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Hilbert Transform-The Begining

Hf (x) = p.v
∫
R

f (x−y)
y dy = lim

ε→0

∫
|y |>ε

f (x−y)
y dy .

M. Riesz: ∥Hf ∥p ≲ ∥f ∥p for 1 < p < ∞.
Application: If SN(f )(x) =

∑
|n|≤N

f̂ (n)einx , then

∥SN f − f ∥p → 0

as N → ∞ for 1 < p < ∞.
Kolomogorov: |{x ∈ R : |Hf (x)| > λ}| ≲ 1

λ∥f ∥1. In other words,

H : L1(R) → L1,∞(R),

where

L1,∞(R) = {f : R → C : measurable and ∥f ∥1,∞ < ∞}

∥f ∥1,∞ = sup
λ>0

λ |{x ∈ R : |f (x)| > λ}|
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Singular Integral Operator

Let Ω : Sd−1 → C with
∫
Sd−1 Ω(θ)dθ = 0. Define

TΩf (x) = p.v .

∫
Rd

Ω(y ′)
|y |d

f (x − y)dy = lim
ε→0

∫
|y |>ε

Ω(y ′)
|y |d

f (x − y)dy .

Theorem (Calderón-Zygmund)
If Ω ∈ L log L(Sd−1) (

∫
Sd−1 |Ω| log+ |Ω| < ∞) then

TΩ : Lp → Lp, 1 < p < ∞.

p = 1 endpoint is more elusive.
Question 1 : If Ω ∈ L log L(Sd−1) then is it true

TΩ : L1 → L1,∞?

Question 2 For f ∈ Lp, 1 ≤ p < ∞ does TΩf exists a.e.?
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Calderón-Zygmund Operator

Let K ∈ L1
loc(Rd \ {0}) be a tempered distribution. K is called a CZ

kernel if
1 K̂ ∈ L∞(Rd)
2 sup

y

∫
|x |>2|y | |K (x − y) − K (x)|dx < ∞. (Hörmander)

Tf (x) = p.v .

∫
Rd

K (x − y)f (y)dy ,

is called a Calderón-Zygmund operator.
To prove the end point result the discovered Carderón-Zygmund
decomposition.
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Calderón-Zygmund Decomposition
Let f ∈ L1(Rd) and λ > 0. Then there exists a maximal disjoint collection
of dyadic cubes {Qj}∞

j=1 such that

1 λ < 1
|Q|
∫

Q f ≤ 2dλ

2 Define

g(x) =

f (x) if x ̸∈
⋃∞

j=1 Qj = Ω,
1

|Qj |
∫

Qj
f (x)dx if x ∈ Qj .

g ∈ L2 ∩ L∞ and ∥g∥∞ ≤ 2dλ as a consequence ∥g∥2
2 ≤ 2dλ∥f ∥1.

3 The “bad" function b = f − g .
4 b =

∑
j

bj where bj(x) =
(
f − 1

|Qj |
∫

Qj

)
χQj (x). Thus

Supp bj ⊆ Qj and
∫

Qj
bj = 0.

Moreover,
∑
j

∥bj∥1 ≲ ∥f ∥1
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Endpoint Result

By using the Calderón-Zygmund Decomposition of a function f with a
given height λ > 0, Calderón and Zygmund proved that

Theorem
T is weak (1, 1) i.e.∣∣∣{x ∈ Rd : |Tf (x)| > λ}

∣∣∣ ≲ 1
λ∥f ∥1.

We denote
T : L1(Rd) → L1,∞(Rd)

and
T : Lp(Rd) → Lp(Rd), 1 < p < ∞.
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Rough Operator

If Ω satisfies Lipschitz condition, then K (x) = Ω(x ′)
|x |d satisfies Hörmander

condition.
If we consider Ω only in L log L and

∫
Sd−1 Ω = 0, then we say that TΩ is

“Rough".
It remained open for many years whether Tω : L1 → L1,∞?
Rough Maximal Operator:

MΩf (x) = sup
r>0

1
|Br (x)|

∫
Br (0)

|Ω(y)f (x − y)|dy .

Theorem (Christ, Rubio deFrancia, 1989 Invent. Math)

MΩ : L1(Rd) → L1,∞(Rd).
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Rough Singular Integral

Theorem (Chirst (Annals Math), Hoffman (independently), 1988)

TΩ : L1(R2) → L1,∞(R2).

Theorem ( Seeger, 1996 JAMS)

TΩ : L1(Rd) → L1,∞(Rd),

for all d.
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Pointwise Question

Define the maximal rough singular integral operator

T ∗
Ωf (x) = sup

ϵ>0

∣∣∣∣∣
∫

|y |>ϵ

Ω(y/|y |)
|y |n

f (x − y) dy
∣∣∣∣∣ .

Calderón-Zygmund: For 1 < p < ∞,

∥T ∗
Ωf ∥p ≲ ∥f ∥p.

The long-standing open problem (since the 1980s–90s) is whether

T ∗
Ω : L1(Rn) → L1,∞(Rn).
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Recent Progress

Honzik (2020, IMRN): If Ω ∈ L∞(Sn−1), then

T ∗
Ω : L(log log L)2+ε(Q) → L1,∞(Rn)

(on the unit cube Q).

1 Can 2 + ϵ be dropped?
2 Can Ω ∈ L log L(Sn−1)?
3 Can we prove this “globally"?

Theorem (Bhojak–Mohanty 2023 JFA)
Let Ω ∈ L log L(Sd−1). Then

T ∗
Ω : L(log log L)(Rd) → L1,∞(Rd).
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Lai’s Result

Lai (2025): The full endpoint!

Theorem (Xudong Lai, 2025 Arxiv)
Let Ω ∈ L log L(Sd−1),

∫
Ω = 0. Then

T ∗
Ω : L1(Rd) → L1,∞(Rd).
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Variational Inequality

Recently, Bhojak and Shrivastava proved the following variational result
(posed by Seeger), with a simpler proof that subsumes earlier results.

Theorem (Bhojak and Shrivastava, 2026 Arxiv)
For q > 2,

|{x ∈ Rd : Vq(TΩ,εf )(x) > α}| ≲ ∥f ∥1
α

.

Let {Ft : t ∈ I} be a family of functions

Vq(Ft(x)) =


sup
N∈N

sup
t1<t2<···<tN

ti ∈I

(N−1∑
i=1

|Fti+1(x) − Fti (x)|q
)1/q

, 1 ≤ q < ∞,

sup
t1,t2∈I

|Ft1(x) − Ft2(x)|, q = ∞.
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(posed by Seeger), with a simpler proof that subsumes earlier results.

Theorem (Bhojak and Shrivastava, 2026 Arxiv)
For q > 2,

|{x ∈ Rd : Vq(TΩ,εf )(x) > α}| ≲ ∥f ∥1
α

.

Let {Ft : t ∈ I} be a family of functions

Vq(Ft(x)) =


sup
N∈N

sup
t1<t2<···<tN

ti ∈I

(N−1∑
i=1

|Fti+1(x) − Fti (x)|q
)1/q

, 1 ≤ q < ∞,

sup
t1,t2∈I

|Ft1(x) − Ft2(x)|, q = ∞.
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Weighted Estimates
For 1 < p < ∞, we say that a locally integrable function w ≥ 0 belongs to
the Muckenhoupt Ap class if

[w ]Ap := sup
Q

( 1
|Q|

∫
Q

w
)( 1

|Q|

∫
Q

w1−p′
)p−1

< ∞.

If p = 1 we say that w ∈ A1 if there exists a constant c > 0 such that
Mw(x) ≤ cw(x) a.e. x ∈ Rn,

where M is the Hardy-Littlewood maximal function.

[w ]A1 := ess sup
x∈Rn

Mw(x)
w(x) .

[w ]A∞ = sup
Q

(∫
Q

w
)−1 (∫

Q
M(wχQ )

)
.

Known results: ∥TCZ∥L1(w)→L1,∞(w) ≲ [w ]A1(log(1 + [w ]A∞), and
If Ω ∈ L∞, then ∥TΩ∥L1(w)→L1,∞(w) ≲ [w ]A1 [w ]A∞(log(1 + [w ]A∞).
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Weighted Inequality for Maximal operator

Theorem (Bhojak, Mohanty, 2026)
For p = 1,

∥T ∗
Ω∥L1(w)→L1,∞(w) ≲ [w ]A1 [w ]A∞(log(1 + [w ]A∞)).
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