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Let (X, Y) be a pair of Banach spaces.
Is it possible to produce a Banach space Z such that Z is an
extension of X and Z/X is isomorphic with Y?
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Let (X, Y) be a pair of Banach spaces.

Is it possible to produce a Banach space Z such that Z is an
extension of X and Z/X is isomorphic with Y?

Obviously, yes!

It is enough to take a space X @ Y.
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Question I

Consider the following question: Does there exist an extension
of X such that Z/X is isomorphic to Y and there is no
continuous projection P : Z — X?
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Sobczyk's Theorem

Let Y be a separable Banach space. The short exact sequence

0 o z Y 0. (1)

splits, i.e., the answer to Question Il is negative for pairs (co, Y)
where Y is separable.
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Realisation of a tree

Definition
We say that a tree K<™ is realized in (C(K), P(K)) below a
continuous function g : K — [0, 1] if there is a mapping

T >t (g, pe) € (C(K), P(K))

such that for every s, t € K<™
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Realisation of a tree

We say that a tree K<™ is realized in (C(K), P(K)) below a
continuous function g : K — [0, 1] if there is a mapping

T >t (g, pe) € (C(K), P(K))

such that for every s, t € K<™

O s=g¢

@ every g; has norm 1 and is valued in [0, 1];
© g:- g = g+ whenever s < t;

Q g: - gs =0 for incomparable t, s;
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Realisation of a tree

We say that a tree K<™ is realized in (C(K), P(K)) below a
continuous function g : K — [0, 1] if there is a mapping

T >t (g, pe) € (C(K), P(K))

such that for every s, t € K<™

8 = &

every g has norm 1 and is valued in [0, 1];
gt - &s = & Whenever s < t;

gt - & = 0 for incomparable t, s;

00000

pe(ge) = 1 for every t € k<™,
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Realisation of a tree

We say that a tree K<™ is realized in (C(K), P(K)) below a
continuous function g : K — [0, 1] if there is a mapping

T >t (g, pe) € (C(K), P(K))

such that for every s, t € K<™

8p = &

every g has norm 1 and is valued in [0, 1];
gt - &s = & Whenever s < t;

gt - & = 0 for incomparable t, s;

pe(ge) = 1 for every t € k<™,

©0000O0

limp, t¢~n = pr whenever t € T is a non-terminal element.
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Suppose that a tree k=™ is realized in (C(K), P(K)) below a
continuous function g : K — [0, 1] as in Definition of realisation of
a tree.
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Suppose that a tree k=™ is realized in (C(K), P(K)) below a
continuous function g : K — [0, 1] as in Definition of realisation of
a tree.

Fix any partition of x = |J,,, Ik into cofinal sets and write

Ptk = Z 8t~i

i€l

for every k € w and t € k=™ which is not terminal. Finally, let ®
be the family of all such functions ¢ .
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Suppose that a tree k=™ is realized in (C(K), P(K)) below a
continuous function g : K — [0, 1] as in Definition of realisation of
a tree.

Fix any partition of x = |J,,, Ik into cofinal sets and write
Ptk = thﬁi
i€l

forevery k cwand t € k=M which is not terminal. Finally, let ®
be the family of all such functions ¢ .

By C(K)[®] we mean a closed subspace of /(K generated by
C(K) and ®.
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Isometric result

If the tree k=™ is realized in (C(K), P(K)) and ® is obtained by
the construction above then every bounded projection

P : C(K)[®] — C(K) satisfies |P|| > 2m + 1.

Consequently, for k< we get a family ® such that C(K) is not
complemented in C(K)[®)].
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Isomorphic result

Suppose that there is a sequence of norm-one functions f,, € C(K)
with pairwise disjoint supports such that the tree k<™ can be
realized in (C(K), P(K)) below fy, for every m.
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Isomorphic result

Suppose that there is a sequence of norm-one functions f,, € C(K)
with pairwise disjoint supports such that the tree k<™ can be
realized in (C(K), P(K)) below fy, for every m. Then Question I
has a positive answer for (C(K), co(k)).
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Isomorphic result

Suppose that there is a sequence of norm-one functions f,, € C(K)
with pairwise disjoint supports such that the tree k<™ can be
realized in (C(K), P(K)) below fy, for every m. Then Question I
has a positive answer for (C(K), co(k)).

In particular the Question Il has a positive answer for

(C(K), co(r)), if the tree K= can be realized in (C(K), P(K)).

v
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Definition

Suppose that 20 C B. We say that B is a minimal extension of A if
¢ = B for every subalgebra € = B containing properly 2.
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Definition
Suppose that 20 C B. We say that B is a minimal extension of A if
¢ = B for every subalgebra € = B containing properly 2.

A

Definition

We say that B is minimally generated over 2 if there are an ordianl
a and a chain of Boolean algebras (g)g<q such that

B =g, Ap, where

@ A =2,

@ 2Agyq is a minimal extension of 2 for every 8 < «

@ Ag =, .52, for every limit § < o

A
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Definition

Let K be a compact space. We say K is an Efimov space if K
contains neither a non-trivial convergent sequence nor a copy of Sw.
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Efimov space

Definition

Let K be a compact space. We say K is an Efimov space if K
contains neither a non-trivial convergent sequence nor a copy of Sw.
W

There is an Efimov space K such that Clop(K) is minimally
generated over Clop(2“). [4]

V
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Efimov space

Definition

Let K be a compact space. We say K is an Efimov space if K

contains neither a non-trivial convergent sequence nor a copy of Sw.
W

Theorem (CH)

There is an Efimov space K such that Clop(K) is minimally
generated over Clop(2“). [4]

Let K = (*B), where B is minimally generated over the algebra
Clop(2*). Then the answer to Question Il for (C(K), o).
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Let K be a compact space. We say K is an Efimov space if K
contains neither a non-trivial convergent sequence nor a copy of Sw.
W

Theorem (CH)

There is an Efimov space K such that Clop(K) is minimally
generated over Clop(2“). [4]

Let K = (*B), where B is minimally generated over the algebra
Clop(2*). Then the answer to Question Il for (C(K), o).

For such K the answer to Question Il for (C(K), co) is positive.
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