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M. Riesz: |[Hf||, < ||fllp for 1 < p < oo.

Application: If Sy(f)(x) = Y f(n)e™™, then
[n|<N

|Snf—fllp =0

as N — oo forl < p< oo.
Kolomogorov: [{x € R : |Hf(x)| > A}| < 3[/f||1. In other words,

H: LY(R) — LYV°(R),
where
[5°(R) = {f : R — C : measurable and ||f||;c < o0}
[Fll00 = sup Al{x € R - [F(x)] > A}
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Let K € L} _(R?\ {0}) be a tempered distribution. K is called a CZ
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Calderén-Zygmund Operator

Let K € L} _(R?\ {0}) be a tempered distribution. K is called a CZ
kernel if

Q K e L~(RY)
Q sup [~y [K(x — ) = K(x)|dx < oo. (Hérmander)
y

TF) = pov. [ K(x=y)f()dy.

is called a Calderén-Zygmund operator.
To prove the end point result the discovered Carderén-Zygmund
decomposition.
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Calderén-Zygmund Decomposition

Let f € LY(RY) and A\ > 0. Then there exists a maximal disjoint collection
of dyadic cubes {Q;}72; such that
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of dyadic cubes {Q;}72; such that

0 )< g Jof 29X
@ Define
2(x) = f(x) if x U2, Q =9,
le,' fQj f(x)dx if x € Q).
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Endpoint Result

By using the Calderon-Zygmund Decomposition of a function ¥ with a
given height A > 0, Calderén and Zygmund proved that

T is weak (1,1) i.e.

[ e R [ TFR)1 > A € 3l .
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Endpoint Result

By using the Calderon-Zygmund Decomposition of a function ¥ with a
given height A > 0, Calderén and Zygmund proved that

T is weak (1,1) i.e.

[ e R [ TFR)1 > A € 3l .

We denote
T:LYRY) — LY°(RY)

and

T:[P(RY) = [P(RY), 1 < p < .
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Rough Operator

Q(x")

NE satisfies Hormander

If Q satisfies Lipschitz condition, then K(x) =
condition.
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Rough Operator

If Q satisfies Lipschitz condition, then K(x) = §|2)(<T:,) satisfies Hormander
condition.

If we consider Q only in Llog L and [gu—1 € = 0, then we say that Tq is
“Rough".

It remained open for many years whether T, : L1 — [1:>7?
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Rough Operator

If Q satisfies Lipschitz condition, then K(x) = ?(‘d) satisfies Hormander
condition.

If we consider Q only in Llog L and [gu—1 € = 0, then we say that Tq is
“Rough".

It remained open for many years whether T, : L} — 17

Rough Maximal Operator:

Mqf =su / —y)l|dy.
af (x) r>8 |B,(x)\ y)ldy

Theorem (Christ, Rubio deFrancia, 1989 Invent. Math)

Mq : [1(RY) — [1°°(RY).
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Rough Singular Integral

Theorem (Chirst (Annals Math), Hoffman (independently), 1988)

To : LY(R?) — L1°°(R?).
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Rough Singular Integral

Theorem (Chirst (Annals Math), Hoffman (independently), 1988)

To : LY(R?) — L1°°(R?).

v

Theorem ( Seeger, 1996 JAMS)

T : LY(RY) — LM°(RY),

for all d.
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Pointwise Question

Define the maximal rough singular integral operator

Qy/Iy) ¢
/|y|>e ly|” fx=y)dy

Tof(x) = sup
>0
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Calderén-Zygmund: For 1 < p < o0,

Tof(x) = sup
>0

ITaflle < IFlle-
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Pointwise Question

Define the maximal rough singular integral operator

Qy/Iy) ¢
/|y|>e ly|” fx=y)dy

Calderén-Zygmund: For 1 < p < o0,

Tof(x) = sup
>0

ITaflle < I llp-
The long-standing open problem (since the 1980s—90s) is whether

TS LY (R") — LY°(R").
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Recent Progress

Honzik (2020, IMRN): If Q € L°°(S"~1), then
TS« L(loglog L)?T5(Q) — LY*°(R")

(on the unit cube Q).
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Recent Progress

Honzik (2020, IMRN): If Q € L°°(S"~1), then
TS« L(loglog L)?T5(Q) — LY*°(R")

(on the unit cube Q).
@ Can 2 + € be dropped?
@ Can Q€ Llog L(S"1)?
© Can we prove this “globally"?

Theorem (Bhojak—Mohanty 2023 JFA)

Let Q € Llog L(S9~1). Then

TS« L(loglog L)(RY) — L1°(RY).
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Lai's Result

Lai (2025): The full endpoint!
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Lai's Result

Lai (2025): The full endpoint!

Theorem (Xudong Lai, 2025 Arxiv)

Let Q € Llog L(SY~1Y), [Q =0. Then

T o [Y(RY) — LB°(RY).
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Variational Inequality

Recently, Bhojak and Shrivastava proved the following variational result
(posed by Seeger), with a simpler proof that subsumes earlier results.
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Variational Inequality

Recently, Bhojak and Shrivastava proved the following variational result
(posed by Seeger), with a simpler proof that subsumes earlier results.

Theorem (Bhojak and Shrivastava, 2026 Arxiv)
For g > 2,

f
{x € RY : Vo(Taef)(x) > a}| S ’Llh.
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Variational Inequality

Recently, Bhojak and Shrivastava proved the following variational result
(posed by Seeger), with a simpler proof that subsumes earlier results.

Theorem (Bhojak and Shrivastava, 2026 Arxiv)

For g > 2,

f
{x € RY : Vo(Taef)(x) > a}| S ’Llh.

Let {F; : t € I} be a family of functions

N—1 1aq
sup sup (Z |Fti+1(X) B Fti(X)|q> , 1< g <o,

Va(Fe(x)) = { Net s e Ui
sup |Fy(x) — Fi(x)], q = oc.
t1,to €l
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Weighted Estimates

For 1 < p < oo, we say that a locally integrable function w > 0 belongs to
the Muckenhoupt A, class if

=0 (11 ) (ar o Wl_p/)p_l <o
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If p =1 we say that w € A; if there exists a constant ¢ > 0 such that
Mw(x) < cw(x) a.e. x € R",

where M is the Hardy-Littlewood maximal function.

Parasar IVMlohanty (1K) Rough Maximal Operators ISCRFTStara Lesna 13/16



Weighted Estimates

For 1 < p < oo, we say that a locally integrable function w > 0 belongs to
the Muckenhoupt A, class if

=0 (11 ) (ar o Wl_p/)p_l <o

If p =1 we say that w € A; if there exists a constant ¢ > 0 such that
Mw(x) < cw(x) a.e. x € R",

where M is the Hardy-Littlewood maximal function.

.= esssu W(X)
[W]Al T XER”p W(X) .
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Weighted Estimates

For 1 < p < oo, we say that a locally integrable function w > 0 belongs to
the Muckenhoupt A, class if

=0 (11 ) (ar o Wl_p/)p_l <o

If p =1 we say that w € A; if there exists a constant ¢ > 0 such that
Mw(x) < cw(x) a.e. x € R",

where M is the Hardy-Littlewood maximal function.

[w] esss Muw(x)
wla, = u .
A XER”p W(X)
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Weighted Estimates

For 1 < p < oo, we say that a locally integrable function w > 0 belongs to
the Muckenhoupt A, class if

=0 (11 ) (ar o Wl_p/)p_l <o

If p =1 we say that w € A; if there exists a constant ¢ > 0 such that
Mw(x) < cw(x) a.e. x € R",

where M is the Hardy-Littlewood maximal function.

w €ss su MW(X)
[ ]Al - XER”p W( ) .

s () ()

Known results: ||TCZHL1 )= L1oo (W) ~ < [W]A1(|Og(1 + [W]A )
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If p =1 we say that w € A; if there exists a constant ¢ > 0 such that
Mw(x) < cw(x) a.e. x € R",

where M is the Hardy-Littlewood maximal function.

w €ss su MW(X)
[ ]Al - XER”p W( ) .

s () ()

Known results: || Tezl| 11(w)— oo (w) S [w]a, (log(1 + [w]a,, ), and
If Q € L, then
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Weighted Estimates

For 1 < p < oo, we say that a locally integrable function w > 0 belongs to
the Muckenhoupt A, class if

=0 (11 ) (ar o Wl_p/)p_l <o

If p =1 we say that w € A; if there exists a constant ¢ > 0 such that
Mw(x) < cw(x) a.e. x € R",

where M is the Hardy-Littlewood maximal function.

w €ss su MW(X)
[ ]Al - XER”p W( ) .

s () ()

Known results: || Tezl| 11(w)— oo (w) S [w]a, (log(1 + [w]a,, ), and
£ € 1%, then || Tall i)t () S [Wla[wla (I0g(1 + [W]a).
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Weighted Inequality for Maximal operator
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Weighted Inequality for Maximal operator

Theorem (Bhojak, Mohanty, 2026)

Forp=1,
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Weighted Inequality for Maximal operator

Theorem (Bhojak, Mohanty, 2026)

Forp=1,

1Tl it S Wla[wlay (log(1 + [w]a,, ).
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