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Preliminaries

Q) - perfectly normal topological space, A C 2, f: A = R,
« - countable ordinal number,

@ B, (A) — the space of all Baire-alpha functions defined on A
(Bo(4) = €(4)),
o BY(A) - the family of all bounded functions from B, (A),

We shall consider B24(A) (and its every linear subspace) with the norm

[1flla = sup |f(z)], f € Ba(A).
z€A
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Preliminaries

Definitions and theorems

We say that f

@ is a Baire-one function, if it is a pointwise limit of a sequence of continuous
functions on A;

@ is a Baire-alpha function, if it is a pointwise limit of a sequence

(f2) © {J Be(4).

(<a
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Historical results

We consider the following

Extension Problem

For given «, A and 2 as above, does every element f € B,(A) have an extension

7 € Ba(Q)?

Tietze, 1915

The above question has a positive answer for « = 0, A closed and © normal.

Borsuk, 1933

Let A be a closed subset of a metric space €. Then there is a linear extension
operator from C(A) into C(€2).
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Kuratowski, 1933

(K) If 2 is a metric space and A is a G5 subset of 2 then every element
f € B1(A) has an extension f € B1(f).

Kalenda-Spurny, 2005
(K) + sup f(A) = sup f(Q2) and inf f(A) = inf f(Q2)

Shatery-Zafarani, 2004

The Extension Problem has a positive answer for « finite, Q2 perfectly normal and
a Borel subset A C Q of multiplicative class « (in particular, for A € G5(12)).
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The following two theorems were crucial to proof the main result concerning
extensions of Baire-one functions.

Lebesgue-Hausdorff

Let Q2 be a perfectly normal topological space and let a function f: Q — R be
bounded. Then f € B1(Q) if and only if f~1(F) € G5(Q) for every closed subset
F of R.

Separation Theorem (for two sets)

Let M, N be two (non-empty) disjoint Gs-subsets of a perfectly normal
topological space 2. Then there exists a set H of both F,- and Gs-subset of Q
such that M c H and NN H = (.
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The (§)-property for th V.

The ﬁrst main result

Let © be a perfectly normal topological space and let A be a Gs-subset of Q2. Then
every function f € B1(A) has an extension f € B1(Q) such that || f|lc = [|f]lc-
More exactly, if supxeA|f(x)| = ¢ < 00, then there exists a sequence (H,,) of
both F,- and Gs-subsets of Q, such that the function

o n+1
flx):=c- Z (§> (; - XH, (x)) (uniform convergence on §2)

n=0

extends f with supIGQ’?(:r)‘ =
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Extensions of Baire-one functions H

story
Main result

The above result has a version for non-negative functions.

Let 2 be a perfectly normal topological space and let A be a Gg-subset of 2.
Moreover, let 0 < f € BY¥(A) with sup,c 4 f(x) = 1. Then there is a sequence
(G,,) of both F,- and Gs-subsets of € such that the function

oo n+1
fz) = 1 Z (g) Xa,, () (uniform convergence)

n=0
is a (positive) extension of f with sup,cq f(z) = 1.

From the above theorem we obtain the following
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Main result

Let Q) be a perfectly normal topological space and let o be an ordinal number
with o < wy. Every non-negative function f € B4(9) is of the form

rer=e 3 (3)" )

n=0

for a sequence (H,,) of Borel ambiguous class « subsets of .
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The (8)-property

7-DC property of By (Q2) and

The ()-property

Lavric, 1986

We say that a Riesz space E has the (J)-property, if for every z,y € E such
that Ay = 0, there is an order projection P such that P(z) = z and P(y) = 0.

In 1994 Lipecki strengthened the results of Lavri¢ and showed [6, Theorem 2] that
the (0)-property can be written as the following condition.

Lipecki, 1994

Let F be a Riesz space and let x,y € F,. For every 0 < y < « there are order
projections P; € P(E) such that

Zal W(x) S apz, k=1,2,. (1)

where o; = &

Li=1,2,...
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Order projections in B,(f2)

Let Q be a perfectly normal topological space, @ < w; and let A be a Baire subset
of Q of ambiguous class «. Every order projection P: B, (2) — B,(Q) is of the

form P(f)=xa- f.

, Marek Wéjtowic Kazimierz W



The (§)-property for the family Bq (Q) The (§)-property

The main result

Hypothesis: MW, WS

Let €2 be a perfectly normal topological space and let @ > 1 be an ordinal number
< wi. Then B, () has the (0)-property, i.e. for every f,g € B, (2) with

0 < f < g, there are Borel subsets 4; (¢ =1,2,...,n) of ambiguous class « in 2
such that

n
0 < f - ZaiXAi < 9,
=1

where () is a sequence of positive numbers such that " | «o; = 1.

Marek Wo Kazimierz Wielki Unive in Bydgoszcz



[
3
3

) &) &) &

ections in Rice

R. Engelking, General Topology, Heldermann Verlag (Berlin, 1989).
F. Hausdorff, Set theory, Chelsea Pub. Comp. (New York, 1974).

J.E. Jayne, The space of class « Baire functions, Bull. Amer. Math. Soc., 80 (1974),
1151-1156.
J.E. Jayne, Spaces of Baire functions |, Ann. Inst. Fourier Grenoble, 24 (1974), 47-76.

O.F.K. Kalenda, J. Spurny, Extending Baire-one functions on topological spaces, Topology
Appl., 149 no. 1-3 (2005), 195-216.

K. Kuratowski, Sur les théorémes topologiques de la théorie des fonctions de variables
réelles, C. R. Acad. Sci. Paris, 197 (1933), 19-20.

A.S. Kechris, Classical descriptive set theory, vol. 156 of Graduate Texts in Mathematics,
Springer-Verlag (New York, 1965).

2k Wojtowicz Kazimierz W



ections in Rice

@ K. Kuratowski, Topology I, Vol. 1, Academic Press (New York, 1966).

@ K. Kuratowski, A. Mostowski, Set Theory, Polish Scientific Publishers (Warsaw, 1976).

@ B. Lavri¢, On Freudenthal’s spectral theorem, Indag. Math. 48 (1986), 411-421.

@ D.H. Leung, W.K. Tang, Functions of Baire class one, Fundam. Math. 179 (2003), 225-247.
D.H. Leung, W.K. Tang, Extensions of functions with small oscillation, Fundam. Math. 192

(2006), 183-193.

@ Z. Lipecki, On binary-type approximations in vector lattices, Arch. Math. (Basel) 62
(1994), 545-553.

W. A. J. Luxemburg, A. C. Zaanen Riesz spaces I, North-Holland, Amsterdam and London,
(1966).

2k Wojtowicz Kazimierz W



ections in Rice

@ R.D. Mauldin, Baire functions, Borel sets, and ordinary function systems, Adv. Math. 12,
(1974) 418-450.

@ H. H. Schaefer, Banach lattices and positive operators, Berlin-Heidelberg-New York (1974).

@ H.R. Shatery, J. Zafarani, The equality between Borel and Baire classes, Real Anal. Exch.
30 (2004/2005), 373-384.

@ S.M. Srivastava, A course on Borel Sets, Springer Verlag (New York, 1998).
@ E. Szpilrajn, Sur un probléme de M. Banach, Fund. Math. 15 (1930), 212-214.

@ M. Wéjtowicz, On a weak Freudenthal’s spectral theorem, CMUC 33,4 (1992), 631-643.

2k Wojtowicz Kazimierz W



ctions in Ries

Thank You very much for
Your attention :-)




Bibliography

The ()-property: preliminaries

@ An ordered set (M, <) is called a lattice if any two elements =,y € M have
a least upper bound z V y = sup(z,y) and a greatest lower bound
x Ay = inf(z,y); Note that |z| = sup(x, —z);

@ A real vector space F is called a linear lattice (or a Riesz space), if it is a
lattice determined by a partial order < satisfying the following condition:

(%) for every x,y € E the condition z < y implies that « 4+ z < y + 2 for all
z € FE and ax < ay for all a > 0;

o A subspace I of a Riesz space F is an ideal if for every x € E and y € |
from |z| < |y| it follows that = € T.
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@ An ideal B of E is called a band if sup(A) € B for every subset A C B with
sup(4) € E;

@ The ideal (band) generated by a singleton {x} is called a principal ideal
(principal band);

@ A band B of E is called a projection band if there is a linear mapping
P: E — Bsuchthat 0 < P(z) <z forallz € E;.
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Principal projection property

If every principal band is a projection band then E is said to have the principal
projection property (PPP).
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The ()-property: preliminaries

Two elements z and y of a Riesz space E are disjoint (zLy) in E if |x| A|y| = 0.

For A, a nonempty subset of E, its disjoint complement A? is defined as

Al ={z € E: 21y for every y € A}.
The algebraic sum of A and A% is a set

A Al={z+y:xcAandyc A%}
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Bibliography

Order projections in Riesz spaces

Let B be a projection band in a Riesz space E. Then E = B @ B? and every
element & € E has a unique decomposition x = x1 + x5, where 1 € B and
To € B,

The projection Pg: E — E defined by the formula

Pp(z) = 1,

is called an order projection determined by B.The set of all order projections
on E is a Boolean algebra denoted by P(E).
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The relation between o0-DC, (PPP) and the

(0)-property

0-DC = (PPP) = (0)-property =

= spectral Freundenthal property

Classical functional spaces like L?, cg, I or Orlicz spaces L¥ are Dedekind
complete, hence posses the (9)-property. The space C(K) of continuous mappings
defined on K has the (0)-property provided that K is a zero-dimensional F-space.
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Order projections in functional spaces

Let R® be the lattice of all functions K — R ordered pointwise.

Let supp(f) = {z € K: f(z) # 0} be the support of f € R¥. We say that
f.g € RE are disjoint if supp(f) Nsupp(g) = 0.

Zaanen, 1975

If f and g are disjoint in R, the order projection P: RX — RX that separates
them is of the form

P(u) = v Xsupp(f)-
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The main result - conclusion

Since B, () (for Q perfectly normal) is an f-algebra with multiplicative idenity
1q and the (§)-property, we get the following

Let Q) be a perfectly normal topological space and let o be an ordinal number
such that 1 < a < wy. Every function f € B, () has a sign: there exists a Baire
subset A C Q of ambiguous class a such that for u = x4 — (1o — xa) there is

|fl=wuf and f = ulf].
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-DC property of B4 (Q) and the Baire order of C(£2)

Some remarks on the o-DC property of B,({2) and
the Baire order of C(f2)

Let © be the Hausdorff topological space and let ®q = C(2). Moreover, let
®; = B1(Q) and Dy, = B () for every k € N.

The Baire order of a family of functions ® is the first ordinal « such that
@a = @a+1.

MW, WS; 2010

If Q2 is a P space (=every Gs-subset of € is open) then the Baire order of C(f2) is
0.
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-DC property of B4 (Q) and the Baire order of C(

It turns out that not only for the domain being a P-space the Baire order of C(Q)
may be finite.

Szpilrajn, 1930

If X; = 2%0 then there is an uncountable number set Q of cardinality X; such that

the Baire order of C(£2) is 1.

Sierpinski, 1930

If Xy = 2%0 then there is a number set Q of cardinality X; such that the Baire
order of C(Q) is 2.

There are also spaces 2 for which the Baire order of C(2) is uncountable.

If compact Q contains a perfect subset then B, (2) & B,11() for every o < wy
and thus the Baire order of C(Q) is wj.
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o-DC property of 2) and the Baire order of C(Q)

In the last part we give some examples showing that the (§)-property is weaker, in
general, than the o-DC property.

B[0,1] is not 0-DC, yet it is a (&)-space. More generally, if compact €2 contains a
perfect subset then B;(Q) is not o-DC.

If Qis a P-space then B1(Q2) = C(2), and hence B; () is o-DC.

WS, MW

Let 0 < a < wy. If B4 () = Ba+1(£2) for some o < wy, then B, () is o-DC.
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