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Ideals

A family Z C P(X) is an ideal on X if
0 X¢T,

Q@ ACBel — Ac],

QO ABel — AUBeZ,

@ 7 contains all finite subsets of X.
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Ideals

A family Z C P(X) is an ideal on X if
0 X¢T,

Q@ ACBel — Ac],

QO ABel — AUBeZ,

@ 7 contains all finite subsets of X.

An ideal Z is tall if for every infinite A C X there is an infinite
B € 7 such that B C A.
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Ideals

O Fin(X)={AC X : Ais finite}
@ Fin = Fin(w)
ezl/n:{Agw: Z},<oo}

neA

0 Zy={ACw: lim Aflnil o}

n—oo

© Fin ® Fin is the ideal on w x w defined by

A € Fin®Fin <= Jip c wVi> ip (|{j € w: (i,j) € A} < Np).
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A€eFin®Fin < JipewVi>ip(|{j ew: (i,j) € A} < Ro)

w
3le o o + .+ .
2le o o « e o .
1le o o « « « o
0 .
0 1 2 3 “
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Critical ldeals

Definition ( R. Filipédw, MK, A. Kwela, 2026)

Let X be a sequentially compact space. Let D C X be a countable
infinite subset of X. We define

conv(D) = {A C D : A? is finite}.

where A = {pe X :pec(A\{p})}
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Critical ldeals

Q If X =0, 1] with the Euclidean topology, we define the ideal

conv = conv(Q N [0, 1]).

@ For a countable ordinal o > 2 and the space X = w® + 1 with
the order topology, we define the ideal

conv, = conv(w® + 1).
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Combinatorial characterization

Proposition (R. Filipéw, MK, A. Kwela, 2026)

Let ACw*+1. T.FAE.
Q A c€ convy,.

@ For every increasing sequence (A\p)n<y in W, the set
AN [An, Apt1] is finite for all but finitely many n.
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Combinatorial characterization

Proposition (R. Filipéw, MK, A. Kwela, 2026)

Let ACw*+1. T.FAE.
Q A c€ convy,.

@ For every increasing sequence (A\p)n<y in W, the set
AN [An, Apt1] is finite for all but finitely many n.

a=2, A\, =w-n
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Combinatorial characterization

Proposition (R. Filipéw, MK, A. Kwela, 2026)

Let ACw*+1. T.FAE.
Q A c€ convy,.

@ For every increasing sequence (A\p)n<y in W, the set
AN [An, Apt1] is finite for all but finitely many n.

a=2, A\, =w-n

Corollary (R. Filipdw, MK, A. Kwela, 2026)

The ideals convy and Fin ® Fin are isomorphic.
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Katétov order

Katé&tov order (Katétov, 1968)

Let Z and J be ideals on X and Y respectively.
J <k I <= there exists a function f : X — Y such that

AcgJ = YA e
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Katétov order

Katé&tov order (Katétov, 1968)

Let Z and J be ideals on X and Y respectively.
J <k I <= there exists a function f : X — Y such that

AcgJ = YA e

J ~ 71 <= there exists a bijection f : X — Y such that

AcJ— f A el
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The <k-hierarchy

conv = {AC QnNJ0,1] : A? is finite}
conv, = {A C w*+1: A% is finite}

Proposition (R. Filipédw, MK, A. Kwela, 2026)

Q If a < 3, then convg <k conv, and
conv, £k convg.

@ conv <k conv, and conv, Lk conv for
every .
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The <k-hierarchy

convy
0
conv = {AC QnNJ0,1] : A? is finite} COI;V3
conv, = {A C w*+1: A% is finite} '
Proposition (R. Filipédw, MK, A. Kwela, 2026) 4
£, . CONVq
Q If a < 3, then convg <k conv, and { A
conv, £k convg. coNnv,41
@ conv <k conv, and conv, Lk conv for )
every . :
A
conv
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The <k-hierarchy

Proposition

For limit ordinal «, the ideal conv, is not the greatest lower bound
of {convg: f < a}.
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The <k-hierarchy

Definition

For every limit ordinal « define:

conveq = {A C w1 : V8 < a (Anw” € convy)

Proposition

© The ideal conv,, is the greatest lower
bound of {convg : f < a}.

Q conv, <k conv., and conv., Lk convy.
a >K <a <
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The <k-hierarchy

Definition

For every limit ordinal « define:

conveq = {A C w1 : V8 < a (Anw” € convy)

Proposition

© The ideal conv,, is the greatest lower
bound of {convg : f < a}.

Q conv, <k conv., and conv, Lk convg.

convy

)

convs

conv
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Is there a greatest lower bound for the ideals conv, for all a?
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Cardinal characteristics

Definition (F. Hernandez, M. Hrugdk, 2007)

Let 7 be a tall ideal.

add*(Z) =

non" (Z) = min{|A| : AC [w]* AVB € Z3A € A(JAN B| < o)}
cof (Z) = min{|A| : ACZAVBeT3IAc A(BC* A)}

cov' (Z) =min{|A| : ACZAVB € [w]*TAc A(JAN B| = Ry)}

=min{|A|: ACZIAN-IB€IVAc A(AC* B)}

where A C* B means that A\ B is finite
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Cardinal characteristics

Definition (J. Brendle, S. Shelah, 1999)

Let 7 be a tall ideal.
add"(Z) = min{|A| : ACZA-IB€T VAcA (AC* B)}

add,(Z) = min{|A| : ACZA-3B € [Z]“VA e A 3B € B(AC* B)}
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Cardinal characteristics

Definition (J. Brendle, S. Shelah, 1999)
Let Z be a tall ideal.
add,(Z) = min{|A| : ACZA-3IB€[I]*VAec AIB e B(AC* B)}

non (Z) = min{|A| : AC [w]* AVBeZ JAc A (JAN B| < Xg)}
non.,(Z)=min{|A| : A C [w]* AVBe[Z]* IAc AVBeB(|AN B| < No)}

i = =

=
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Cardinal characteristics

Definition (J. Brendle, S. Shelah, 1999)
Let Z be a tall ideal.
add(Z) = min{|A| : ACZA-3IB € [I]*VAe AIB c B(AC* B)}

non, (Z)=min{|A| : A C [w]® AVB€[Z]* JAc AVBeB(JAN B| < Xo)}

cof (Z)=min{|A|: ACT A VBeT JA€ A(B C* A)}
cof,(Z)=min{|A| : A C [Z]* AVB€E[Z]* ICc AVBeBIAC(B C* A)}

= = - - =
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Cardinal characteristics

Definition (J. Brendle, S. Shelah, 1999)
Let Z be a tall ideal.
add(Z) = min{|A| : ACZA-3IB € [I]*VAe AIB c B(AC* B)}

non.,(Z)=min{|A| : A C [w]* AVBE[Z]* IAc AVBEB(JAN B| < No)}

cof,,(Z)=min{|A| : A C [Z]* AVB€e[Z]* ICc AVBeBIAcC(B C* A)}

v

cov'(Z) = min{| A : AC TAVB € [w] A € A(|JAN B| = Ro)} |
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Cardinal characteristics

Definition (J. Brendle, S. Shelah, 1999)
Let Z be a tall ideal.
add(Z) = min{|A| : ACZA-3IB € [I]*VAe AIB c B(AC* B)}

non.,(Z)=min{|A| : A C [w]* AVBE[Z]* IAc AVBEB(JAN B| < No)}

cof,,(Z)=min{|A| : A C [Z]* AVB€e[Z]* ICc AVBeBIAcC(B C* A)}

v

cov'(Z) = min{| A : AC TAVB € [w] A € A(|JAN B| = Ro)} |

Definition (B. Farkas, L. Zdomskyy, 2022)

Let 7 be a tall ideal.

covi(Z) = min{|A|: ACZAVB¢ TIA€ A(JAN B| = Ro)}
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Cardinal characteristics

COVJr COV
add ) —— add cof ) — cof(
non *> non
Relationships between defined cardinal characteristics (k — A
means £ < A in this diagram). J
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Definition

b=min{|F|: F CYwA-Jg € “wVf e F(f <" g)}
o=min{|F|: F C“wAVg € “wif € F(g <*f)}

where f <* g means that 3k € wVn > k(f(n) < g(n))
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Diagrams

Ciedlak and Martinez-Celis, Farkas and Zdomskyy, Filipéw and MK and Kwela,
Meza-Alcantara J

Ng —— 0
Fin ® Fin = convy

conv, for v > 3
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Diagrams

Ciedlak and Martinez-Celis, Farkas and Zdomskyy, Filipéw and MK and Kwela,
Meza-Alcantara J

Nob——=0b

& Nl N
N

Ng ——— 0 Ng — Ny

[

Fin ® Fin = convp conv

conv, for v > 3
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Diagrams

FO LY
> N\

Ng —— D No ——> @

conv, for a > 3 convea
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Diagrams

Conjecture
7 b 7 b
Rg — "W d Ng —b ?
Ng — D Ng —— D
conv, for a > 3 CconVq
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Thank You! )
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