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Basic notions

A formal context, introduced by Wille in [4, 2], is the triple
(X , Y , R), where

- X is a subset of objects,
- Y is a subset of attributes,
- R ⊂ X × Y is a relation given as follows

(x , y ) ∈ R if and only if y is an attribute of x .
Wille’s concept uses two operators from P(X ) to P(Y ) and
from P(Y ) to P(X ) marked with the same symbol (...)∗,
namely
A → A∗ - the maximal set of attributes shared by all
x ∈ A ⊂ X .
B → B∗ - the maximal set of objects sharing all y ∈ B ⊂ Y .
A pair (A, B) ∈ P(X ) × P(Y ) is called concept if

A = B∗ and B = A∗.
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Wille’s theory was further developed by introducing, in the
same way, seven additional operators. As a result, seven
new types of concepts were defined.

In the unified form of these definitions, a pair of operators
α : P(X ) → P(Y ), β : P(Y ) → P(X ) is used that satisfies
the conditions

α(β(α(A))) = α(A) and β(α(β(B))) = β(B).
A pair (A, B) ∈ P(X ) × P(Y ) is mutually definable by (α, β)
(i.e., is a type of concept) if

A = β(B) and B = α(A).
Shortly,

(A, B) ∈ Def (α, β) = {(A, B) : (A, B) = (β(B), α(A))}.
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In this presentation, we will use multifunctions as a tool;
the basic one is F : X → Y defined by F (x) = {y : xRy},
which replaces the relation R ⊂ X × Y . In other words,
F (x) means the set of all attributes of x . Therefore, a
formal context (X , Y , R) takes the form (X , Y , F ).

Throughout our investigation, we excluded some extreme
cases by assuming that the following natural conditions are
met:

1. F (x) ̸= ∅ for all x ∈ X (any objects x has a attribute in Y),
2. For all y ∈ Y , we have {x ∈ X : y ∈ F (x)} ≠ ∅ (any

attributes y is possessed by at least one object in X),
3. F (x) ̸= Y for all x ∈ X (there exists no object x possessing

all attributes in Y),
4. For all y ∈ Y , we have {x ∈ X : y ∈ F (x)} ≠ X (there exists

no attributes y shared by all objects in X).
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Assuming the above requirements, we have four
multifunctions:

1. F : X → Y
2. Fc : X → Y , Fc(x) = Y \ F (x),
3. F − : Y → X , F −(y ) = {x ∈ X : y ∈ F (x)},
4. F −

c : Y → X , F −
c (y ) = X \ F −(y ).

Let’s recall the definitions of image ,and the upper and
lower inverse image for a multifunction F:
1. F (A) =

⋃
{F (x) : x ∈ A}, where A ⊂ X

2. F +(B) = {x ∈ X : F (x) ⊂ B} and
3. F −(B) = {x ∈ X : F (x) ∩ B ̸= ∅}, where B ⊂ Y .
In the case of the multifunction F −, we have
1. F −(B) =

⋃
{F −(y ) : y ∈ B} (i.e., equal to the lower

inverse image for F ), where B ⊂ Y ,
2. (F −)+(A) = {y ∈ Y : F −(y ) ⊂ A} and
3. (F −)−(A) = F (A), where A ⊂ X ,
Analogously for the multifunctions Fc and F −

c .
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Wille’s concept

The first form of the formal concept, proposed by Wille, is
defined by the operators A → A∗ and B → B∗, and can be
presented by multifunctions because of the equalities
A∗ = Y \ Fc(A) and B∗ = X \ F −

c (B) [3].

So, the following operators designate this type of concept.
Y \ Fc : P(X ) → P(Y ),
X \ F −

c : P(Y ) → P(X ).
The definition of concept A = B∗ i B = A∗ takes the form

A = X \ F −
c (B) and B = Y \ Fc(A).

The family of all Wille’s concepts in (X , Y , F ) is denoted in
the operator form

Def (Y \ Fc , X \ F −
c ) = {(A, B) : (A, B) =

(X \ F −
c (B), Y \ Fc(A))}.
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Wille’s concept was developed by introducing seven additional
versions of concepts, which were described in terms of
multifunctions in [3] as follows
(i) (A, B) ∈ Def (F , F +) if (A, B) = (F +(B), F (A)) [1, 5, 6],
(ii) (A, B) ∈ Def (Fc , F +

c ) if (A, B) = (F +
c (B), Fc(A)) [6],

(iii) (A, B) ∈ Def (Y \ F , X \ F −) if (A, B) = (X \ F −(B), Y \ F (A))
[7, 6],

(iv ) (A, B) ∈ Def (Y \ Fc , X \ F −
c ) if

(A, B) = (X \ F −
c (B), Y \ Fc(A)) [2, 6],

(v ) (A, B) ∈ Def ((F −)+, F −) if (A, B) = (F −(B), (F −)+(A)) [5, 6],
(vi) (A, B) ∈ Def ((F −

c )+, F −
c ) if (A, B) = (F −

c (B), (F −
c )+(A)) [6],

(vii) (A, B) ∈ Def (Y \ (F −)+, X \ F +) if
(A, B) = (X \ F +(B), Y \ (F −)+(A))[6],

(viii) (A, B) ∈ Def (Y \ (F −
c )+, X \ Fc) if

(A, B) = (X \ F +
c (B), Y \ (F −

c )+(A)) [6].



The topologies in X and Y generated by the
multifunction F for a context (X , Y , F ).

It turns out that the following families are minimal open
subsets in the appropriate topologies, two in X and two in
Y .

1. F +F (x) = {p ∈ X : F (p) ⊂ F (x)} and
2. F +

c Fc(x) = {p ∈ X : F (p) ⊃ F (x)} for x ∈ X .
3. (F −)+F −(y ) = {w ∈ Y : F −(w) ⊂ F −(y )} and
4. (F −

c )+F −
c (y ) = {w ∈ Y : F −(w) ⊃ F −(y )} for y ∈ Y .

1’. F +F indicates TX
2’. F +

c Fc indicates T c
X

3’. (F −)+F − indicates TY
4’. (F −

c )+F −
c indicates T c

Y

The main result states that all eight classic forms of
concepts can be characterized equivalently by these
topologies.
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Theorem
For every context (X , Y , F ) and for all (A, B) ∈ P(X ) × P(Y ), the
following hold:

(i) (A, B) ∈ Def (F , F +) i.e., A = F +(B) ∧ B = F (A),
is equivalent to A = F +(intT c

Y
(B)) ∧ B = F (clT c

X
(A)), where

intT c
Y

(B) =
⋃

{(F −
c )+F −

c (y ) : (F −
c )+F −

c (y ) ⊂ B},

clT c
X

(A) =
⋃

{F +F (x) : x ∈ A}.

(ii) (A, B) ∈ Def (Fc , F +
c ) i.e., A = F +

c (B) ∧ B = F (A)
is equivalent to A = F +

c (intTY (B)) ∧ B = F (clTX (A)), where

intTY (B) =
⋃

{(F −)+F −(y ) : (F −)+F −(y ) ⊂ B},
clTX (A) =

⋃
{F +

c Fc(x) : x ∈ A}.
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Proof of (i)

(A, B) ∈ Def (F , F +) i.e., A = F +(B) ∧ B = F (A),
is equivalent to A = F +(intT c

Y
(B)) ∧ B = F (clT c

X
(A)).



F (clT c
X

(A)) = F (
⋃

{F +F (x) : x ∈ A}) (1)
=

⋃
{FF +F (x) : x ∈ A} (2)

=
⋃

{F (x) : x ∈ A} (3)
= F (A) = B

(1) clT c
X

(A) =
⋃

{F +F (x) : x ∈ A},
(2) F (

⋃
s∈S

As) =
⋃

s∈S
F (As), [3]

(3) F (A) = FF +F (A), [3]



F +(intT c
Y

(B)) = F +(Y \ clT c
Y

(X \ B))
= X \ F −(clT c

Y
(X \ B)) (4)

= X \ F −(
⋃

{(F −)+F −(y ) : y ∈ Y \ B}) (5)
= X \

⋃
{F −(F −)+F −(y ) : y ∈ Y \ B} (6)

= X \
⋃

{F −(y ) : y ∈ Y \ B} (7)
= X \ F −(Y \ B) = F +(B) = A,

(4) F +(Y \ B) = X \ F −(B),[3]
(5) clT c

Y
(B) =

⋃
{(F −)+F −(y ) : y ∈ B},

(6) F −(
⋃

s∈S
As) =

⋃
s∈S

F −(As), [3]

(7) F −(A) = F −(F −)+F −(A) [3].

In every step of this proof, we used equivalences, so the
inverse proof is obvious. The other points of this theorem
can be proved in a similar way by using appropriate
topologies.
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Theorem
For a formal context (X , Y , F ), the multifunction F generates
the topologies TX and T c

X in X , and topologies TY and T c
Y in Y

with interior and closure operators defined as follows
(i) intTX (A) =

⋃
{F +F (x) : F +F (x) ⊂ A} and

clTX (A) =
⋃

{F +
c Fc(x) : x ∈ A},

(ii) intT c
X

(A) =
⋃

{F +
c Fc(x) : F +

c Fc(x) ⊂ A} and
clT c

X
(A) =

⋃
{F +F (x) : x ∈ A}.

(iii) intTY (B) =
⋃

{(F −)+F −(y ) : (F −)+F −(y ) ⊂ B} and
clTY (B) =

⋃
{(F −

c )+F −
c (y ) : y ∈ B},

(iv) intT c
Y

(B) =
⋃

{(F −
c )+F −

c (y ) : (F −
c )+F −

c (y ) ⊂ B} and
clT c

Y
(B) =

⋃
{(F −)+F −(y ) : y ∈ B}.



General properties of multifunctions

The following properties of the multifunction were established in
[3] and were used in the proof of the preceding theorem on
topological definability.

1. F (
⋃

s∈S
As) =

⋃
s∈S

F (As); Fc(
⋃

s∈S
As) =

⋃
s∈S

Fc(As),

2. F −(
⋃

s∈S
As) =

⋃
s∈S

F −(As); F −
c (

⋃
s∈S

As) =
⋃

s∈S
F −

c (As),

3. X \ F +(B) = F −(Y \ B); X \ F +
c (B) = F −

c (Y \ B),
4. Y \ (F −)+(A) = F (X \ A); Y \ (F −

c )+(A) = Fc(X \ A),
5. F (A) = FF +F (A); Fc(A) = FcF +

c Fc(A),
6. F −(A) = F −(F −)+F −(A); F −

c (A) = F −
c (F −

c )+F −
c (A).
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