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Axiomatic measure of non-compactness
Let E be a Banach space, BE be the family of all non-empty and bounded
subsets of E and KE - the family of relatively compact members of BE .

Definition (cf. Df. 3.1.3 in [1])
A function µ : BE → [0, +∞) is an axiomatic measure of non-compactness,
if for any λ ∈ [0, 1] and any A, B ∈ BE , it satisfies the following conditions

(A1) the family ker µ := {A ∈ BE : µ(A) = 0}, called the kernel of the
measure µ, is non-empty, and is a subset of KE ,

(A2) if A ⊆ B, then µ(A) ⩽ µ(B),

(A3) µ(convA) = µ(A),

(A4) µ(λA + (1 − λ)B) ⩽ λµ(A) + (1 − λ)µ(B), λ ∈ [0, 1],

(A5) if the sets An are closed and An+1 ⊆ An ∈ BE , n ∈ N, with µ(An) → 0,
then ∞⋂︂

n=1
An ̸= ∅.
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Hausdorff continuity

Proposition (cf. Th. 3.2.2 in [1])

Let E be a Banach space, and let v : BE → [0, +∞) be a set function
satisfying axiom (A2) (monotonicity). Moreover, assume that there exists
λ ∈ (0, 1) such that

v(λA + (1 − λ)B) ⩽ λv(A) + (1 − λ)v(B) for all A, B ∈ BE .

Then, v is continuous with respect to the Hausdorff distance, that is, if
(An)n∈N ⊂ BE converges in the Hausdorff distance to a set A ∈ BE , then
limn→∞ v(An) = v(A).

Thus µ(A) = µ(clA), A ∈ BE .
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Reduction of axioms

Proposition
Let v : BE → [0, +∞) be a set function that satisfies axioms (A2) (mono-
tonicity) and (A5) (intersection property). Then, ker v ⊆ KE .

Thus, µ(A) = 0 automatically implies A ∈ KE for any A ∈ BE .

Proposition

Let v : BE → [0, +∞) be a set function satisfying axiom (A2) (monotoni-
city). Then, the following conditions are equivalent:

a) v(λA + (1 − λ)B) ⩽ λv(A) + (1 − λ)v(B) for all A, B ∈ BE and all
λ ∈ [0, 1],

b) v(λA + (1 − λ)B) ⩽ λv(A) + (1 − λ)v(B) for all A, B ∈ BE and some
λ ∈ (0, 1).

Thus, axiom (A4) (convexity) is satisfied, if condition b) holds.
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Independence of axioms
An axiom (Ai) is independent of the others, if there exists a set function
that satisfies all the axioms A1-A5, except for i , i ∈ {1, . . . , 5}.

Axiom (A1) (kernel property) is independent.

v(A) := 1, A ∈ BE

Axiom (A2) (monotonicity) is independent.

v(A) := (diamA)2 + inf
a∈convA

∥a∥E , A ∈ BE

Axiom (A4) (convexity) is independent.

v(A) :=
√︂

sup
a∈A

∥a∥E , A ∈ BE

Axiom (A5) (intersection property) is independent in infinite-dimensional
spaces.

Produce a closed infinite-dimensional subspace F ⊂ E endowed with a
Schauder basis and a special norm ∥·∥F , then equip the whole linear space E with
a new norm ∥·∥new constructed with help of the norm ∥·∥F and the original norm
∥·∥E , finally, put v(A) := supx,y∈A ∥x − y∥new , A ∈ BE (see [2, 3])
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Axiom (A3): convex hull property
Definition
A non-empty subset A of a Banach space has the weak Carathéodory pro-
perty, if there exists λ ∈ (0, 1] such that

λA + (1 − λ)convA = convA.

Theorem

Let v : BE → [0, +∞) be a set function that satisfies axioms (A2) (monoto-
nicity) and (A4) (convexity). Then v(convA) = v(A) for every set A ∈ BE
that has the weak Carathéodory property.

Proposition
If E is finite-dimensional, then every non-empty and bounded set A ⊂ E has
the Carathéodory property. Therefore, axiom (A3) (convex hull property) is
not independent in any finite-dimensional space.
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the Carathéodory property. Therefore, axiom (A3) (convex hull property) is
not independent in any finite-dimensional space.
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Axiomatic measure of non-compactness - finite dimension

Definition
Let E be a finite-dimensional Banach space. A function µ : BE → [0, +∞)
is an axiomatic measure of non-compactness, if

(a1) the family ker µ := {A ∈ BE : µ(A) = 0} is non-empty,
(a2) for any A, B ∈ BE , if A ⊆ B, then µ(A) ⩽ µ(B),
(a3) there exists λ ∈ (0, 1) such that, for any A, B ∈ BE , it holds

µ(λA + (1 − λ)B) ⩽ λµ(A) + (1 − λ)µ(B).
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Axiomatic measure of non-compactness - infinite dimension

Definition
Let E be an infinite-dimensional Banach space. A function µ : BE →
[0, +∞) is an axiomatic measure of non-compactness, if

(a1) the family ker µ := {A ∈ BE : µ(A) = 0} is non-empty,
(a2) for any A, B ∈ BE , if A ⊆ B, then µ(A) ⩽ µ(B),
(a3) for any A ∈ BE , µ(convA) = µ(A),
(a4) there exists λ ∈ (0, 1) such that, for any A, B ∈ BE , it holds

µ(λA + (1 − λ)B) ⩽ λµ(A) + (1 − λ)µ(B),

(a5) if the sets An ∈ BE are closed and An+1 ⊆ An, n ∈ N, with µ(An) → 0,
then ∞⋂︂

n=1
An ̸= ∅.
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