1.87]): if f : R — R is C! and g : T — R is delta differentiable, then

1
0 VA (F) — 1 A A
(fog)™(t) {/O (g(t) + hpu(t) g™ (1)) dh}g (t)- (15)
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Integration on time scales

Theorem (see [2, Theorem 1.77]): for a,b,c € T, o, 8 € R, and u, v € C.a([a, b]r,R):

[y

/ab(au+6v)At:a/abuAtJrﬂ/avat.

b c b
/uAt:/ uAt+/ uAt.
3. / ulAt =0.

N

b b
4 / uAt’ g/ lu| At.

b
5. If u> 0 on [a, b]r then / ulAt > 0.
6. Integration by parts:

b b
/uvAAt:[uv]f—/ u®v At.
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Holder and Jensen on time scales

Hélder ([2, Theorem 6.13]): if f,g € Ga([a, b]r,Rt) and v > 1, 1/y+1/v =1,

/ab f(t)g(t) At < (/b f”(t)At> v </abgy(t)At>

The inequality reverses (with sign change) for either p <0 or 0 < p < 1.
Jensen ([2, Theorem 6.17]): if f € Ca([a, b]1, (¢, d)) and F is convex on (c, d),

b b
F(fa f(t)At) . / F(f(t))At'

1/v

b—a b—a

(16)
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Main results

P> Recent developments in Hardy-type inequalities:

>

>
>
>
>

A new reformulation valid for p = 1.

Using different time scales T and T = »(T), with v strictly increasing.
Integration by substitution from T to T and the derivative of the inverse.
Dynamic Hardy-type inequalities with negative parameters.

1 X
A global measure of the dispersion of f around its integral mean f/ f(t) de.
X Jo
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Main result: reformulation valid for p =1

If T is a time scale with a,¢ € T, f € Ciq([a, £]T,RT), and either p > 1 or p < 0, then

/ae (f:;()’)aAy>pJ(XA)Xa S/az (1_0(2)_33) fp(x)g(f)xa

(18)
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Change of time scale and a Beta-type form

Using substitution from T to T = »(T) with v(x) = x/y (x,y € T, y > £): assume £ € T,
0>0,p>1 a>0,and f € Ga((¢,0)r,RT) is nonincreasing. Then

o e’} P o3}
/ (/ f(y) Ay> X AX > B/ yPreTiP(y) T(y) Ay, (19)
14 X a Jy
where T(y) = a B/y(c, p) and
1 ~
Ba(u,v) == / s“71(1—s)" ! As, 0< A<,
A

with So(u, v) = B(u, v).
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Hardy-type with negative parameters

Asin [11]: let a,beT,0<a< b<oo, p<0,r>1, and f,g € Cq([a, b]lT,RT) with x/g(x)

nondecreasing on (a, b). Then
r o(x) ,_,
(X ) / t5 LA
g(x) s

[ & taro an < (1”)/ e (1 (Z)l’")p
(20)

where F(x) = f f(t

-1
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Dispersion inequality

Assumptions: a,b € T with b > a, p > 1, f € Gq([a, b]r, R") differentiable, nondecreasing,
and lim;_,,(t — a)f(t) = 0.
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Dispersion inequality

Assumptions: a,b € T with b > a, p > 1, f € Gq([a, b]r, R") differentiable, nondecreasing,
and lim;_,,(t — a)f(t) = 0.
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Two-function form

Ifa,beT, b>a p>1, and f,g € Ga([a, b]T,RT) are differentiable, nondecreasing with
lim;—a(t — a)f(t) = lim;—.(t — a)g(t) = 0, then

/ab (f(a(x)) - ﬁ /:(X) f(t)At> (g(o'(x)) - ﬁ LU(X)g(t)At> Ax
( [ (- a0y [(”(XX)_;"’) T (M)t
. ( IRt [(”(XX)_;Q)i (%) ﬂ Ax>P -

2
< _P
S p-1
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Product version (bounded case)

If also f(b),g(b) < oo, then

Ax. (23)
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Specializations of time scales

Time scale T o(t) Interpretation

R t classical integral

N t+1 discrete sums/series
g%, g>1 qgt g-calculus analogue
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