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Motivation

A notion of the Optimized Certainty Equivalent (OCE) was introduced in:

Ben-Tal A., Teboulle M., Expected utility, penalty functions, and duality
in stochastic nonlinear programming, Management Sci. 32 (1986),
1445–1466.

Assume that (Ω,F ,P) is a non-atomic probability space and X is a family of
financial positions represented by bounded random variables on the space. For
any X ∈ X , put

mX := inf X and MX := sup X.

Let U be a family of all non-decreasing concave functions such that u(0) = 0
and

u(x) ≤ x for x ∈ R.

Moreover, let
U< := {u ∈ U : u(x) < x for x ̸= 0}.
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For any u ∈ U , put

Su(X) = sup {t+ E[u(X− t)] : t ∈ R} for X ∈ X (1)

and
Eu(X) := {t ∈ R : Su(X) = t+ E[u(X− t]} for X ∈ X . (2)

According to Proposition 2.1 in:

Ben-Tal A., Teboulle M.: An old-new concept of convex risk measures: the
optimized certainty equivalent, Math. Finance 17 (3) (2007), 449-–476,

for every u ∈ U , we have

Eu(X ) ∩ [mx ,Mx ] ̸= ∅ for X ∈ X ,

that is,

Su(X) = max{t+ E[u(X− t)] : t ∈ [mx,Mx]} for X ∈ X . (3)
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Let x ∈ (0,∞) and p ∈ [0, 1].

It follows from (1) that for any u ∈ U and all
X ∈ X such that

P({X = x}) = p and P({X = 0}) = 1− p,

we have

Su(x; p) := Su(X) = max{t+ pu(x− t) + (1− p)u(−t) : t ∈ [0, x]}. (4)

In Ben-Tal A., Teboulle M. (2007) several properties of (OCE) were investigated.
In particular, the authors proved that a utility function can be recovered from
its (OCE).
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More precisely, if u ∈ U<, then

(P+1 ) u(x) = lim
p→0+

Su(x; p)
p

for x ∈ (0,∞).

The key step in the proof of this result is to show that every u ∈ U< the following
property holds:

(P+2 ) for any x ∈ (0,∞) there exists px ∈ (0, 1)

such that Su(x; p) = pu(x) for p ∈ (0, px).

However, the later statement is not true in general.
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Example 1.

Let u : R → R be given by

u(x) = 1− e−x for x ∈ R.

Then u ∈ U< and, by standard calculations, we get

Su(x; p) = − ln(1− pu(x)) for x ∈ (0,∞), p ∈ (0, 1). (5)

Hence, for all x ∈ (0,∞), we have

lim
p→0+

Su(x ; p)

p
= lim

p→0+
− ln(1− pu(x))

p
= u(x).

Therefore, (P+1 ) is valid, but (P
+
2 ) does not hold.
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Our aim is to characterize properties (P+1 ) and (P
+
2 ).

We will also analyze the
properties

(P−1 ) u(x) = lim
p→0+

Su(x; p)
p

for x ∈ (−∞, 0).

and
(P−2 ) for any x ∈ (−∞, 0) there exists px ∈ (0, 1)

such that Su(x; p) = pu(x) for p ∈ (0, px).

Finally, we present some applications of our results.
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Preliminary results

Proposition 1.

For any u ∈ U , we have

E[u(X)] ≤ Su(X) ≤ E[X] for X ∈ X . (6)

Corollary 1

For any u ∈ U , we have

pu(x) ≤ Su(x; p) ≤ px for x ∈ R, p ∈ [0, 1]. (7)
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Proposition 2.

For any u ∈ U , the following conditions are equivalent:

(i) for some p ∈ (0, 1), the set {x ∈ R : Su(x; p) = px} is unbounded;

(ii)
Su(x; p) = px for x ∈ R, p ∈ [0, 1]; (8)

(iii)
Su(X) = E[X] for X ∈ X ; (9)

(iv)
u(x) = x for x ∈ (0,∞), (10)

or
u(x) = x for x ∈ (−∞, 0). (11)
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Main results

Theorem 1.

Assume that u ∈ U . Then:

(i) (P+1 ) is valid if and only if u(x) = x for x ∈ (0,∞), or

u(x) < x for x ∈ (−∞, 0); (12)

(ii) (P−1 ) is valid if and only if u(x) = x for x ∈ (−∞, 0), or

u(x) < x for x ∈ (0,∞). (13)

Corollary 2.

Assume that u ∈ U . Then the conditions (P+1 ) and (P
−
1 ) are satisfied if and

only if either u ∈ U< or u(x) = x for x ∈ R.
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In the following result, we characterize the positive homogeneity of the optimized
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Let u ∈ U . Then the following conditions are equivalent:

(i)
Su(λx; p) = λSu(x; p) for x ∈ R, p ∈ [0, 1], λ ∈ (0,∞); (14)

(ii)
Su(λX) = λSu(X) for X ∈ X , λ ∈ (0,∞); (15)
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(iii) one of the following three possibilities holds:

(a) u(x) = x for x ∈ (0,∞),

(b) u(x) = x for x ∈ (−∞, 0),

(c) there exist γ+ ∈ [0, 1) and γ− ∈ (1,∞) such that

u(x) =
{︃

γ−x for x ∈ (−∞, 0),
γ+x for x ∈ [0,∞).

(16)
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Final remarks

The standard arguments show that, for any u ∈ U , a risk measure ρu : X → R
defined by

ρu(X) = −Su(X) for X ∈ X , (17)

is:monotone, translative and convex, i.e.,

ρu(Y) ≤ ρu(X) for X,Y ∈ X with X ≤ Y, (18)

ρu(X+ c) = ρu(X)− c for X ∈ X , c ∈ R, (19)

ρu(λX+ (1− λ)Y) ≤ λρu(X) + (1− λ)ρu(Y) (20)

for X,Y ∈ X and λ ∈ [0, 1].

Therefore, for any u ∈ U , ρu is a convex risk measure. Hence ρu is a cohe-
rent (i.e. monotone, translative, subadditive and positively homogeneous) risk
measure if and only if it is positively homogeneous.
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ρu(λX+ (1− λ)Y) ≤ λρu(X) + (1− λ)ρu(Y) (20)

for X,Y ∈ X and λ ∈ [0, 1].

Therefore, for any u ∈ U , ρu is a convex risk measure. Hence ρu is a cohe-
rent (i.e. monotone, translative, subadditive and positively homogeneous) risk
measure if and only if it is positively homogeneous.
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Thus, according to Proposition 5, ρu is a coherent risk measure if and only if
one of the conditions (a)-(c) is valid.

According to Proposition 2, in the case of
(a) and (b), we get

Su(X) = E[−X] for X ∈ X . (21)

In the case of (c), we obtain

Su(X) = inf{t+ γ−E[(t+ X)−]− γ+E[(t+ X)+] : t ∈ R} for X ∈ X . (22)

In particular, if γ+ = 0 and γ− = 1
1−λ , where λ ∈ (0, 1), then we have

Su(X) = inf

{︃
t+

1
1− λ

E
[︁
(t+ X)−

]︁
: t ∈ R

}︃
for X ∈ X . (23)

Thus, applying Theorem 1 in:

Rockafellar R. T., Uryasev S., Optimization of conditional value-at-risk,
Journal of Risk 2 (3) (2000), 21-41,

we conclude that Su of the form (23) coincides with Expected Shortfall ESλ.
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How to measure the risk induced by a financial position?

The worst-case scenario risk measure: ρ(X) = −mX.

Value at Risk (V@R). For α ∈ (0, 1):

V@Rα(X) = − sup{t ∈ R : P({X < t}) ≤ 1− α} for X ∈ X . (24)

Expected Shortfall. For λ ∈ (0, 1):

ESλ(X) =
1
1− λ

∫︂ 1
λ

VaRα(X)dα for X ∈ X . (25)
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Example

Consider two financial positions X and Y :

P({X = −1000}) = 0.04, P({X = −100}) = 0.01, P({X = 400}) = 0.95

and
P({Y = −200}) = 0.06, P({Y = 500}) = 0.94.

ρ(X) = −mX = 1000 and ρ(X) = −mY = 200

Taking α > 0.96, we get

V@Rα(X) = 1000 and V@Rα(Y) = 200.

Taking 0.95 < α ≤ 0.96, we get

V@Rα(X) = 100 and V@Rα(Y) = 200.
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Example (cont.)

Taking λ = 0.95, we obtain

ES0.95(X) =
1
0.05

∫︂ 1
0.95
VaRα(X)dα =

0.01 · 100+ 0.04 · 1000
0.05

= 820

and

ES0.95(Y) =
1
0.05

∫︂ 1
0.95
VaRα(Y)dα =

0.05 · 200
0.05

= 200.



Example (cont.)
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Remark 1.

The worst-case scenario risk measure and Expected Shortfall are coherent risk
measures,

that is they satisfy the following conditions:

monotonicity: ρ(Y ) ≤ ρ(X ) for X ,Y ∈ X with X ≤ Y ;

translativity: ρ(X + c) = ρ(X )− c for X ∈ X , c ∈ R;

positive homogeneity: ρ(cX ) = cρ(X ) for X ∈ X , c ∈ [0,∞);

subadditivity: ρ(X + Y ) ≤ ρ(X ) + ρ(Y ) for X ,Y ∈ X .

Value at Risk is monotone, translative and positively homogeneous, but it is
not subadditive (and so it is not coherent).
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