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Preface
40th International Summer Conference on Real Functions Theory has
been organized by the Mathematical Institute of the Slovak Academy
of Sciences following the tradition in conferences on real functions
theory dating back to 1971 when it was founded by professor Tibor
Šalát and professor Pavel Kostyrko.

This booklet contains the list of participants, the abstracts and the
list of authors. Participants are invited to send their contributions to
the journal

Tatra Mountains Mathematical Publications.
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Abstracts
Conditional Cauchy equations for set-valued maps

Judyta Bąk1, Eliza Jabłońska, Zuzanna Żurek
1Jan Kochanowski University in Kielce, Kielce, Poland

e-mail: judyta.bak@ujk.edu.pl

Let (X,+) be a group, (Y,+) be a commutative monoid, and K
be a submonoid of Y . Let =K mean the equivalence relation

A =K B ⇐⇒ A+K = B +K

for A,B ∈ n(Y ) := 2Y \ {∅}. We consider two conditional Cauchy
equations,

∀ x, y ∈ X
[
F (x) + F (y) ̸=K F (0) =⇒ F (x+ y) =K F (x) + F (y)

]
,

∀ x, y ∈ X
[
F (x+ y) ̸=K F (0) =⇒ F (x+ y) =K F (x) + F (y)

]
,

in the class of set–valued maps F : X → n(Y ). We check if such
mappings have to be K–additive (the notion of K–additivity was in-
troduced in [1]).

References:

[1] Jabłońska, E. and Jabłoński, W.: Properties of K-additive set-valued maps,
Results Math. 78:221 (2023).

8



Ultrafilters and Ramsey theory
Serhii Bardyla

University of Vienna, Vienna, Austria
e-mail: sbardyla@gmail.com

In this presentation, we explore the interplay between Ramsey the-
ory, ultrafilters, and topological algebra, highlighting ultrafilters as a
powerful tool for discovering monochromatic patterns. Motivated by
the classical Schur theorem, we will introduce Schur ultrafilters, dis-
cuss their set-theoretic and combinatorial properties, and demonstrate
several applications. In particular, we will show how Schur ultrafilters
describe Bohr compactifications of topological groups and provide a
characterization for the automatic continuity of group operations in
chart groups. Finally, using ultrafilter methods, we present extensions
of the classical Hindman’s and Hales-Jewett theorems.

Keywords: Ramsey theory, Schur ultrafilter, Bohr compactifica-
tion.
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Separable non-negativity and equations for pairs
of functions on big sets

Zoltán Boros
University of Debrecen, Debrecen, Hungary

e-mail: zboros@science.unideb.hu

In our joint results with Rayene Menzer, presented at the XXXVIII.
ISCRFT (in 2024), we considered functions f : Rm → C and g : Rk → C
satisfying the condition

f(x)g(y) = 0 (1)

for all (x, y) ∈ D , where D ⊆ Rm+k is large in some sense (it has a
positive m+k dimensional Lebesgue measure or it is a second category
Baire set). We proved that f or g vanishes on a large subset of Rm

or Rk , respectively, in the same sense. If, in addition, we assume that
the functions f and g are generalized polynomials, we obtain that one
of them is identically equal to zero.

These investigations have been modified into 3 different directions.
Based on the arguments in [2], we investigated non-negativity of

separable expressions on big subsets of product spaces in the following
sense. Let k , m ∈ N . Suppose that f : Rk → R and g : Rm → R
satisfy

f(x)g(y) ≥ 0 , (2)

for all (x, y) ∈ D , where D ⊆ Rk+m has a positive k +m dimensional
Lebesgue measure or D is a second category Baire set. Then either one
of these functions vanishes on a big set (in the same sense) or both
f and g keep their signs on sets of positive (k and m dimensional)
Lebesgue measure or on second category Baire sets, respectively. In
the particular case when k = m = 1 and f and g are generalized mono-
mials of even degrees, we conclude that (2) holds for every (x, y) ∈ R2 .

Balcerzak and Popławski [1] considered a real generalized polyno-
mial f fulfilling f(x)f(y) = 0 for all (x, y) ∈ D , where D ⊆ R × R
is a Borel set which is non-meager in a mixed sense, i.e., it does not
belong to the Fubini product of the σ-ideals of Lebesgue zero sets and
first category sets, respectively. They concluded that f is identically
equal to zero. Supposing that f is a real generalized monomial ful-
filling f(x)f(y) ≥ 0 for all (x, y) ∈ D , where D fulfills the previous
assumptions, they concluded that f preserves its sign on R.
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Motivated by a question of Peter Eliaš, we have investigated the
functional equation

F (f(x), g(y)) = 0 , (3)
where F is a given operation. Assuming that S ⊆ C×C and F : S → C
is locally cancellative in the sense that, for all z ∈ C and w ∈ C , the
equation F (z, w) = 0 has at most one solution in its first (resp.,
second) variable if the second (resp., first) variable is fixed, we can
establish the following theorem: If f : Rk → C and g : Rm → C
satisfy (3) for all (x, y) ∈ D , where D ⊆ Rk+m has a positive k + m
dimensional Lebesgue measure or D is a second category Baire set,
then f and g are constants on sets of positive (k and m dimensional)
Lebesgue measure or on second category Baire sets, respectively.

Keywords: Lebesgue measure, second category Baire sets, alter-
native equations, generalized polynomials.

References:

[1] M. Balcerzak, M. Popławski: Extending Theorems of Boros and Menzer, Preprint
arXiv: 2603.25609, (2026).
[2] Z. Boros, R. Menzer: An alternative equation for generalized polynomials involv-
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Kuratowski convergence of Clarke subdifferentials
Daniel Fatuła

Jagiellonian University in Kraków, Kraków, Poland
e-mail: daniel.fatula@doctoral.uj.edu.pl

The presentation focuses on two applications of Kuratowski con-
vergence of graphs of multifunctions in the Euclidean space. Firstly,
we generalise to Lipschitz functions the classical theorem stating that
given a sequence of smooth functions with locally uniformly convergent
derivatives, we obtain the local uniform convergence of the functions
themselves (provided they were convergent at one point). Secondly,
we present the reverse theorem for the squared distance function.

We know from the Rademacher Theorem that a locally Lipschitz
function is differentiable almost everywhere, so we can define the sub-
differential of a locally Lipschitz function f : Ω → Rk, where Ω is an
open set in Rm in the way Clarke did

∂f(x) := conv{ lim
n→+∞

f ′(xn)|xn ∈ Ω\Z, xn → x, {f ′(xn)}+∞
n=1 is convergent}

where Z is the set of the non-differentiability points of f.
Next, for a given metric space (X, d) and a sequence of sets An ⊂ X

we define the Kuratowski lower and upper limits

lim inf
n→+∞

An := {x ∈ X | ∃xn ∈ An : xn → x},

lim sup
n→+∞

An := {x ∈ X | ∃n1 < n2 < . . . , xnk
∈ Ank

: xnk
→ x}.

If those two sets are equal to a set A than we say the sequence An

tends in a Kuratowski sense to A.
We use the Kuratowski convergence of graph of multifunctions as

a generalisation of local uniform convergence of functions.
We present a theorem stating that if a sequence of graphs of Clarke

subdifferential of L-Lipschitz functions defined on a domain in Rm

tends in the Kuratowski sense to a graph of a multfinunction which is
univalent almost everywhere, then the sequence of those L-Lipschitz
function is locally uniformly convergent (provided it was convergent
at one point).

The second problem is the reverse of the first one for distance func-
tions. Kuratowski convergence of a sequence of closed nonempty sets
An ⊂ R2 to a nonempty set A implies the local uniform convergence

12



of the distance functions dist(·, An) to dist(·, A) and the Kuratowski
convergence of graphs of ∂dist2(·, An) to a graph of ∂dist2(·, A), but
does not imply the Kuratowski convergence of graphs of ∂dist(·, An).

Note that, the set of points where the function dist2(·, A) is not
differentiable, is the medial axis of the set A, which is used to study
singularities of A.

Keywords: Clarke subdifferential, Kuratowski convergence, limit,
Lipschitz function, multifunction, graph, distance function.

References:

[1] L. Birbrair, M. Denkowski, Medial axis and singularities, Journal of Geometric
Analysis 27 (2017), 2339–2380.
[2] F. Clarke, Generalized gradients and applications, Trans. Amer. Math. Soc. 205
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Cardinals Inspired by Convergence of Sequences
of Functions

Rafał Filipów
University of Gdańsk, Gdańsk, Poland

e-mail: rafal.filipow@ug.edu.pl

Suppose we have two notions of convergence of sequences of func-
tions, say α and β (e.g. pointwise and uniform convergence). By
non(α, β) we denote the smallest cardinality of an infinite topolog-
ical space X such that α and β are indistinguishable in C(X) i.e. for
every sequence of continuous functions fn : X → R, the sequence (fn)
is α-convergent to f ∈ C(X) if and only if (fn) is β-convergent to f .

For instance, it is not difficult to show that

non(pointwise, uniform) = ℵ0,

and Bukovský, Recław and Repický [2] proved that

non(pointwise, quasi-normal) = b,

where b is the bounding number and the quasi-normal convergence
was introduced by Császár and Laczkovich [3] (they used the name
equal convergence, whereas the name quasi-normal convergence was
coined by Bukovská [1]).

In this talk, I will discuss non(α, β) with α and β being the ideal
versions of pointwise and quasi-normal convergence, and, time permit-
ting, comment on the case of other kinds of ideal convergences. This
is joint work with Adam Kwela [4, 5, 6].

References:

[1] Z. Bukovská, Quasinormal convergence, Math. Slovaca 41 (1991), no. 2, 137–146
[2] L. Bukovský, I. Recław, and M. Repický, Spaces not distinguishing pointwise
and quasinormal convergence of real functions, Topology Appl. 41 (1991), no. 1-2,
25–40. MR 1129696
[3] Á. Császár and M. Laczkovich, Some remarks on discrete Baire classes, Acta
Math. Acad. Sci. Hungar. 33 (1979), no. 1-2, 51–70.
[4] R. Filipów, A. Kwela, Yet another ideal version of the bounding number, J.
Symb. Log. 87 (2022), no. 3, 1065–1092.
[5] R. Filipów, A. Kwela, Spaces not distinguishing ideal pointwise and σ-uniform
convergence, Ann. Pure Appl. Logic 176 (2025), no. 9, Paper No. 103609.
[6] R. Filipów, A. Kwela, Two b or not two b?, J. Symb. Log. 2026:1-15, published
online.
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On some generalized topologies satisfying all
separation axioms

Jacek Hejduk, Anna Loranty
Faculty of Mathematics and Computer Science, Łódz University, Łódz, Poland

e-mail: jacek.hejduk@wmii.uni.lodz.pl

The presentation based on the papers:
1. Hejduk, J., Loranty, A.: On abstract generalized topological spaces

generated by the density type operators, Hacet. J. Math. Stat.
49(6), 1907–1914 (2020).

2. Hejduk, J., Loranty, A.: On some Generalized Topologies Satis-
fying all Separation Axioms, Results Math., 79, 38 (2024).

Let ⟨X,S,J ⟩ be a measurable space where S is a σ-algebra of subsets
of X and J ⊂ S is an admissible σ-ideal. Let Φ : S → 2X be an
operator satisfying the following properties:

1◦ Φ(∅) = ∅, Φ(X) = X;

2◦ for any A,B ∈ S if A ⊂ B then Φ(A) ⊂ Φ(B);

3◦ for any A,B ∈ S if A△B ∈ J then Φ(A) = Φ(B);

4◦ A \ Φ(A) ∈ J for any A ∈ S.
If ⟨X,S,J ⟩ has a hull property then we can extand the operator Φ
putting for any A ⊂ X

Φ∗
h(A) = Φ(B),

where B is an S-measurable hull of A. Then

Φ∗
h : 2X → 2X .

Theorem 1. The family

T ∗
h = {A ⊂ X : A ⊂ Φ∗

h(A)}

is a strong generalized topology and is not equal to 2X .
We shall say that a space ⟨X,S,J ⟩ has a non-separation property

with respect to S iff for any set E ̸∈ J there exist disjoint subsets of
E which cannot be separated by set from S.

Assume that ⟨X,S,J ⟩ has a non-separation property with respect
to S and satisfies C.C.C. The space ⟨X, T ∗

h ⟩ is

15



• a Hausdorff space;

• a hereditarity normal space;

• a normal space;

• a perfectly normal space;

• every set A ⊂ X is T ∗
h -Gδ-set.

The presentation contains numerous examples of the operator Φ∗
h based

on the outer Lebesgue measure.

Keywords: generalized topology, density type operator, separa-
tion axioms.

References:
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Ján Borsík, 1955 – 2019
Ľubica Holá

Mathematical Institute, Slovak Academy of Sciences, Bratislava, Slovakia
e-mail: hola@mat.savba.sk

My lecture is dedicated to the memory of Professor Ján Borsík.
More information about the scientific work of Professor Ján Borsík
can be found in our joint paper with Professor Roman Frič [1].

References:

[1] Ľ. Holá, R. Frič: Ján Borsík, 1955 – 2019, Tatra Mt. Math. Publ. 74 (2019),
1–6.

17



On K-measurable set-valued maps
Grażyna Horbaczewska

University of Łódź, Łódź, Poland
e-mail: grazyna.horbaczewska@wmii.uni.lodz.pl

Inspired by the paper of Himmelberg [2], working with Judyta
Bąk, Eliza Jabłońska, Małgorzata Terepeta, we generalize definitions
of [weakly] measurable set-valued maps.

Let (X,A) be a measurable space, Y be a real topological vector
space and K ⊂ Y be a convex cone. An s.v. map F : X → 2Y \ {∅} is
called:

• weakly K-A-measurable, if F−(W −K) ∈ A for every nonempty
open set W ⊂ Y,

• K-A-measurable, if F+(W + K) ∈ A for every nonempty open
set W ⊂ Y,

where
F−(S) := {x ∈ X : F (x) ∩ S ̸= ∅} ,
F+(S) := {x ∈ X : F (x) ⊂ S}

for S ⊂ Y .
We study properties of such maps. We apply the notion of [weak]

K-measurability to generalize some classical results of Nikodem [5]
on K-continuity of measurable K-midconvex and K-midconcave set-
valued maps.

Keywords: K-continuity, K-measurability, K-midconvex map, K-
midconcave map, set-valued map.

References:
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Assume that X is a family of all bounded random variables on
a given probability space. Let U be a family of all non-decreasing
concave functions such that u(0) = 0 and u(x) ≤ x for x ∈ R. For
any u ∈ U , the optimized certainty equivalent of X ∈ X is defined by
(cf. [1])

Su(X) = sup {t+ E[u(X − t)] : t ∈ R}.
We investigate the problem of recovering of utility function from its
optimized certainty equivalent. Moreover, we present some applica-
tions of our results.

Keywords: optimized certainty equivalent, utility function, rep-
resentation, risk measure.
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Sequence spaces of Baire-one functions and their
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Let (X, ϱ) be a compact metric space and let B1(X,X) denote
the collection of Baire class-one self-maps on X. As in [2], a non-
autonomousB1-dynamical system, orB1-NDS, is defined as a sequence
of B1(X,X). Let F be the family of all such systems. Then for any
F = (fn)n∈N ∈ F and G = (gn)n∈N ∈ F , we define a metric by

ϱF(F,G) = sup
n∈N

ϱu(fn, gn),

where ϱu is the uniform metric on B1(X,X) (that is, ϱu(f, g) :=
supx∈X ϱ(f(x), g(x)) for f, g : X → X).

Now let X = I where I is the unit interval [0, 1]. A. Alikhani-
Koopaei in [2] considered the following subsystems of F :

• Fu(I) – the family of all uniformly convergent sequences;

• Feq(I) – the family of pointwise convergent equi-B1 sequences;
i.e., systems (fn)n∈N where for every ε > 0, there exists a map-
ping (a gauge) δ : I → R+ such that for all n ∈ N, the condition
ϱ(x, y) < min{δ(x), δ(y)} implies ϱ(fn(x), fn(y)) < ε for any
x, y ∈ I;

• Fp.w.(I) – the family of all Baire-one sequences that converge
pointwise to a function f ∈ B1(I, I);

• F(I) – the family of all Baire-one sequences that converge point-
wise.

It is known that (see [1, 2])

Fu(I) ⊂ Feq(I) ⊂ Fp.w.(I) ⊂ F(I). (4)

In [1], it is proved that the first three families of sequences are
closed subsets of the fourth. In [2], it is also shown that the first
family is nowhere dense in the second, and the second is so in the
third.
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We prove that each such family is not only nowhere dense, but also
is lower 2/3-porous in the next one.

If one modifies these families where sequences of Baire-one func-
tions are real-valued uniformly bounded, then they are Banach spaces
and each space of the respective chain is c-porous in the next one.

Keywords: sequence spaces, complete spaces, lower porosity, c-
porosity.
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The starting point of our considerations is Nikodem’s disserta-
tion [7], where the notions of K-boundedness, K-continuity, and K-
midconvexity were introduced.

Following Nikodem, if X, Y are real topological vector spaces and
K ⊂ Y is a convex cone, a set-valued map F : X → 2Y \ {∅} is called
K-continuous at x0 ∈ X, if for every neighborhood W ⊂ Y of 0 there
is a neighborhood U of x0 such that

F (x) ⊂ F (x0)+W+K and F (x0) ⊂ F (x)+W+K for all x ∈ U.

We give some properties of K-continuous maps; among others, we
compare the notion of K-continuity introduced by Nikodem with the
natural notion of continuity introduced by Kuratowski. Finally, we
apply this notion to K-additive set-valued maps, i.e., F : X → 2Y \{∅}
such that

F (x+y) ⊂ F (x)+F (y)+K and F (x)+F (y) ⊂ F (x+y)+K for x, y ∈ X,

and (if time allows) to other special set-valued maps.
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The Fréchet derivative is in the first Baire class
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Let X be a normed linear space, Y a Banach space, G ⊂ X an
open set and f : G → Y a mapping. In [1] we show that the Fréchet
derivative f ′ of f is of the first Baire class on the (possibly empty) set
D ⊂ G where it is defined.

Keywords: Fréchet derivative, first Baire class.
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Cardinal characteristics of selected ideals on
countable sets
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In this talk, I will study several cardinal characteristics associated
with a family of ideals convα on a countable set, indexed by countable
ordinals α. These ideals arise naturally from the characterization of
compact countable spaces homeomorphic to ωα · n+ 1 with the order
topology, in terms of the existence of convergent subsequences defined
on sets not belonging to convα.

I will then discuss the structural properties of the family convα in
the Katětov order. For limit ordinals α, I will present the associated
ideals conv<α, which serve as greatest lower bounds of the preced-
ing convβ, leading to intertwined decreasing hierarchies of ideals with
different descriptive complexities.

This talk is based on [1] and [2].
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c-lineability and c-spaceability of some families of
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We would like to present some results about c-lineability and c-
spaceability of some families F of real functions defined on an interval
I. The main goal is to formulate general conditions under which any
non-empty family F ⊂ RI of functions is c-spaceable or c-lineable.
Generally, we consider the families of function of the form F = F1\F2.
In most cases, families of functions for which lineability and spaceabil-
ity are studied have such a form. Most often, family F2 is seemingly
"very close" to F1 or consists of "almost all" functions. The results
obtained by us are a generalization of previous ideas, from [1].

The main idea of our constructions is to "reproduce" one function
to obtain c-dimensional (closed) linear space. For this "reproduction"
we use the Fichtenholz-Kantorovich Theorem, applied to a countable
family of pairwise disjoint intervals contained in the domain of func-
tions from the considered class. The initial function is "squashed" and
"pasted" into disjoint intervals included in the domain of constructed
function.

We present some natural conditions under which families con-
structed in this way belongs to considered class (it always forms c
dimensional linear space). Finally, we present numerous examples of
applications of the presented theory.

Presented results was obtained jointly with Małgorzata Turowska.

Keywords: c-lineability, c-spaceability.
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Let E(Σ, q) :=
{∑∞

i=1 σiq
i : (σi) ∈ ΣN

}
for a finite set Σ ⊂ R and

q ∈ (0, 1). Sets of this form are a generalisation of achievement sets of
the so-called multigeometric series. We associate with E(Σ, q) a Borel
measure µ∞ that is a weak limit of convolutions µn = ν1 ∗ · · · ∗ νn,
where νn(B) = |B∩(qnΣ)|

|Σ| . We prove several new equivalent conditions
for E (Σ, 1/|Σ|) to contain an interval, see [1, Theorem 8], one of which
is the following:

∃δ>0∀n∈N∃k∈N
∑
σ∈Σ

exp
2πinσ
δ|Σ|k

 = 0.

This way we generalise results of Kenyon [2], who characterised sets
E ({0, 1, u} , 1/3), and Nitecki [3], who proved that the condition for
Σ to contain integer numbers of precisely all remainders modulo |Σ|,
is sufficient for E(Σ, 1/|Σ|) to contain an interval. We obtain some
intermediate results concerning the measure µ∞, e.g. E = E(Σ, 1/|Σ|)
contains an interval if and only if µ∞ is absolutely continuous with
respect to Lebesgue measure λ, and in that case µ∞(B) = λ(B∩E)

λ(E) .

Keywords: self-similar set, achievement set, infinite convolution
of measures.
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Interrelationships among axioms for measures of
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We investigate the independence of the axioms in the Banaś–
Goebel approach to the theory of measures of noncompactness in Ba-
nach spaces. This results in weakening the requirements imposed in
the original system of the axioms. We show that in the case of four
axioms (out of the totality of five axioms) they turn out independent
of the remaining ones. For the troublemaking axiom, we provide a full
solution in finite-dimensional spaces and a partial one in the infinite-
dimensional case.

The presented results were co-authored by Jerzy Grzybowski and
Piotr Kasprzak.

Keywords: axiomatic measures of noncompactness, Banach spaces,
independence of axioms.
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The study of singular integral operators, initiated by Calderón and
Zygmund in the 1950s, remains a central theme in Fourier analysis.

Given a function Ω on Sd−1, one defines the singular integral oper-
ator

TΩf(x) = p.v.
∫
Rd
f(x− y) Ω

 y

|y|

 |y|−d dy.

When Ω is smooth TΩ belongs to the classical Calderón–Zygmund
theory; in the absence of smoothness, it is referred to as a rough
singular integral. Calderón and Zygmund proved that if Ω ∈ L logL
has zero mean, then TΩ is bounded on Lp for 1 < p < ∞. The end
point p = 1 remained opened for almost 40 years and was eventually
settled in full generality by Seeger in 1996.

To study pointwise convergence, one considers the associated max-
imal operator,

T ∗
Ωf(x) = sup

ϵ>0

∣∣∣∣∣∣
∫
|y|>ϵ

f(x− y) Ω
 y

|y|

 |y|−d dy

∣∣∣∣∣∣ .
Duoandikoetxea and Rubio de Francia showed that T ∗

Ω is bounded
on Lp for 1 < p < ∞, while the weak (1, 1) bound remained open until
very recently. This endpoint conjecture was resolved by Xudong Lai,
improving earlier L log logL results of Bhojak and Mohanty. In this
talk, we will see the endpoint weighted estimates for T ∗

Ω.

Keywords: singular integrals, weighted estimates.
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Minimal usco maps (multifunctions) play an important role in sev-
eral areas of mathematics, especially in functional analysis, optimiza-
tion theory, nonsmooth analysis, and selection theory. Given Haus-
dorff space X, we will explore cardinal invariants of the space MU(X),
the space of minimal usco maps on X with real values equipped with
topology of uniform convergence on a given bornology B. We also
present conditions under which the topologies of uniform convergence
on bornologies for minimal usco maps behave like metric ones, in the
sense that the weight, netweight, density, Lindelöf number, and cellu-
larity all coincide for these topologies.

Keywords: minimal usco map, topology of uniform convergence
on bornology, density, weight, netweight, cellularity, character, uni-
form extent.
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Given a nonincreasing sequence of positive numbers (an) such that
the series ∑

an converges, let E(an) denote the set of all subsums of∑
an, called the achievement set of (an). It is well known (see [7])

that such a set can be a finite union of closed intervals, a Cantor set,
or a Cantorval. We say that a compact and perfect set D ⊂ R is a
Cantorval if every endpoint of every gap of D (that is, every connected
component of R \D) is an accumulation point of both other gaps and
nondegenerate connected components of D (see [11]).

Finding conditions that guarantee an achievement set is either a
Cantor set or a Cantorval has become one of the central problems in
the study of achievement sets (see, e.g., [1–5,8]). Despite the consid-
erable amount of research devoted to this topic, a complete character-
ization of when a given achievement set is a Cantor set or a Cantorval
remains unknown.

Let rn = ∑
i>n ai. In his seminal paper [9], Kakeya proved that

if an ≤ rn for almost every n ∈ N, then E(an) is a finite union of
closed intervals, whereas if an > rn for all but finitely many n ∈ N,
then E(an) is a Cantor set. In [10], Marchwicki and Miska posed the
following problem: given any infinite set K ⊂ N such that N \ K is
also infinite, does there exist a sequence (an) for which E(an) is a
Cantorval and an > rn ⇐⇒ n ∈ K?

We introduce a new sufficient condition for an achievement set to
be a Cantorval. We also demonstrate how this condition can be used
to construct new examples of achievable Cantorvals. In particular,
we show that Kakeya’s conditions cannot provide a finer classification
of achievement sets than the one established in his original theorem,
thereby answering the question posed by Marchwicki and Miska.

The talk is based on the results of [6].

Keywords: achievement sets, Cantorvals, Kakeya conditions.
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We will work in the Baire space Zω with the addition operation by
coordinates. For a family F ⊆ P(Zω) we define:

F∗ = {A ⊆ Zω : ∀F ∈ F A+ F ̸= Zω} ,

where A + F = {a + f : a ∈ A, f ∈ F}. Operation * was defined by
Seredyński in [4].

Let I = {In}n∈ω be an interval partition of ω. For x ∈ Zω, define

M(x, I) = {y ∈ Zω : ∀∞n y↾In ̸= x↾In} .

We denote by M− the σ-ideal generated by sets of this form. It was
introduced and studied in [3].

We also consider the following σ-ideals:

• SMZ+ consisting of sets X ⊆ Zω such that for every interval
partition there exists z ∈ Zω such that:

∀x ∈ X ∃∞n x↾In = z↾In.

• ED, generated by eventually different sets

Ef = {x : ∀∞n x(n) ̸= f(n)},

• IE , generated by infinitely equal sets

Ig = {x : ∃∞n x(n) = g(n)},

• H, generated by sets

HI,f = {x : ∀∞n ∃m ∈ In x(m) = f(m)} ,

• G, consisting of sets X ⊆ Zω such that for every interval partition
I there exists z satisfying

∀x ∈ X ∃∞n ∀m ∈ In x(m) ̸= z(m).
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It turns out that if we rewrite these definitions to the Cantor space
2ω, we have H = M− = M and G = SMZ+ = SMZ, where M is a
σ-ideal of meager sets and SMZ is a σ-ideal of strong measure zero
sets. It turns out that in the Baire space, we can separate some of
these families in ZFC or by assuming add(M) = c.

Our main theorem states that M− preserves all classical cardinal
invariants of the meager ideal M:

add(M−) = add(M), cov(M−) = cov(M),

non(M−) = non(M), cof(M−) = cof(M).
covt(M−) = cov(M).

Galvin-Mycielski-Solovay Theorem [2] says that on the real line
we have M∗ = SMZ. It was proved by Wohofsky in [5] that the
Galvin-Mycielski-Solovay theorem does not hold in the Baire space,
but it works in the Cantor space [1]. We managed to prove that in
the Baire space it holds:

M∗
− = SMZ+.

We also proved the following relationships between other σ-ideals:

ED∗ = IE , IE∗ = ED,

H∗ = G.
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The study of the topological nature of sets of all possible subsums
of absolutely convergent real series began over 100 years ago with
a paper by S. Kakeya [1] (see also [2]). He discovered that the set
of subsums of a convergent infinite series of positive terms is always
compact and perfect. Kakeya observed that there are at least two
possibilities for such sets: they can be multi-interval sets (i.e., finite
unions of closed bounded intervals), or Cantor sets.

Let ∑
xn be a convergent series of positive terms and let rn :=∑

k>n xk be the n-th remainder of the series. If xn > rn, then we say
that the n-th Kakeya condition holds. The set of all indices satisfying
the Kakeya condition will be denoted by K(xn). If xn ≤ rn, then
we say that the n-th reversed Kakeya condition holds. The set of all
indices with reversed Kakeya condtions will be denoted by RK(xn).
The achievement set (or the set of subsums) is defined by E(xn) :=
{y ∈ R : ∃A ⊂ N y = ∑

n∈A xn }.
Kakeya proved that K(xn) is finite if and only if E(xn) is a multi-

interval set. Also, he showed that if RK(xn) is finite, then E(xn)
is a Cantor set. Kakeya believed that E(xn) is a Cantor set if only
K(xn) is an infinite set. In [2], he candidly wrote: “That the rela-
tion xn ≤ rn fails only for an infinite number of values of n, seems
to be the necessary and sufficient condition that the set E(xn) should
be nowhere dense; but I have no proof of it.” This is the 1914 Kakeya
hypothesis. Only in 1980 Weinstein and Shapiro announced an exam-
ple of a summable sequence (yn) of positive terms such that E(yn) is
neither a multi-interval set nor a Cantor set. Subsets of the real line
homeomorphic to E(yn) are called Cantorvals. The powerful Guthrie-
Nymann Classification Theorem from 1988 asserts that there are only
four topological possibilities for achievement sets: finite sets, multi-
interval sets, Cantor sets and Cantorvals.

Nevertheless, there is some truth to Kakeya’s conjecture: for every
infinite set K ⊂ N with infinite complement, there exists an absolutely
convergent series ∑

xn such that K(xn) = K and E(xn) is a Cantor
set. This non-trivial result was proved five years ago by J. Marchwicki
and P. Miska in [3]. They also investigated whether the Cantor set

34



could be replaced by a Cantorval. This is by no means an easy ques-
tion. In all known examples of achievable Cantorvals, at least half (in
terms of asymptotic density) of the Kakeya conditions are reversed.
Marchwicki and Miska were able to show that for any positive num-
ber α there is a sequence (xn) such that E(xn) is a Cantorval and
the asymptotic density of RK(xn) equals to α. They asked if it can
happen for α = 0. During my talk a positive answer to the question
will be presented based on my joint work with Jolanta Ptak [4].

Keywords: Kakeya hypothesis, achievement set, Cantorval, asymp-
totic density.
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Topological nature of Formal Concept Analysis
within the framework of multifunction theory

Emilia Przemska
Pomeranian University in Słupsk, Słupsk, Poland

e-mail: emilia.przemska@upsl.edu.pl

Formal Concept Analysis (FCA), introduced by Ganter and Wille
[1, 2], is a mathematical method for data analysis. The central idea
of FCA is definability, which describes the relationships between the
subsets A ⊂ X of objects and the subsets B ⊂ Y of attributes. A
formal concept is represented by a pair (A,B) ∈ P(X)×P(Y ) together
with a pair (α, β) of derivation operators α : P(X) → P(Y ) and
β : P(Y ) → P(X), where α determines subset B and β determines
subset A i.e.,

B = α(A) and A = β(B),

such that the following conditions are satisfied

α(β(α(A))) = α(A) and β(α(β(B))) = β(B).

In the literature, eight different versions of concepts have been
studied.

The basic structure in FCA is a formal context (X, Y,R), where X
is a set of objects, Y is a set of attributes, and R is a binary relation
between objects and attributes, where (x, y) ∈ R means the object x
possesses the attribute y.

In this investigation, we replace the relation R by the multifunction
F : X → Y , defined as
F (x) = {y : xRy}. Under some nature assumptions, the multifunction
F generates three additional multifunctions:

1. Fc : X → Y defined by Fc(x) = Y \ F (x),

2. F− : Y → X defined by F−(y) = {x ∈ X : y ∈ F (x)},

3. F−
c : Y → X defined by F−

c (y) = X \ F−(y).

Using these four multifunctions, we determine two topologies in X
and two in Y such that all eight classic forms of definition B = α(A)
and A = β(B) can be equivalently characterized in the topological
form, namely
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B = α(O(A)) and A = β(O∗(B)),

where O, O∗ are the interior or closure operator in the appropriate
topology.

Keywords: Formal Concept, Multifunction, Definability.
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The robust Orlicz premium principle under
uncertainty

Patryk Rela, Jacek Chudziak
University of Rzeszów, Rzeszów, Poland

e-mail: prela@ur.edu.pl

Let (Ω,F) be a measurable space and µ0 : F → [0, 1] be a capacity,
that is a monotone set function such that µ0(∅) = 0 and µ0(Ω) = 1.
The robust Orlicz premium principle under uncertainty for the risk X
is defined through the equation

Hα,S,Φ(X) := inf
k > 0 : sup

µ∈S
Eµ

[
Φ
(
X

k

)]
≤ 1 − α

 , (5)

where α ∈ [0, 1) is a given parameter, S is a family of capacities µ
satisfying

µ0(A) = 0 =⇒ µ(A) = 0 for A ∈ F
and the function Φ : [0,∞) → [0,∞) is a normalized Young function,
that is strictly increasing and convex function such that Φ(0) = 0 and
Φ(1) = 1. Moreover

Eµ[X] =
∫ ∞

0
µ ({X > t}) dt

is a Choquet integral with respect to the capacity µ.
The aim of this talk is to characterize existance and several properties
of the robust Orlicz premium defined by (5).

Keywords: Risk measure, Choquet integral.
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Packings in infinite dimensions
Tommaso Russo
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We will start by giving a very brief overview to some results about
packings in finite dimensions. We then introduce and study the so-
called simultaneous packing and covering constant of a Banach space,
introduced by Rogers in 1950. We present new results involving this
constant, focusing in particular on the extreme spaces where this con-
stant attains its best and worst values.

Keywords: Packing problem, simultaneous packing and covering
constant.
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Uniformly convex functions and their
generalizations

Palani Kumar Shunmugaraj1, Constantin Zălinescu2

1Indian Institute of Technology, Kanpur, India
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In this paper we present several characterizations of uniformly and
locally uniformly convex functions. We also introduce certain gen-
eralizations of uniformly convex functions and investigate their basic
properties.

Keywords: uniformly convex functions, locally uniformly convex
functions, nearly uniformly convex functions, nearly uniformly smooth
functions.
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An approximation form of the Kuratowski
Extension Theorem for Baire-alpha functions

Waldemar Sieg
Kazimierz Wielki University in Bydgoszcz, Bydgoszcz, Poland

e-mail: waldeks@ukw.edu.pl

In the first part of the talk I will present a theorem in which a Baire
class one function is extended by means of a uniformly convergent
series of characteristic functions of certain Borel subsets of a perfectly
normal space. I believe that this result can serve as a useful tool for
solving a certain problem in the field of Riesz spaces, which I will
discuss in the second part of the talk.
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Constructing twisted sums of C(K)-spaces with
c0(X)-spaces using trees

Szymon Smolarek
University of Wrocław, Wrocław, Poland

e-mail: szymon.smolarek@phd.uwr.edu.pl

Joint work with Grzegorz Plebanek.

We introduce the notion of realization of a tree κ≤m in (C(K), P (K))
and present a construction of extension of C(K) with large norm of
projections. We show how this method can be used to construct Ba-
nach spaces containing uncomplemented copies of C(K). Finally, we
present applications of this construction to some classes of Koppelberg
compact spaces, including an Efimov space under CH, as well as to
the space ω∗ = βω \ω under the assumption of the existence of simple
P-points.

Keywords: Functional analysis, Twisted sums, C(K)-spaces, Efi-
mov space.
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Lev Bukovský, 1939–2021
Jaroslav Šupina

P.J. Šafárik University in Košice, Košice, Slovakia
e-mail: jaroslav.supina@upjs.sk

I would like to share some reflections on the life story of Professor
Lev Bukovský. Most of this information is based on [1–4].
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The invariance problem of Matkowski means
under reduced regularity

Péter Tóth
University of Debrecen, Debrecen, Hungary

e-mail: toth.peter@science.unideb.hu

Let I ⊆ R be an open interval and let f, g : I −→ R be continuous
functions which are strictly monotone in the same sense. Then

Mf,g(x, y) = (f + g)−1 (f(x) + g(y)) (x, y ∈ I )

is called the generalized weighted quasi-arithmetic mean generated by
f and g. Since the concept was introduced by Matkowski [3], we
simply refer to this class of means as Matkowski means. The invariance
problem is the following: we are looking for those Matkowski means
M,N,K : I × I −→ I which fulfill the invariance equation

M (N(x, y), K(x, y)) = M(x, y)

for all x, y ∈ I. Introducing appropriate transformations of the gener-
ators, an equivalent formulation of the invariance equation is

F

(
x+ y

2

)
+ f1(x) + f2(y) = G (g1(x) + g2(y)) (6)

containing six unknown functions F, f1, f2, g1, g2 : I −→ R and G :
g1(I) + g2(I) −→ R. The general solution of equation (6) was first
described by Kiss [1] assuming continuous differentiability for all of
the unknown functions (along some further technical conditions). In
the paper [2] the solutions have been determined supposing the mere
differentiability of the functions. In this talk our purpose is to supply
the characterization of the solutions assuming differentiability for only
one unknown function.

The key idea is the regularity preserving property of quasisums (see
[4]). More precisely, if φ, ψ1, ψ2 are real homeomorphisms, then the
composite function Q(x, y) = φ (ψ1(x) + ψ2(y)) is called a quasisum.
In [4] it is proved that if Q is (continuously) differentiable, then the
generators φ, ψ1, ψ2 have the same differentiability properties. This
statement is valid for higher order differentiability as well.

Keywords: invariance of means, Matkowski means, quasisums,
regularity of functional equations.
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On sets preserving upper porosity under union
Małgorzata Turowska

Pomeranian University in Słupsk, Słupsk, Poland
e-mail: malgorzata.turowska@upsl.edu.pl

We study problem of preserving upper porosity under union by
subset of the real line. Namely, for 0 < r ≤ s < 1 we consider sets
that transfer s-porous sets to r-porous sets, i.e. we ask for the sets E
such that for every x ∈ E and for every F for which porosity of F at
x is not less than s, porosity of E ∪ F at x is not less than r. Such
sets are called [r, s]-upper superporous subsets of R.

These families generalize notions of superporosity and strong su-
perporosity of subsets of R introduced in [1, 3]. Superporous sets pre-
serve positive porosity and strongly superporous sets preserve strong
porosity, i.e. if E is superporous (respectively, E is strongly super-
porous) then for every x ∈ E and for every F such that porosity of F
at x is greater than 0 (respectively, is equal to 1), porosity of E ∪ F
at x is greater than 0 (respectively, is equal to 1).

Even though the definition and properties of [r, s]-superporosity,
superporosity and strong superporosity are similar and all of them
consist of "very small" sets, the families of these sets are essentially
different. We focus on relationships between [r, s]-superporous sets for
different indices [r, s]. Furthermore, we compare [r, s]-superporosity to
superporosity and strong superporosity.

This is joint work with Stanisław Kowalczyk.
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Adaptive Integration of Higher-Order Convex
Functions

Szymon Wąsowicz
University of Bielsko-Biala, Bielsko-Biała, Poland

e-mail: swasowicz@ubb.edu.pl

Classical error estimates for quadrature approximations of inte-
grals rely on derivatives of the integrand of a sufficiently high order.
The required accuracy is usually achieved by establishing a sufficiently
fine partition of the interval under consideration. In this talk, I pro-
pose a method for finding such a partition that is based solely on
the quadrature operator being analyzed and relies exclusively on the
function itself. The research focuses on functions whose derivative
of a fixed odd order maintains a constant sign over the interval of
integration—that is, higher-order convex (or concave) functions.

I will begin with a presentation of the now-classic result by Row-
land and Varol from 1972, and then show that it can be improved in
a certain sense by reducing (sometimes significantly) the number of
quadrature nodes. In the survey part of the talk, I will outline the
history of several years of research on adaptive methods, conducted
individually as well as in collaboration with Andrzej Komisarski and
Tomasz Kania.

Keywords: approximate integration, quadratures, Gauss quadra-
ture, Lobatto quadrature, adaptive methods, stopping criterion, higher-
order convexity.
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On the continuity of functions with respect to the
generalization of density topology: Solving an

open problem
Renata Wiertelak
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We say that a sequence S = (Sn) of subsets of R is tending to
zero, if diam(Sn ∪ {0}) −→

n→∞ 0. Then by S we denote the family of all
sequences (Sn) of measurable sets tending to zero such that λ(Sn) > 0,
for n ∈ N.

Let S = (Sn) ∈ S. According to the paper [1] we say that x is an
S-density point of a measurable set A, if

lim
n→∞

λ((A− x) ∩ Sn)
λ(Sn) = 1.

Moreover, for every measurable set A, define
ΦS(A) := {x ∈ R : x is an S-density point of A} .

Then ΦS is an almost lower density operator, and the family
TS := {A ∈ L : A ⊂ ΦS(A)}

is a topology containing the natural topology.
Finally, let us introduce the families of continuous mappings that

will be of our interest. Given S, K ∈ S, define
Cnat,nat = {f : (R, Tnat) → (R, Tnat)},

Cnat,S = {f : (R, Tnat) → (R, TS)},
CS,nat = {f : (R, TS) → (R, Tnat)},
CS,K = {f : (R, TS) → (R, TK)}.

Since Tnat ⊂ TS , the following inclusions hold:
Cnat,S ⊂ CS,K ⊂ CK,nat and Cnat,S ⊂ Cnat,nat ⊂ CK,nat

The aim of this talk is to discuss if the given inclusions are always
proper.

Keywords: density topology, S-density topology, continuity.
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Gateaux differentiability of locally Lipschitz
convex functions defined on locally convex spaces

Constantin Zălinescu
Octav Mayer Institute of Mathematics, Iaşi Branch of Romanian Academy, Iaşi,
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The generic Gateaux differentiability of a continuous convex func-
tion on an open convex subset of a Banach space is well studied (see,
e.g., R.R. Phelps’ book [1]). An example of J. Rainwater [2] shows
that similar results are not true when the openness of the domain
is not ensured, but such properties can be obtained if the respective
convex function is assumed to be locally Lipschitz, as shown by M.E.
Verona [3], J. Rainwater [2], D. Noll [4] and others; of course, in such
a case one says that the function is Gâteaux differentiable at a point
if its subdifferential is a singleton at that point.

Our goal is to show that such results can also be obtained in the
case of Gâteaux differentiability for locally Lipschitz convex functions
defined on convex subsets of Hausdorff separated locally convex spaces
when the domain of the function is not necessarily open. In the same
framework we extend D. Gale’s duality theorem [5], as well as a result
of H. Ergin & T. Sarver [6] on the unique dual representation of a
convex function.

Keywords: Lipschitz convex function; locally convex space; quasi
interior; residual set.
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