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In 1920, Hardy [7] proved the discrete inequality

0 n 4 p oo
3 (1 Za(i)) <(5) Lem v @
n=1 \""i=1 “\r-1) = ’ ’
wherea(n) > 0forn > 1,a(n) € I’(IN) (ie. Y, aP(n) < o0).
In 1925, Hardy [8] proved the integral version of (1), by using
the calculus of variations, which states that for f > 0 and
integrable over any finite interval (0, x), where x € (0, o) and
f €LP(0,00) and p > 1, then

/(/f dt)dx<< >/fP 2)

The constant (p/ (p —1))” in (1) and (2) is the best possible.
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In 1927, Hardy and Littlewood [11] showed that the 1nequa11ty
(2) is reversed for 0 < p < 1, provided that the integral fo t)dt
is replaced by [ f(t)dt and the constant (p/(p — 1))? is
replaced by (p/ (1 —p))*, then

/ (/f(tdt> dx>( )/ﬂ” 3)

where the constant (p/ (1 — p))? is the best possible value.

We say that the constant (p/(1 — p))? is best possible (sharp) if
it can not be replaced by a smaller one without the affecting the
validity of the inequality (3) for all possible functions.
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The first weight version of the classical Hardy inequality (2)
was proved by Hardy himself [9] and given by

/OOO (ch /Oxf(t)dt>px7dx < (p—lp—'y>p /Ooo X (x)dx,  (4)

provided that p > 1,y <p—1,and

b (i /ffmdf)p”dx < (1—(;’17));7 s

&)
provided thatp > 1, p < v + 1, where f is a measurable and
nonnegative function on (0, o).
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In 1990, Arifio and Muckenhoupt [1] generalized (4), (5) and
characterized the weighted function w, such that the inequality

/0 " w(t) <1 /O tf(x)dx>pdt§ C /0 Tomfnd (6

holds for all nonnegative nonincreasing measurable functions f
on (0,00) with a constant C > 0 independent of f (here

1 < p < o). The characterization reduces to the condition that
the nonnegative function w satisfies

. t
/ de < B/ w(x)dx,Vt € (0,00) and B> 0.  (7)
¢ xP tF Jo
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For the discrete case, in 2006, Bennett and Gross-Erdmann [3]
proved that the inequality

p
[ee) 1 n (o)
Z%(ng) <CY wugh, 1<p <o, (8)
n=1 ] n—1

holds for all nonnegative nonincreasing sequences (g ),~, and
C > 0. The characterization reduces to the condition that the
nonnegative sequence (wy), - satisfies

o n
23{“— Z wi, Vn € N and B > 0. )
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In 2014, Gao [6] extended the results of Bennett and
Gross-Erdmann [3] and characterized the weights such that the
inequality

© n P s
Y Z)TZ (2 ﬂk8k> <CY wagh, p>1, (10)

n=1

holds for all nonnegative nonincreasing sequences (g;),~, and
(an),~1 is a nonnegative and nonincreasing sequence with

a1 > 0 and the constant C > 0 is independent of a,, and g,. The
characterization reduces to the condition that the nonnegative

sequences (a,),~q and (wy),~, satisfy

ZZ’;_APZwk, foralln € N, and B>0,  (11)

where Ay = YX_, a;.
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In 1972, Muckenhoupt [12] generalized (6) and characterized
the weights such that the inequality

(/Ooou(x) (/Oxf<t)dt)pdx)1/p <C </Ooov(x)f7”(x)dx> )

(12)
holds for all measurable functions f > 0 and the constant C > 0
is independent of f (here 1 < p < o0). The characterization
reduces to the condition that the nonnegative functions u and v
satisfy

00 1/P x *p* 1/p* p
sup (/ u(t)dt> (/ vﬂ(t)dt) =K<o, p'=-—"-70,
x>0 \Jx 0 p—1

and K< C< pl/f’(p*)l/”*K.
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In 1978, Bradley [5] studied (12) in the different spaces L (R)
and L7(R) when 1 < p < g < o0, and gave new
characterizations of weights such that the general inequality

(e (4 “)dtydx)l/q o[ o),

(13)
holds for all measurable functions f > 0 and the constant C > 0
is independent of f (here 1 < p < g < o0). The characterization
reduces to the condition that the nonnegative functions u and v
satisfy

oo Va roox pr 1/p
A = sup ( / u(t)dt> ( / vP(t)dt) < o0,
x>0 x 0

and A < C < p"i(p*)V/P" A, for1 < p < g < coand A = Cif
p=1and g = oo.
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In 1990, Opic and Kufner [13] proved that the inequality

b x g N\ b
(/ u (x) (/ f(t)dt) dx) <C (/ v (x)ﬂ(x)dx) ,
a a a
(14)
holds for all nonnegative functions f and u, v are measurable

positive functions in (a,b), —co < a < b < oo and
1 < p < g < oo, if and only if the following condition holds

b a9 / ox X 1/p*
B = sup (/ u(t)dt) </ vl P (t)dt) < oo.
a<x<b X a

Moreover, the estimate for the constant C > 0 in (14) is given by

1/q s\ 1/p*
B§C§<1+q*> (1+p> B.
p q
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In 1995, Heinig and Maligranda [10] proved that if
0 < p <1 < gand u, v are positive functions, then there exists a
constant C > 0 such that the inequality

[/Ooou(x) (/Om K (x, t)f(t)dt)qu} %
< C [/000 v(x) </OOO kz(x,t)f(t)dt>pdx] % , (15)

holds for all nonnegative nonincreasing functions f and ki,
ky : RT x Rt — R™, are positive kernels if and only if

[/Ooou(X) (/Os at t)dt>qur’ =€ [/00o o) (/oS kz(x,t)df>pdx} % ,

forall s > 0.
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In 2000, Barza et al. [2] pointed thatif 0 < p < g < oo,
1 < g < oo and u, v are positive functions, then the inequality

[/000 u(x) q(x)dx] % <C [/Ooo o(x) (/Ooo kz(x,y)f(y)dy>pdx}(;)

holds for all nonnegative nonincreasing functions f and
ky : RT x Rt — R is a positive kernel, where the constant
C > 01in (16) is given by

-1

C = sup [/Otu(x)dx]; [/va(x) (/Otkz(x,y)dy>pdx] <o
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Time scales calculus

Definition ([4])

A time scale T is an arbitrary nonempty closed subset of the
real numbers RR.

For example, the real numbers IR, the integers Z, the
nonnegative integers INg and the quantum calculus g™° for
qg>1

Definition ([4])

Let T be a time scale. For t € T, we define the forward jump
operator 0 : T — T as

o(t) =inf{s € T:s > t}.

We note that o(t) > t forany ¢t € T.
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Definition ([4])

Let T be a time scale. For t € T, we define the backward jump
operator p : T — T as

p(t) =sup{s € T:s < t}.

We note that p(t) < t for any t € T.

\

Definition ([4])

Let T be a time scale. For t € T, we define the graininess
function y: T — R* = [0, o) as
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Example ([4])

1. If T =R, then we have that o(t) = p(t) = t and u(t) = 0 for
allt € T.

2.If T = NN, then we have thato(t) =t +1, p(t) =t — 1 and
u(t) =1forallt € T.

3.If T =hIN,h > 0, then we have o(t) =t + h, p(t) = t — h and
u(t) =hforallt € T.

4.1 T = g™ for g > 1, then we have o (t) = gt, p(t) = t/q and
u(t)=(q—1)tand forallt € T.
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Classification of points

t € T is called right-scattered if t < o (t)
t € T is called right dense if t = o (t)

t € T is called left-scattered if t > p(¢)

t € T is called left dense if t = p(t)

t € T is called isolated if p(t) <t < o(t)
t € T is called dense if p(t) =t = o(f)
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Differentiation

Definition (The Delta Derivative [4])

Assume thatf : T — R s a function and let t € T. We define
FA(t) to be the number, provided it exists, as follows: for any
¢ > 0 there is a neighborhood U of t, U = (t — 6, t+ ) N'T for
some ¢ > 0, such that

If(e(t) —f(s) —fF2(£) (o (t) —s)| < e|o(t) —s| forall se U.

We say f2(t) the delta (or Hilger) derivative of f at t. We say
that f is delta (or Hilger) differentiable on T provided f2(¢)
exists forall t € T.
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Example (Delta derivative [4])
Q If T =R, thenforf: R — R, we get

A1) = lim £ =£(8) =f(t),forall t €T,

s—t t—s

where f is the usual derivative.
Q@ If T =hZ,h > 0, then we have o(t) =t + h, u(t) = hand

flo(®) —f(t) _ f(E+h) —f(1)
p(t) h '

Q If T = g™ for g > 1, then we have o(t) = gt,
u(t) = (g —1)tand

Fo(8) = Muf (1) =

_ =)

fA(t ‘if q—l)
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Theorem ([4])
Assume that f, g : T — R are differentiable at t € T, then

o Thesumf +g: T — Ris differentiable at t with
(F+8)"(8) =fF5(t) + 8°(8).
o For any constant a, af : T — R is differentiable at t with
(af)® (£) = af(t).
o The product fg : T — R is differentiable at t with
(R)2(5) = FA(D8(1) +£ (e ()8 (£) = F ()™ (B) +2(D)g (e (1))-
o Ifg(t)g(c(t)) # 0, then f /g is differentiable at t and

A A . A
(/ﬁ) (t):f ()g(t) —f(£)g"(t)

o o(to(o(t))
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Chain Rule

Definition ([4])

A function f : R — R is called continuously differentiable if it is
continuous and its derivative is continuous.

Theorem (Chain Rule [4])

Assume g : R — R is continuous, g : T — R is delta differentiable
on T*, and f : R — R is continuously differentiable. Then there
exists c in the real interval [t, o (t)] with

(Fog)™ (1) =1 (g(c) g (#). (17) |

where

Tk T\(o(supT), supT|, if supT < oo,
o T, otherwise.
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Definition of rd-continuous functions

Definition ([4])

A function f : T — R is called rd—continuous provided it is
continuous at right-dense points in T and its left-sided limits
exist (finite) at left-dense points in T. The set of rd—continuous
functions f : T — R is denoted by C,; or C,;(T) or C,4(T, R).
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Integration

Definition ([4])

A function F : T — R s called an antiderivative of f : T — R
provided

FA(t) = f(t), holdsforall tc T.
In this case, the Cauchy integral of f is defined by

/sf(t)At = F(s) —F(r), forall r, s €T.

Theorem ([4])

Every rd-continuous function f : T — R has an antiderivative. In
particular, if ty € T, then

( t:f(T)AT)A =f(t), for teT.
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The interval [a, b]y is defined by [a, b]y := [2, b]N'T
Theorem ([4])
Leta,b € Tandf € Cy([a, bl R).

o If T =R, then
b b
/ﬂ F(t)AE = / F(t)dt
o IfT=IN,0(t) =t+1and u(t) =1, then

b—1

[ Fwai= L KO = B0
telab t=a
o IfT=qNoforqg >1,0(t) = qt, p(t) = t/qand
u(t) = (q—1)t, then
b/q

/ st =Y, (4 - 1) 4 (1)

.
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Lemma (Integration by Parts [4])
Ifa,b e Tandu,v € Cy([a, by, R), then

b b b
/ﬁ u(t)o® (1) At = [u(t)o()]L - / W (Bo(o(t)AL  (18)

Lemma (Holder’s Inequality [4])
Ifa,b e Tandf, g € Cu([a bly, R), then

1
v

/ab F(H)g(t)|at < [/ﬂb lf(t)WAtr [/ﬂb ]g(t)|VAt] , (19

where «y,v > 1 such that 1/7 +1/v = 1. The inequality (19) is
reversed for 0 < v < 1ory <0.
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In 2005, Rehak [14] established the time scale version of
Hardy-type inequalities (1) and (2).

Theorem

Assume that T is a time scale witha € T,1 < o« < ccand f isa
nonnegative function such that | uoo fY(t) At exists as a finite number.

/aoo (af;(t_)aﬁf < <ai1>a/awf“(t)/3t, (20)

where F(t) = f;f(x)Ax. In addition, if u(t)/t — 0as t — oo, then
the constant (a/ (& — 1))" is the best possible.
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The discrete inequality is given by
(<) 1 n p p p oo
=% a(i <|—— al(n), >1, (21)
2(2()) (;25) Lo, s

wherea(n) > 0forn >1,a(n) € IP(N) (ie. Y qa/(n) < o).
The continuous version states that for f > 0 and integrable over
any finite interval (0, x), where x € (0,00) and f € LV (0, c0) and
p > 1, then

/(/f dt) dx<(_1>/f” . (@2)

The constant (p/ (p — 1))” in (21) and (22) is the best possible.



Proof. Denote ¢(t) = F(t)/(t —a). Then for t > a,

9" ()" = = [9" I £(1)

= o7 ()" = = [p" ()" [(t =) p(8)]"

= [p"(O])" = == [ O (=)@ (H) — —= [¢(1))"
= L Or - S0P a0t @)

Applying the chain rule formula (17), we have that
[0()]® = ap* 1(c)9®(t) forsome c € [t,0(t)].

Since ¢*(t) > 0 and ¢ < o(t), then ¢ is increasing function and
¢ (c) < ¢?(t), thus

[9*(1)]> < a ()] @™ (1),



and then (23) gives
[ ()" = — lo" (O] £(®)

- L t-a o).

«
Integrating the last inequality over t from a to s, we get

[irors- = [ir

L[ g

SO

(24)

(25)
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Applying Holder’s inequality on the right hand side of (25)
with indices « > 1 and «/(« — 1), we obtain

a=1

[loorars 2 ([rom) ([loora)”

then . .
/H[qo"(t)]"‘Atg (ail) /ajm(t)At

[ () ars (35) [ rwas

when s — oo, we can get the dynamic Hardy inequality (20).

i.e.
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To prove that (a/(x — 1))* is the best possible, we assume that

0 fort € [a,a)

f(t) = { (t—a)~V* fort € [4,b]

0 fort € (b, ),
wherea < i < b. Then [~ f*(t)At = f;(b) (At/(t—a)) and

o(t) o(t)
iy = [ f(s)as = / (S_A%

= /ﬁt 5 —d;>1/a = oq 0T @

for t € [4,b]. Hence

F() 1= ((@-—a)/(t—a)“ "
t—a —a—1 (t—a)l/"‘

7
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which implies

(F2) = ()

for t € [4,b], where ¢ — 0 as t — oo.

Consequently,
) o o
/ ( )
—a

[ <+W> |
é (7)) ™

) 1—5;,)/ £ (1) At
a
where §, — 0as b — oo.

At
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Hence any inequality of the type

[ (o) a<(72) a-a [ o

with € > 0, fails to hold if f is chosen as above and b is
sufficiently large.
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Application to Hardy’s inequality

Theorem ([15])

Let T be a time scale witha,b € T,1 <p < g < o,
f € Cyq ([a,b]T, R) and let u, v be positive rd-continuous functions
on (a,b)y. Then

(/ab u (x) ( :(X)f(t)At) ' Ax)

holds if and only if

v <C (/abv (x)fl”(x)Ax> UP,
(26)

1/p*

b 1/q o(x) .
B = sup (/ u(t)At) (/ vl P (t)At) < oo,
a<x<b x a

where p* =p/(p—1).
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Moreover, the estimate for the constant C > 0 in (26) is given by

1/q s\ 1/p*
Bgcg(u‘i) (1+”q> B.
The authors employed the weighted Hardy inequality (26) to

the following equation in order to examine its oscillatory
properties

(r(t)%(xA))A +5(1)g, () =0, (27)

where 1 < & < o0, ¢, (y) = |y|* %y and 1,5 € Cry ([a,b]1, R)
with r(t) # 0 for t € [a, b]r.

They showed that the equation (27) is nonoscillatory if and
only if the weighted Hardy inequality (26) holds forp = g = «
and the constant C = 1.



Aims of PhD-Thesis

# Holder’s inequality

@ Generalized dynamic Holder’s inequality on time scales
@ Reversed dynamic Holder’s inequality using Specht’s ratio
on time scales
# Minkowski’s inequality
@ Generalized dynamic Minkowski’s inequality on time
scales

@ Reversed dynamic Minkowski’s inequality using Specht’s
ratio on time scales
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# Hilbert-type inequality
@ Dynamic inequalities of Hilbert-type on time scales nabla
calculus
@ Reverse dynamic Hilbert-type inequalities using the mean
inequality
@ Novel Dynamic inequalities of Hilbert-Pachpatte-type for
a class of non-homogeneous kernels on time scales

@ Recent generalized inequalities of Hilbert-type for a class
of homogeneous kernels on time scales
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# Hardy-type inequality

@ Some new generalizations of inequalities involving
Hardy-type operator on time scales.

@ Dynamic Hardy-type inequalities involving a single
negative parameter on time scales.

@ Generalized dynamic inequalities similar to Hardy’s
inequality involving a convex function

@ New formulation of dynamic Hardy-type inequalities on
time scales such that the inequality holds when the
parameterp =1

o Characterizations of the weighted functions for Hardy’s
inequality with general kernel on time scales



Hardy-type inequalities

@ Generalized Hardy-type inequalities through conformable
fractional time scale calculus.

@ New properties of weighted Muckenhoupt and Gehring
classes on time scales such that the characterization of
weight for Muckenhoupt class represents the validity of
condition of Hardy’s inequality and the characterization of
weight for Gehring class represents reverse Holder’s
inequality.

@ Weighted Lorentz spaces and equivalent relations between
¢,-classes by using Hardy operator.
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