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A notion of the Optimized Certainty Equivalent (OCE) was introduced in:

@ Ben-Tal A., Teboulle M., Expected utility, penalty functions, and duality
in stochastic nonlinear programming, Management Sci. 32 (1986),
1445-1466.

Assume that (Q, F,P) is a non-atomic probability space and X is a family of
financial positions represented by bounded random variables on the space. For
any X € X, put

my = inf X and My :=sup X.

Let U be a family of all non-decreasing concave functions such that u(0) =0
and
u(x) <x for xeR.

Moreover, let
US :={u el :u(x) < x forx # 0}.



For any u € U, put

Su(X) =sup {t+ E[u(X—t)]: t € R} for

Xe X

(1)



For any u € U, put
Su(X) =sup {t+Eu(X—=1t)]:teR} for XeX (1)

and
EX) ={teR:S,(X)=t+Eu(X—t]} for XeoX. (2)



For any u € U, put
Su(X) =sup {t+Eu(X—=1t)]:teR} for XeX (1)

and
EX) ={teR:S,(X)=t+Eu(X—t]} for XeoX. (2)

According to Proposition 2.1 in:



For any u € U, put
Su(X) =sup {t+Eu(X—=1t)]:teR} for XeX (1)
and

EX) ={teR:S,(X)=t+Eu(X—t]} for XeoX. (2)

According to Proposition 2.1 in:

@ Ben-Tal A., Teboulle M.: An old-new concept of convex risk measures: the
optimized certainty equivalent, Math. Finance 17 (3) (2007), 449--476,



For any u € U, put
Su(X) =sup {t+Eu(X—=1t)]:teR} for XeX (1)

and
EX) ={teR:S,(X)=t+Eu(X—t]} for XeoX. (2)

According to Proposition 2.1 in:

@ Ben-Tal A., Teboulle M.: An old-new concept of convex risk measures: the
optimized certainty equivalent, Math. Finance 17 (3) (2007), 449--476,

for every u € U, we have

E(X)N[me, Mi] #0 for X e X,



For any u € U, put
Su(X) =sup {t+Eu(X—=1t)]:teR} for XeX (1)
and

EX) ={teR:S,(X)=t+Eu(X—t]} for XeoX. (2)

According to Proposition 2.1 in:

@ Ben-Tal A., Teboulle M.: An old-new concept of convex risk measures: the
optimized certainty equivalent, Math. Finance 17 (3) (2007), 449--476,

for every u € U, we have
E(X)N[me, Mi] #0 for X e X,
that is,

Su(X) = max{t+ E[u(X —t)] : t € [my, M,]} for X e X. (3)
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Let x € (0,00) and p € [0,1]. It follows from (1) that for any u € U and all
X € X such that

P{X=x})=p and P{X=0})=1-p,
we have
Su(x;p) :=Su(X) = max{t + pu(x —t) + (1 — p)u(—t) : t € [0,x]}.  (4)

In Ben-Tal A., Teboulle M. (2007) several properties of (OCE) were investigated.
In particular, the authors proved that a utility function can be recovered from
its (OCE).
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The key step in the proof of this result is to show that every u € U< the following
property holds:

for any x € (0, 00) there exists p, € (0,1)

such that S,(x;p) = pu(x) for p € (0,px).

However, the later statement is not true in general.
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and
for any x € (—o0, 0) there exists p, € (0,1)

such that S,(x;p) = pu(x) for p € (0,py).

Finally, we present some applications of our results.
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(iii) one of the following three possibilities holds:
(a) u(x) =x for xe (0,00),
(b) u(x) =x for xe (—o0,0),
(c) there exist v* € [0,1) and v~ € (1, 00) such that

[ v x for xeé€(—00,0),
u(x) = { ytx for x €[0,00).
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The standard arguments show that, for any u € U, a risk measure p, : X - R
defined by
pu(X) = =S,(X) for Xe X, 17

is:monotone, translative and convex, i.e.,

pu(Y) < pu(X) for X,YeX with X<V, (18)
pu(X+¢)=ps(X)—c for Xe X, ceR, (19)
PO+ (1= W) < Apu(X) + (1= Npu(Y) (20)

for X,Y € X and X € [0, 1].

Therefore, for any u € U, p, is a convex risk measure. Hence p, is a cohe-
rent (i.e. monotone, translative, subadditive and positively homogeneous) risk
measure if and only if it is positively homogeneous.
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Thus, applying Theorem 1 in:

@ Rockafellar R. T., Uryasev S., Optimization of conditional value-at-risk,
Journal of Risk 2 (3) (2000), 21-41,

we conclude that S, of the form (23) coincides with Expected Shortfall ES .
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@ Value at Risk (V@OR). For o € (0,1):

VOR,(X) = —sup{t e R: P({X < t}) <1—a} for XeX.

@ Expected Shortfall. For A € (0, 1):

1 1
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Example (cont.)

@ Taking A = 0.95, we obtain
1 [t 0.01 - 100 + 0.04 - 1000
E X)= —— VaR, (X)da = = 820
S005(X) = 555 | VaRa(X)da 0.05
and
1 [t 0.05 - 200
E Y)= ——— VaR,(Y)da = ——— =" = 200.
Sos(Y) = 5705 oos ) 0.05
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The worst-case scenario risk measure and Expected Shortfall are coherent risk
measures, that is they satisfy the following conditions:

@ monotonicity: p(Y) < p(X) for X, Y € X with X <Y;

@ translativity: p(X + ¢) = p(X) —cfor X € X, c € R;

@ positive homogeneity: p(cX) = cp(X) for X € X, c € [0, 00);
@ subadditivity: p(X + Y) < p(X) + p(Y) for X, Y € X.

Value at Risk is monotone, translative and positively homogeneous, but it is
not subadditive (and so it is not coherent).




