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Motivation

Throughout the whole talk let /, J be nonempty open intervals of
the real line.

Matkowski means

Let ¢1, 92 : J — R be continuous functions which are strictly
monotone in the same sense. Then the mean

Apy on (U, V) = (01 + 92) 7 (01(u) + p2(v)) (x,y €J)

is called the generalized weighted quasi-arithmetic mean (or simply
Matkowski mean) generated by o1 and ;.
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Motivation

Throughout the whole talk let /, J be nonempty open intervals of
the real line.

Matkowski means

Let ¢1, 92 : J — R be continuous functions which are strictly
monotone in the same sense. Then the mean

Apy on (U, V) = (01 + 92) 7 (01(u) + p2(v)) (x,y €J)

is called the generalized weighted quasi-arithmetic mean (or simply
Matkowski mean) generated by o1 and ;.

This concept was introduced in 2010 by J. Matkowski [3].
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The invariance problem and its reformulation

If ) #J C R is an open interval, then we are looking for those
Matkowski means M, N, K : J x J — J which fulfill the invariance
equation

M (N(u,v), K(u,v)) = M(u, v) (u,v e ).
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The invariance problem and its reformulation
If ) #J C R is an open interval, then we are looking for those

Matkowski means M, N, K : J x J — J which fulfill the invariance
equation

M (N(u,v), K(u,v)) = M(u, v) (u,v e ).
Reformulation — T. Kiss [1]

The equation above is equivalent to

F (X:y) + h(x) + H(y) = G (g1(x) + &2(y))

where x, y are from (possibly different) open intervals.
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The invariance problem and its reformulation

If ) #J C R is an open interval, then we are looking for those
Matkowski means M, N, K : J x J — J which fulfill the invariance
equation

M (N(u,v), K(u,v)) = M(u, v) (u,v € J).

Reformulation — T. Kiss [1]

The equation above is equivalent to

F <x42—y) + h(x) + H(y) = G (g1(x) + &2(y))

where x, y are from (possibly different) open intervals.

Here the six unknown functions F. i, ,g1,8> , G are constructed
from the original generators of the three unknown Matkowski
means K, M, N.
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We will turn our attention towards the equivalent invariance
equation

F <X2y> +AX) + h(Y)=G6(alx) + &) (xyel)

where the unknown functions F,f ,H,g1,8 : | — R and
G :gi(l) + g(/) — R are continuous, strictly monotone.
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We will turn our attention towards the equivalent invariance
equation

F <X;y> +AX) + h(Y)=G6(alx) + &) (xyel)

where the unknown functions F,f ,H,g1,8 : | — R and
G :gi(l) + g(/) — R are continuous, strictly monotone.

From the original invariance equation it follows that WLOG we may
assume that F is strictly decreasing and the other five functions are
strictly increasing.
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Regularity assumptions

The first paper devoted to the solutions is by T. Kiss [1].

Regularity assumptions in [1]

Regularity assumptions for the solutions of

r <X42Fy> +A(X) + h(y) = G(a(x) +&(y)) (xyel)

were continuous differentiability of all the appearing functions, and
a further technical assumption 0 ¢ g; (/) U g5(/).
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Regularity assumptions

The first paper devoted to the solutions is by T. Kiss [1].

Regularity assumptions in [1]

Regularity assumptions for the solutions of

r <X42Fy> +A(X) + h(y) = G(a(x) +&(y)) (xyel)

were continuous differentiability of all the appearing functions, and
a further technical assumption 0 ¢ g; (/) U g5(/).

Of course, the most natural and elegant assumption would be the
continuity and strict monotonicity for F,f; ,f>, 81,4 and G.
However, in [1] the general approach to the solution was
differentiation.



Motivation F, f1, f> are differentiable Only F is differentiable Bibliography
000000

An auxiliary system of equations

For instance, if g and g} are nowhere vanishing, then we may
differentiate the invariance equation with respect to x and y and
divide by g1 (x) and g5(y). Thus we deduce that the system of two

equations

» {so(”) (¢1(x>+w1(y>)=w1(x>+w1(y; oy el)

1/ kl f—ll kf2/
pi=~F, ==+ (=1)F=, W= —L —(—1)k2
2 1 ( )gé g ( )gé
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Reducing regularity

If F,fi,f,G,g1,8 are C! then every unknown function in (¥) is
continuous, and it is known from the literature that the
"interesting" solutions are C°°, provided that F is nowhere affine.
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Reducing regularity

If F,fi,f,G,g1,8 are C! then every unknown function in (¥) is
continuous, and it is known from the literature that the
"interesting" solutions are C°°, provided that F is nowhere affine.

In the recent paper [2] by T. Kiss and PT it has been shown that
the system () has the same family of solutions even if we suppose
the mere differentiability of the unknown functions instead of
continuous differentiability.

In [2] the complete characterization of the solutions of the
invariance equation is supplied assuming only differentiability (and
no additional technical conditions).
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The main objective

In [2] we have shown that the family of solutions consists of 19
families. 16 of those are the smooth solutions, where
differentiability is imposed for all unknown functions. 1 class
includes irregular solutions, but can be discussed without regularity.
Additionally, there are 2 mixed cases.
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The main objective

In [2] we have shown that the family of solutions consists of 19
families. 16 of those are the smooth solutions, where
differentiability is imposed for all unknown functions. 1 class
includes irregular solutions, but can be discussed without regularity.
Additionally, there are 2 mixed cases.

Main objective

The structure of the equation suggests that occasionally the
regularity of one particular unknown function is inherited by the
others.

Our goal is to determine the smooth solutions of the invariance
equation assuming the differentiability of

@ Fand fi,5;
@ only F.



Motivation F, f1, fa are differentiable Only F is differentiable Bibliography
0000

Smooth solutions in our context

Intervals of affinity of F
The intervals where F is affine play a central role during the
discussion of the solution process.
One needs fundamentally different tools in the following 3 cases:
O F is affine on the whole domain /.
@ F is affine on a proper open subinterval J C /;

© F is not affine on any nonempty open subinterval.
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Smooth solutions in our context

Intervals of affinity of F
The intervals where F is affine play a central role during the
discussion of the solution process.
One needs fundamentally different tools in the following 3 cases:
O F is affine on the whole domain /.
@ F is affine on a proper open subinterval J C /;
© F is not affine on any nonempty open subinterval.

In the first case the solutions can be determined without any
differentiability conditions, relying on the Rad6—Baker Theorem.
The investigation of the second case is based on the first and third
one. Thus we consider the third case.
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Regularity preservation for quasisums

A relatively easy part is to eliminate the differentiability assumption
about G, g1, g if the LHS is partially differentiable with respect to
both variables.
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Regularity preservation for quasisums

A relatively easy part is to eliminate the differentiability assumption
about G, g1, g if the LHS is partially differentiable with respect to
both variables.

Theorem. (PT 2025. [4])

Let n € N, n > 2 and suppose that ) # I, C R is an open interval
fork =1,...,n. Moreover, let pi : Ix — R be continuous,
strictly monotone for k =1,... n and let

¥ :p1(h) + -+ @n(lh) — R be also continuous, strictly
monotone. Consider the quasisum Q : Iy x --- x I, — R defined

by

Q(xts--,xn) =(p1(a)+ - +on(xn) (a€h,....,xa €1y).
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Regularity preservation for quasisums

A relatively easy part is to eliminate the differentiability assumption
about G, g1, g if the LHS is partially differentiable with respect to
both variables.

Theorem. (PT 2025. [4])

Let n € N, n > 2 and suppose that ) # I, C R is an open interval
fork =1,...,n. Moreover, let pi : Ix — R be continuous,
strictly monotone for k =1,... n and let

¥ :p1(h) + -+ @n(lh) — R be also continuous, strictly
monotone. Consider the quasisum Q : Iy x --- x I, — R defined

by
Q(Xl yoe e 7Xn) = ¢(901(X1)+‘ : '+30n(xn)) (Xl €h,....,xp€ In) .

If Q is partially differentiable, then ¢1 ,...,pn, 1 are differentiable.
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Let us apply the previous Theorem for the RHS expression

G (g1(x) + &2(y)) (x,yel).

Then the functions G, g1, g» are differentiable, so the solutions are
known from [2].

Connection to the original invariance problem

Considering the original invariance equation
M (N(u,v),K(u,v)) = M(u,v) (u,v e,

the functions F, fi , f, are derived from the generators of the means
M and K via

ki 4 ko \ L
F::—m20<1; 2> fi=miok ' (i=1,2)

Thus no additional regularity is required for V.
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F is differentiable

The situation is more difficult if only F is supposed to be
differentiable. In general, this does not imply any regularity for
other functions.

Theorem. (Kiss—PT 2026.)

Let F: | — R be affine and g1 ,g> : | —> R be continuous and
strictly monotone. Then (F, fx, G, gk) is a solution if and only if
there exist an additive function B : R — R and constants

b1, 02 € R such that

1
f = —5F + Bogk+ and  G=B+p+ph

hold on | and on g1 (1) + g2(1), respectively.
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We would like to avoid this inconvenience.
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We would like to avoid this inconvenience.

We suppose that F is not affine on any nonempty open subinterval
of .
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We would like to avoid this inconvenience.

We suppose that F is not affine on any nonempty open subinterval
of .

Let us apply the difference operator Ay, in the variable x to both
sides, then divide by h :

F (%) - F (5 ACE G

h h
_ G(alx+h) +a(y) - Glalx+h) +8(y) alx+h)—ax)
(g1(x + h) +&2(y)) — (81(x) — &2(¥)) h

for all x,y, h € R such that x,y,x+ h,y + he€ Il and h £ 0.
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— G is differentiable

Applying Lebesgue’s Differentiation Theorem for g; !, we get that
it is differentiable almost everywhere. In particular,
g1(x) € (0,+0oc] on a dense subset of /.

if gf >0

On the other hand, if g{(xo) € (0, +00) at some point, then we
may choose y € | such that

G is differentiable at g1(x0) + &2(y),

as g is strictly monotone, continuous. Taking the limit h — 0 in
the equation for the differences, we obtain that f/(xp) € R exists.
But then G’ exists on the interval gi1(xo) + g2(/).
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if gf = +o0

If g{(x0) = +oc at some point, then again choose y € | such that
G is differentiable at g1(x0) + g2(y). Then we divide by the ratio
w, take the limit h — 0 and obtain

fi(xo + h) — fi(x0)
h—0 &1 (Xo + h) — &1 (X())

= G’ (g1(x0) + &2(y)) -

Since the limit of the LHS is finite and does not depend on y, we
got that G’ exists on the interval g1(xo) + g2(/).

Either way, G’ exists on g1(x0) + g2(/) whenever g (xo) € (0, +oq],

thus G is differentiable on its whole domain.

raphy
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— g1 is differentiable

Let x € | be arbitrary, and let us assume that g is not differentiable
at x. Then

0<a:=liminf glx+h) —glx)

h—0 h
h) —
< limsup glx+h) —g(x) =: < 4o0.
h—0 h

Clearly, B # +00. Now take the limsup,_,o and liminf,_,o in

F (%) - F (5 L GlcHn) — )

h h
_ Glalx+h) +ay)—Glalx+h+aly) alx+h)-—alx)
(81(x + h) + &2(y)) — (81(x) — &2(y)) h

respectively, for any y € /.
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—_
m
/N
X
_|_
<

)—I—Ilmlnf (X+hl)7 hix) =G (g1(x) + &(y))a

2
Ly <X;Y) limsup AN A0 _ 61 (100 + () 5
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Then
fi(x+h) — f
37 (552 +timine D =AY 600 + )
%F/ <X;y> + limsup At h;z —h) G’ (g1(x) + &(y))B
h—0

The two limits must be finite, thus the system of two linear
equations has a unique solution, independent from y. This would
mean that F’ is constant on a subinterval, contradicting that F is
nowhere affine.

The same argument shows that g» is differentiable. The
differentiability of f; , > is then straightforward.
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Thus we have sketched the proof of the following statement.

Theorem.

Suppose that the functions F, f ,f>, 81,8 : | — R and
G : gi(l) + g2(/) — R solve the functional equation

F <XJ2ry> +h() +hR(y) = 6(alx) +ely)  (xyel).

Assume that F is differentiable and nowhere affine. Then
f,fh,g1,8 ,G are also differentiable.
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