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Definition

Let (x,) C R be a sequence such that the series ), x, is
absolutely convergent. The set

E(xn) ={D_ xn: ACN}

neA

is called an achievement set of the series ) xp,.
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Definition

Every nonempty, nowhere dense, perfect and compact set C C R
for n € N is called a Cantor set.
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Definition

Let (x,) C R be a sequence such that the series ), x, is
absolutely convergent. The set

E(xn) ={D_ xn: ACN}

neA

is called an achievement set of the series ) xp,.

Definition

Every nonempty, nowhere dense, perfect and compact set C C R
for n € N is called a Cantor set.

Definition

We say that a nonempty perfect set E C R is a Cantorval if it is
not an interval and both endpoints of all gaps are accumulation
points of other gaps and accumulation points of nontrivial
components of E.
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(e.0)
[y 5= E X;

i=n+1

A

Definition
Let me N, ki, ko, ..., km,q € R. The sequence

(kiy. .. km: q) = (kiq, ..., kmq, k1G?, ..., kmg?,...) is called a
multigeometric sequence.

.
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(e.0)
[y 5= E X;

i=n+1

A\

Definition
Let me N, ki, ko, ..., km,q € R. The sequence

(kiy. .. km: q) = (kiq, ..., kmq, k1G?, ..., kmg?,...) is called a
multigeometric sequence.

A\

Definition

Let A C N. The asymptotic density of A is defined as the following
limit (if it exists):

d(A) = lim |Aﬁ{1,...,n}|.

n—oo n
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Theorem [Kakeyal]

Let (x,) be a nonincreasing sequence of positive numbers such
that the series ), x, is convergent.
i) E(xp) is an interval if and only if x, < r, for all n € N.
i) E(xn) is a finite union of intervals if and only if there is k € N
such that x, < r, for all n > k.
iii) If there is k € N such that x, > r, for all n > k, then E(x,) is
a Cantor set. )
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Theorem [Kakeyal]

Let (x,) be a nonincreasing sequence of positive numbers such
that the series ), x, is convergent.

i) E(xp) is an interval if and only if x, < r, for all n € N.

i) E(xn) is a finite union of intervals if and only if there is k € N
such that x, < r, for all n > k.

iii) If there is k € N such that x, > r, for all n > k, then E(x,) is

a Cantor set. )

Theorem [Guthrie, Nymann]

Let >, x, be an absolutely convergent series in R. Then E(x,) has
one of the following forms:

@ a finite set;

a finite union of closed intervals;

(]
@ a Cantor set;
(]

a Cantorval. )
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Theorem [Marchwicki, Miskal]

Let K C N be infinite. There exists a nonincreasing sequence of
positive numbers (x,) such that x, > r, if and only if n € K and
E(xp) is a Cantor set.
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Theorem [Marchwicki, Miskal]

Let K C N be infinite. There exists a nonincreasing sequence of
positive numbers (x,) such that x, > r, if and only if n € K and
E(xy) is a Cantor set.

Theorem [Marchwicki, Miska], [Prus-Wisniowski, Ptak]

For any d € [0, 1] there exists a nonincreasing sequence of positive
numbers (x,) such that E(x,) is a Cantorval and

d{neN: x, <r})=d.
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Theorem [Marchwicki, Miskal]

Let K C N be infinite. There exists a nonincreasing sequence of
positive numbers (x,) such that x, > r, if and only if n € K and
E(xy) is a Cantor set.

Theorem [Marchwicki, Miska], [Prus-Wisniowski, Ptak]

For any d € [0, 1] there exists a nonincreasing sequence of positive
numbers (x,) such that E(x,) is a Cantorval and

d{neN: x, <r})=d.

Problem

Let K C N be infinite such that K€ is also infinite. Does there
exist a nonincreasing sequence of positive numbers (x,) such that
Xp > rp if and only if n € K and E(x,) is a Cantorval.
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Known results [Banakh, Bartoszewicz, Filipczak, Szymonik,

Kenyon, Nitecki, Gtab, Marchwicki, Kula]

Let x = (ki, ..., km: q) be a multigeometric sequence satisfying
some assumptions. There are 0 < g1 < g2 < g3 < 1 such that:

i) if ¢ < g1, then E(x) is a Cantor set;

ii) E(x) is an interval (a finite union of intervals) if and only if
q > qs;

iii) if g € [g2,g3), then E(x) is a Cantorval;

iv) if g = g1, then in some cases E(x) is a Cantorval and in other
cases E(x) is a Cantor set;

v) for almost all g € (g1, g2) the set E(x) has positive Lebesgue
measure, but there is a decreasing sequence (p,) converging
to g; such that for ¢ = p, we have that E(x) is a Cantor set
of Lebesgue measure zero.
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Basic assumptions and notation

Let x = (xp) be a decreasing sequence of positive terms such that
> n Xn is convergent, x, > r, infinitely many times, x, < r,
infinitely many times and x; < r;. We are now going to inductively
construct two sequences (kp) and (m;). Let

ki = min{i € N: x; > r;} and let m; = min{i € N: x,+; < ri,+i}-
If we have defined k, and m, for some n € N, then let

knt1 = min{i > k, + my: x; > r;} and let

Mpy1 = min{i € N: x4 < ri,,,4i}- Put

Kn :={kn,...,kn+ mp—1} and K := U2 ; Kn.
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(Theorem1 |

Let (x,) be as in Basic assumptions. For i ¢ K let §; = r; — x;. For
i< ky—1let I\/I,-1 :=0;. Assume that for some n € N we have
defined a finite sequence (M?);. Assume that for all i one of the
following conditions () or () is satisfied and that () holds:

Min — Xk, > 0
(*) rkn + rkn+mn_1 - Mln > 0
j—1
Viet,.sm—1} M = 2Xppqj — 2121 Xkprt > 0

(#x) M —2x, >0
(*/) 5kn*1 - Zjnzrlfl Xkn+j >' 01
Viet1,.mn—1} 2lkntj — Oky—1 + D=1 Xkyti > 0

We define a finite sequence (M) as a sequence consisting of left
hand sides of all satisfied inequalities from conditions (x), (*') or
(+x) and all numbers ¢; for k, + mp, < i < kny1 — 1. Then E(x,) is
a Cantorval.

v
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Consider the set E(1,2v/2 — 2; q), where g = 2%@ We will show
that this set is a Cantorval. First, observe that k, = 2n. Indeed,

rn—x =q((2v2-1)- 17*2\f+2)~f0 07q < 0,

n—1 n—1

so rn < xp. Moreover, rn, =r-q and xp, = x2 - @" ", so
rn < Xon, for n € N. On the other hand,

rl—xl:q((zﬁ—l)-l—qq+2\6—2—1)zo,59q>0,

so rp > x1. Moreover, rpp_1 =1r - q"*1 and xpp_1 = X7 - q”*l, SO

n—1 > Xop—1 for n € N.

We will show that the assumptions of Theorem 1 are satisfied.
Thereisno i ¢ K, i < kg —1 =1, so there is no I\/ll1 and §; > 0,
so () is satisfied.
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01 —2x4=rn—x1 —2xq~0,1g > 0,
so it satisfies ().
For M = 61 — 2x4 we have

M—xe=n—x1—2xpq — qu2 ~ 0,03q”_2 > 0.

After calculations we also get 2rs — M = M — x5 > 0. So, the
condition (x) is satisfied. We also get

I\/I—x6:2r6—M:(53—2x6,

so it also satisfies (*). As the consequence we get that all numbers
M# are equal to M — xg which satisfies (*) or Js which satisfies
(#). Therefore, the assumptions of Theorem 1 are satisfied, so
E(xn) is a Cantorval.
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Let (kn), (m,) be sequences of natural numbers such that k; > 1

and kpi1 > kn + mp. Put kg :=0, mp :=1,
Kn:={kn,...,kn+ mp,—1}, K=1J021 Kp. Let x; > 0 and for

i>1
Sxic1 if i—1li,i+1¢Kori—1,i€K

2mn 41
2,,,ni'lx, 1 if i=ky—1> ko1 +mp_q
: 2mn 41
X; 1= 2,,,ni'2x,1|f/—k—1—k,,1+m,,1

2m
ST Xi—1 if i =k,

i1 if ii+1¢K,i—1€K.

Then the sequence (x,) is such that x, > r, if and only if n € K
and E(xp) is a Cantorval.
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Let k, =2n and m, = 1 for all n € N. We will use Theorem 2. For
n € N we have x, = %in—l and xop41 = §x2,, In particular, if we
putxlz%wegetxz:%,xzn—xz (%g)” L % 4,% and
Xon+1 = X1 * (% 8)” = 4 4,,, and thus E(x,) is the well-known

Guthrie-Nymann Cantorval £(3,2; 1).
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Let k, =2n and m, = 1 for all n € N. We will use Theorem 2. For
n € N we have x, = %XQn_]_ and xpp41 = %xz,,. In particular, if we
put x; = %, we get xp = % x2n =Xy - (% . %)”‘1 = % . 4,,1_1 and
Xon+1 = X1 * (3 8)” = 4 4,,, and thus E(x,) is the well-known

Guthrie-Nymann Cantorval £(3,2; 1).

\

Let k, = 3n and m, = 1 for all n € N. We will again use Theorem
2. For n € N we have x3, = %X3,,,1, X3p—1 = %X3,,,2 and

X3n41 = %X3,,. In particular, if we put x; = % we get xp = g,
_ _ 2 3 1yn—-1 _ 1 1

X3 = 7, X3n —1X3'£§'§‘1)1 4 g1 and

X3n—1 = x2 - (g)"" 3 gt and x3p41 = Xy - 8"' and thus E(x,)

is the known Cantorval E(4,3,2; %)

[y
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Example 4

It is known that £(4,3,2;q) is a Cantorval for g € [§, &). It also
follows from Theorem 1.
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Example 4

It is known that £(4,3,2;q) is a Cantorval for g € [§, &). It also
follows from Theorem 1.

v

Consider the set E(4,3,2;q), where g = \/?6_5. Then g € (%, %)
which is the " mysterious” interval. Moreover, by Theorem 1,
E(4,3,2;q) is a Cantorval.
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