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Abstract

This thesis presents several results on the descriptional complexity of regular
languages. We study the deterministic and nondeterministic state complex-
ity of languages that are defined as the number of states in the minimal
deterministic or a minimal nondeterministic finite automaton for the given
language. By the state complexity of an operation on regular languages we
mean the number of states that are sufficient and necessary in the worst case
to accept the language resulting from the operation, taken as a function of
the complexities of operands.

Our first result shows that the upper bounds on the state complexity of
concatenation, that depend on the number of final states in the first automa-
ton, are tight for an arbitrary number of the final states.

The second part of the thesis is devoted to the magic numbers problem.
Here we are interested not only in the complexity in the worst case, but
we also study all values that can be obtained as the complexity of some
operations; the values that cannot be reached in this way are called magic
numbers. In particular, we examine magic numbers for the NFA to DFA
conversion, union and intersection, and complementation. In all three cases,
we show that no magic numbers exist.

Keywords: regular languages, finite automata, concatenation, determiniza-
tion, union, intersection, complementation, deterministic and nondetermin-
istic state complexity.
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Abstrakt

Táto práca sa zaoberá popisnou zložitost’ou regulárnych jazykov. Študujeme
deterministickú a nedeterministickú stavovú zložitost’ jazykov, ktorá je defi-
novaná ako počet stavov v minimálnom deterministickom alebo nedetermi-
nistickom konečnostavovom automate pre daný jazyk. Stavovou zložitost’ou
operácie nad regulárnymi jazykmi rozumieme funkciu závisiacu od zložitost́ı
jednotlivých jazykov, ktorej hodnota je počet stavov potrebných a nevyh-
nutných v najhoršom pŕıpade na akceptovanie výsledného jazyka.

Náš prvý výsledok ukazuje, že horné odhady stavovej zložitosti zret’azenia,
ktoré závisia od počtu koncových stavov prvého automatu, sú dosiahnutel’né
pre l’ubovol’ný počet koncových stavov.

V druhej častiu dizertačnej práce sa zaoberáme problémom magických
č́ısel. Okrem zložitosti v najhoršom pŕıpade skúmame tiež aké hodnoty
možno dosiahnut’ ako zložitost’ nejakej operácie; hodnoty, ktoré nemožno
dosiahnut’ takýmto spôsobom sa nazývajú magické č́ısla. Tento problém štu-
dujeme v pŕıpade determinizácie, zjednotenia, prieniku a doplnku regulárnych
jazykov. Vo všetkých troch pŕıpadoch dokážeme, že magické č́ısla neexistujú.

Klúčové slová: regulárne jazyky, konečnostavové automaty, zret’azenie,
determinizácia, zjednotenie, prienik, doplnok, deterministická a nedetermi-
nistická stavová zložitost’ .
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Chapter 1

Introduction

Finite automata and regular languages are the oldest and the simplest topics
in formal language theory. They have been intensively studied for several
decades. Nevertheless, some important problems remain open. For example,
let us mention the question of how many states are sufficient and necessary for
two-way deterministic finite automata to simulate two-way nondeterministic
finite automata. The question is related to the well-known open problem
whether or not DLOGSPACE equals NLOGSPACE [3, 31, 41].

In recent years, there has been a renewed interest of researchers in au-
tomata theory. For a discussion, we refer to [20, 46]. A lot of aspects in this
area are now deeply investigated. One of such aspects is descriptional com-
plexity which studies the cost of description of languages by different formal
systems.

The state complexity of a regular language is the least number of states
in any deterministic finite automaton (DFA) for the language. The nondeter-
ministic state complexity of a regular language is defined as the least number
of states in any nondeterministic finite automaton (NFA) accepting the given
language. The state complexity (the nondeterministic state complexity) of
an operation on regular languages represented by DFAs (NFAs, respectively)
is the number of states that are sufficient and necessary in the worst case
for a DFA (an NFA, respectively) to accept the language resulting from the
operation.

Some early results on state complexity can be found in [33, 34, 36]. The
state complexity of some operations such as union, intersection, concatena-
tion and star of languages given by partial DFAs has been investigated Maslov
[35]. Similar results for complete DFAs were obtained by Yu, Zhuang, and
Salomaa [44]. This first systematic study of the state complexity of reg-
ular language operations has been followed by several papers investigating
the state complexity of finite language operations and unary language op-
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CHAPTER 1. INTRODUCTION 2

erations [6, 39]. The nondeterministic state complexity of regular language
operations has been studied by Holzer and Kutrib in [18]. Domaratzki [9]
examined proportional removals, Campeanu et al. [7] investigated the state
complexity of shuffle, and Salomaa et al. [42] studied the state complexity
of reversals. Further results on this topic can be found in [11, 15].

In [22] Iwama at al. stated the question of whether there always exists a
minimal NFA of n states whose equivalent minimal DFA has α states for all
integers n and α with n 6 α 6 2n. The question has also been considered in
[23]. In these two papers, it is shown that if α = 2n − 2k or α = 2n − 2k − 1,
where 0 6 k 6 n/2 − 2, or if α = 2n − k, where 2 6 k 6 2n − 2 and some
coprimality condition holds, then the corresponding binary n-state NFAs
requiring α deterministic states do exist. In [26], appropriate NFAs has been
described for all values of n and α, however, the size of the input alphabet
for these automata grows exponentially with n. Later, in [12], the size of the
input alphabet for the witness automata has been reduced to n + 2. The
possible holes in the hierarchy are called magic numbers in the literature. It
has been recently shown by Geffert [13] that in the case of a unary alphabet,
there are a lot of such magic numbers.

1.1 Goals of the Dissertation

The main goals of this dissertation are as follows:

• to investigate the state complexity of the concatenation of two lan-
guages represented by deterministic finite automata;

• to compare the nondeterministic state complexity of a regular language
and its complement;

• to examine magic numbers for determinization of nondeterministic au-
tomata over a fixed alphabet;

• to study magic numbers for union and intersection in the deterministic
and nondeterministic case.
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1.2 Methods Used in the Dissertation

We use general methods of science as induction, comparison, deduction, and
summarising. We usually deal with upper and lower bounds on the complex-
ity of problems. The aim is to show that the two bounds coincide.

To get upper bounds, we use constructive methods: we describe the con-
struction of an appropriate device - deterministic or nondeterministic au-
tomaton, the size of which is not greater than the upper bound.

To get a lower bound is usually much more complicated problem. The
methods that we use depend on the representation of regular languages.

To prove the minimality of a deterministic automaton, we only need to
show the reachability and inequivalence of its states. We prove reachability
using the method of mathematical induction, and inequivalence by finding
the strings that distinguish the states.

To prove the minimality of a nondeterministic automaton for a regular
language, we use a special method called fooling-set lower-bound method: We
describe a set of pairs of strings such that the concatenation of the strings in
each pair is in the given language, while such a concatenation for two distinct
pairs is not. The size of such a fooling set then provides a lower bound on the
number of states in any nondeterministic automaton for the given language.

To get the best possible lower bound we have to find a corresponding
example, the complexity of which is as high as possible. In the beginning,
this leads to some experiments - we construct not too large examples by, in
fact, the trial-and-error method, and verify the required properties by using
appropriate software.

1.3 Outline of the Dissertation

The present dissertation consists of a five chapters. In Chapter 2 we some
basic definitions, notations, and preliminary results. The last section of this
chapter describes the fooling-set lower-bound method.

In the third chapter we deal with the state complexity of concatenation of
regular languages represented by deterministic automata. The upper bound
on the state complexity of concatenation is known to be m2n − k2n−1, where
m is the number of states and k is the number of final states in the first
automaton, and n is the number of states in the second automaton. We first
show that this upper bound is tight for every m, n, k with 0 < k < m in the
ternary case. Then we give a more complicated prof for a binary alphabet.

Chapter 4 is devoted to the study of magic numbers. Here we are inter-
ested not only in the worst-case complexity, but rather in all values that can
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be obtained as the deterministic or nondeterministic state complexity of an
operation on regular languages. The values that cannot be reached in this
way are called magic numbers in the literature [23, 49, 13].

The first section deals with determinization. We prove that in the case
of a four-letter alphabet there are no magic numbers, that is, each value
from n to 2n can be obtained as the size of minimal deterministic automaton
equivalent to a minimal n-state nondeterministic automaton.

In the next section, we show that there are no magic numbers for union
and intersection both in the deterministic and nondeterministic case. In the
deterministic case, we show that the entire range of complexities between
1 and mn can be obtained by the union or intersection of an m-state DFA
language and an n-state DFA language for any integers m and n such that
m > 2 and n > 2. Next, we prove that the nondeterministic state complexity
of the union of an m-state NFA language and an n-state NFA language may
be arbitrary between 1 and m+n+1, except for the case of m = 1 and n = 1
when the union has nondeterministic state complexity 1 or 3. To prove these
results we used a binary alphabet. Finally, we show that the nondeterministic
state complexity of the intersection of an m-state NFA language and an n-
state NFA language may be arbitrary between 1 and mn. We prove the last
result for a ternary alphabet.

The last section studies the magic numbers for complementation of reg-
ular languages represented by nondeterministic automata. We show that for
all integers n and α with log n 6 α 6 2n, there is a regular language with
nondeterministic state complexity n such that the nondeterministic state
complexity of its complement is α. We present an easy proof that uses an
exponential alphabet, and a more difficult by using an alphabet of size 2n.

The dissertation ends with some concluding remarks in Chapter 5.



Chapter 2

Preliminaries

In this section, we recall some basic definitions and notations. For further
details, we refer to [43, 45].

Let Σ be an alphabet and Σ∗ the set of all strings over the alphabet Σ
including the empty string ε. The complement of a language L, that is the
language Σ∗\L, is denoted by Lc. The concatenation of two languages K and
L is the language KL = {uv | u ∈ K and v ∈ L}. We denote the cardinality
of a finite set A by |A| and its power-set by 2A.

2.1 Deterministic and Nondeterministic Fi-

nite Automata

A deterministic finite automaton (DFA) is a 5-tuple M = (Q, Σ, δ, q0, F ),
where Q is a finite set of states, Σ is a finite input alphabet, δ is the transition
function that maps Q × Σ to Q. q0 is the initial state, q0 ∈ Q, and F is the
set of accepting states, F ⊆ Q. All DFAs are assumed to be complete, i.e.,
the next state δ(q, a) is defined for any state q in Q and any symbol a in
Σ. The transition function δ can be naturally extended to a function from
Q×Σ∗ to Q. A string w in Σ∗ is accepted by the DFA M if the state δ(q0, w)
is an accepting state.

A nondeterministic finite automaton (NFA) is a 5-tuple M = (Q, Σ, δ, q0, F ),
where Q, Σ, q0, and F are defined as for a DFA, and δ : Q × Σ → 2Q is the
transition function which can be extended to the domain Q × Σ∗. A string
w in Σ∗ is accepted by the NFA M if the set δ(q0, w) contains an accepting
state.

The language accepted by a finite automaton M, denoted L(M), is the
set of all strings accepted by the automaton M .

Two automata are said to be equivalent if they accept the same language.
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A DFA (an NFA) M is called minimal if all DFAs (all NFAs, respectively)
that are equivalent to M have at least as many states as M. Every non-
deterministic finite automaton M = (Q, Σ, δ, q0, F ) can be converted to an
equivalent deterministic finite automaton M ′ = (2Q, Σ, δ′, q′0, F

′) using an al-
gorithm known as the “subset construction” in the following way. Every state
of the DFA M ′ is a subset of the state set Q. The initial state of the DFA M ′

is the set {q0}. The transition function δ′ is defined by δ′(R, a) =
⋃

r∈R δ(r, a)
for each state R in 2Q and each symbol a in Σ. A state R in 2Q is an accepting
state of the DFA M ′ if it contains at least one accepting state of the NFA
M. The DFA M ′ need not be minimal since some states may be unreachable
or equivalent.

A language accepted by a DFA (or an NFA) is called regular. By a well-
known result, each regular language has a unique minimal DFA, up to iso-
morphism. However, the same result does not hold for minimal NFAs. It
is also known [40] that a DFA M = (Q, Σ, δ, q0, F ) is minimal if (i) all its
states are reachable from the initial state q0 and (ii) no two of its states are
equivalent; two states p and q are said to be equivalent if for all w ∈ Σ∗,
δ(p, w) ∈ F iff δ(q, w) ∈ F .

2.2 Deterministic and Nondeterministic State

Complexity

The (deterministic) state complexity of a regular language is the number of
states in its minimal DFA. The nondeterministic state complexity of a regular
language is defined as the number of states in a minimal NFA accepting this
language. A regular language with deterministic (nondeterministic) state
complexity n is called an n-state DFA language (an n-state NFA language,
respectively).

2.3 Fooling-Set Lower-Bound Method

To prove that a NFA is minimal we use a fooling-set lower-bound technique
known from communication complexity theory [2, 19]. Although the lower
bounds obtained using fooling sets may sometimes be exponentially smaller
than the size of minimal NFAs for the corresponding language [21], this
technique has been successfully used in the field of regular languages several
times [4, 5, 14, 29]. We first define a fooling set. Then we give the lemma
from [4] describing a fooling-set lower-bound technique. For the sake of
completeness, we present a proof of the lemma here.
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Definition 1. A set of pairs of strings {(xi, yi) | i = 1, 2, . . . , n} is said to
be a fooling set for a regular language L if for any i and j in {1, 2, . . . , n},
(1) the string xiyi is in the language L, and
(2) if i 6= j, then at least one of the strings xiyj and xjyi is not in L.

Lemma 1 (Birget [4]). Let a set of pairs {(xi, yi) | i = 1, 2, . . . , n} be a fooling
set for a regular language L. Then any NFA for the language L needs at least
n states.

Proof. Let M = (Q, Σ, δ, q0, F ) be any NFA accepting the language L. Since
xiyi ∈ L, there is a state pi in Q such that pi ∈ δ(q0, xi) and δ(pi, yi) ∩ F 6= ∅.
Assume that a fixed choice of pi has been made for any i in {1, 2, . . . , n}.
We prove that pi 6= pj for i 6= j. Suppose by contradiction that pi = pj

for some i 6= j. Then the NFA M accepts both strings xiyj and xjyi which
contradicts the assumption that the set {(xi, yi) | 1 ≤ i ≤ n} is a fooling set
for the language L. Hence the NFA M has at least n states.

Example 1. Let n ≥ 1, let Ln = {w ∈ {a, b}∗ | #a(w) ≡ 0 mod n}, and
let

An = {(ai, an−i) | i = 1, 2, . . . , n}.

Note that for every i and j in {1, 2, . . . , n},
(1) aian−i ∈ Ln, and
(2) if i 6= j then, w.l.o.g., i < j, so 0i0n−j /∈ Ln.

Hence the set An is a fooling set for the language Ln, and so any NFA for
the language Ln needs at least n states.



Chapter 3

State Complexity of Catenation

The state complexity of concatenation of regular languages represented by
deterministic finite automata has been studied by Yu et al. [44]. They
have shown that m2n − k2n−1 states are sufficient for a DFA to accept the
concatenation of an m-state DFA language and an n-state DFA language,
where k is the number of the accepting states in the m-state DFA. In the
case of n = 1, the upper bound m has been shown to be tight, even for
a unary alphabet. In the case of m = 1 and n ≥ 2, the worst case 2n − 2n−1

has been given by the concatenation of two binary languages. Otherwise, the
upper bound m2n−2n−1 has been shown to be tight for a binary alphabet in
[29]. In the case of unary languages, the upper bound on concatenation is mn
and it is known to be tight if m and n are relatively prime [44]. The unary
case when m and n are not necessarily relatively prime has been studied by
Pighizzini and Shallit in [39]. In this case, the tight bounds are given by
the number of states in the noncyclic and in the cyclic parts of the resulting
automata.

3.1 Ternary Case

Our first result shows that the upper bounds m2n − k2n−1 are also tight if
the first automaton has k accepting states, where 0 < k < m. We prove it
using a ternary alphabet.

Theorem 1. For any integers m, n, k such that m ≥ 2, n ≥ 2, and 0 <
k < m, there exist a ternary DFA A of m states and k accepting states,
and a ternary DFA B of n states such that any DFA accepting the language
L(A)L(B) needs at least m2n − k2n−1 states.

8
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Proof. Let m, n, and k be arbitrary but fixed integers such that m ≥ 2, n ≥ 2,
and 0 < k < m. Let Σ = {a, b, c}.
Define an m-state DFA A = (QA, Σ, δA, q0, FA), where QA = {q0, q1, . . . , qm−1},
FA = {qm−k, qm−k+1, . . . , qm−1}, and for any i ∈ {0, 1, . . . , m − 1},

δA(qi, X) =























qi+1, if i < m − k and X = a,
q0, if i ≥ m − k and X = a,
qi, if X = b,
qm−1, if i = 0 and X = c,
qi−1, if i > 0 and X = c.

Define an n-state DFA B = (QB, Σ, δB, 0, FB), where QB = {0, 1, . . . , n−1},
FB = {n − 1}, and for any i ∈ {0, 1, . . . , n − 1},

δB(i, X) =























1, if i = 0 and X = a,
i, if i > 0 and X = a,
i + 1, if i < n − 1 and X = b,
0, if i = n − 1 and X = b,
i, if X = c.

The DFA A and B are shown in Fig. 3.1 and Fig. 3.2, respectively.
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Figure 3.1: The deterministic finite automaton A; f = m − k.
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Figure 3.2: The deterministic finite automaton B.

We first describe an NFA accepting the language L(A)L(B), then we
construct an equivalent DFA and show that the DFA has at least m2n−k2n−1

states no two of which are equivalent.
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Consider the NFA C = (Q, Σ, δ, q0, {n − 1}), where Q = QA ∪ QB, and
for q ∈ Q and X ∈ Σ, δ(q, X) = {δA(q, X)} if q ∈ QA \ FA, δ(q, X) =
{δA(q, X), δB(0, X)} if q ∈ FA, and δ(q, X) = {δB(q, X)} if q ∈ QB, see
Fig. 3.3.
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Figure 3.3: The nondeterministic finite automaton C.

The NFA C accepts the language L(A)L(B). Let C ′ = (2Q, Σ, δ′, {q0}, F
′) be

the DFA obtained from the NFA C by the subset construction. Let R be the
following system of sets: R = {{q}∪S | q ∈ QA\FA and S ⊆ QB}∪{{q}∪S |
q ∈ FA, S ⊆ QB, and 0 ∈ S}, i.e., any set in R consists of exactly one state
of QA and some states of QB, and if a set in R contains a state of FA, then it
also contains state 0. There are m2n−k2n−1 sets in R. To prove the theorem
it is sufficient to show that (I) any set in R is a reachable state of the DFA
C ′ and (II) no two different states in R are equivalent.

We prove (I) by induction on the size of sets. The singletons {q0}, {q1}, . . . ,
{qm−k−1} are reachable since {qi} = δ′({q0}, a

i) for i = 0, 1, . . . , m − k − 1.
Let 1 ≤ t ≤ n and assume that any set in R of size t is a reachable state of the
DFA C ′. Using this assumption we prove that any set {qi, j1, j2, . . . , jt}, where
0 ≤ j1 < j2 < · · · < jt < n if 0 ≤ i < m − k, and 0 = j1 < j2 < · · · < jt < n
if m − k ≤ i < m, is a reachable state of the DFA C ′. There are two cases:

(i) j1 = 0. Then we have {qi, 0, j2, . . . , jt} = δ′({q0, j2, . . . , jt}, c
m−i) for i =

0, 1, . . . , m−2, and {qm−1, 0, j2, . . . , jt} = δ′({q0, j2, . . . , jt}, c
m+1), where

the set {q0, j2, . . . , jt} is reachable by induction.

(ii) j1 ≥ 1 and 0 ≤ i < m − k. Then we have {qi, j1, j2, . . . , jt} = δ′({q0, 0,
j2 − j1, . . . , jt − j1}, b

j1ai), where the latter set is considered in case (i).

To prove (II) let {qi} ∪ S and {ql} ∪ T be two different states in R with
0 ≤ i ≤ l ≤ m − 1. There are two cases:

(i) i < l. Then the string ciam−kbn−1 is accepted by the DFA C ′ starting
in state {qi} ∪S but it is not accepted by C ′ starting in state {ql} ∪ T.
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(ii) i = l. Without loss of generality, there is a state j in QB such that
j ∈ S and j /∈ T (note that j ≥ 1 if m − k ≤ i ≤ m − 1). Then the
string bn−1−j is accepted by the DFA C ′ starting in state {qi} ∪ S but
it is not accepted by C ′ starting in state {ql} ∪ T.

3.2 Binary Case

We now strengthen the above result by using a binary alphabet to define wit-
ness languages for an arbitrary number of final states in the first automaton.

Theorem 2. For all integers m, n, k such that m ≥ 2, n ≥ 2, and 0 < k < m,
there exist a binary DFA A of m states and k accepting states, and a binary
DFA B of n states such that every DFA accepting the language L(A)L(B)
needs at least m2n − k2n−1 states.

Proof. Let m, n, and k be arbitrary but fixed integers such that m ≥ 2, n ≥ 2,
and 0 < k < m. Let Σ = {a, b}.

Define an m-state DFA A = (QA, Σ, δA, q0, FA), where QA = {q0, . . . , qm−1},
FA = {qm−k, qm−k+1, . . . , qm−1}, and for any i ∈ {0, 1, . . . , m − 1},

δA(qi, X) =

{

q(i+1) mod m, if X = a,
qi, if X = b.

Define an n-state DFA B = (QB, Σ, δB, 0, FB), where QB = {0, . . . , n−1},
FB = {n − 1}, and for any i ∈ {0, 1, . . . , n − 1},

δB(i, X) =







(i + 1) mod n, if X = a,
0, if i = 0 and X = b,
(i + 1) mod n, if i > 0 and X = b.

The DFA A and B are shown in Fig. 3.4 and Fig. 3.5, respectively.
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Figure 3.4: The deterministic finite automaton A; f = m − k.
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Figure 3.5: The deterministic finite automaton B.

We first describe an NFA accepting the language L(A)L(B), then we
construct an equivalent DFA, and show that the DFA has at least m2n−k2n−1

reachable states no two of which are equivalent.
Consider the NFA C = (Q, Σ, δ, q0, F ), where Q = QA∪QB, F = {n−1},

and for any q ∈ Q and any X ∈ Σ,

δ(q, X) =







{δA(q, X)}, if q ∈ QA \ FA,
{δA(q, X), δB(0, X)}, if q ∈ FA,
{δB(q, X)}, if q ∈ QB,

see Fig. 3.6.
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Figure 3.6: The nondeterministic finite automaton C.

Clearly, the NFA C accepts the language L(A)L(B). Let C ′ = (2Q, Σ, δ′, {q0}, F
′)

be the DFA obtained from the NFA C by the subset construction. Let R be
the following system of sets:

R = {{q}∪S | q ∈ QA\FA and S ⊆ QB}∪{{q}∪S | q ∈ FA, S ⊆ QB and 0 ∈ S},

i.e., any set in R consists of exactly one state of QA and some states of QB,
and if a set in R contains a state of FA, then it also contains state 0. There
are m2n − k2n−1 sets in R. To prove the theorem it is sufficient to show that
(I) any set in R is a reachable state of the DFA C ′ and (II) no two different
states in R are equivalent.
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We prove (I) by induction on the size of sets. The singletons {q0}, {q1}, . . . ,
{qm−k−1} are reachable since {qi} = δ′({q0}, a

i) for i = 0, 1, . . . , m − k − 1.
Let 1 ≤ s ≤ n and assume that any set in R of size s is a reachable state of
the DFA C ′. Using this assumption we prove that any set {qi, j1, j2, . . . , js},
where

0 ≤ j1 < j2 < · · · < js ≤ n − 1 if 0 ≤ i ≤ m − k − 1, and
0 = j1 < j2 < · · · < js ≤ n − 1 if m − k ≤ i ≤ m − 1,

is a reachable state of the DFA C ′. There are four cases:

(i) m− k + 1 ≤ i ≤ m− 1 and j1 = 0. We prove this case by induction on
i. For i = m − k + 1, we have

{qm−k+1, 0, j2, . . . , js} = δ′({qm−k−1, j2 − 1, . . . , js − 1}, aabn−1),

where the latter set is reachable by induction on s. Next, since

{qi+1, 0, j2, . . . , js} = δ′({qi, 0, j2, . . . , js}, abn−1)

for i = m − k + 1, m − k + 2, . . . , m − 2, we are ready in this case.

(ii) i = 0. In the case of k = 1, we have

{q0, 0, j2, . . . , js} = δ′({qm−2, j2 − 1, . . . , js − 1}, aabn−1),

and for j1 ≥ 1,

{q0, j1, j2, . . . , js} = δ′({qm−2, j2 − j1 − 1, . . . , js − j1 − 1}, aabj1−1),

where the sets {qm−2, j2 − 1, . . . , js − 1} and {qm−2, j2 − j1 − 1, . . . , js −
j1 − 1} of size s are reachable by induction.

In the case of k ≥ 2, we have

{q0, 0, j2, . . . , js} = δ′({qm−1, 0, j2, . . . , js}, abn−1),

and for j1 ≥ 1,

{q0, j1, j2, . . . , js} = δ′({qm−1, 0, j2 − j1, . . . , js − j1}, abj1−1),

where the sets {qm−1, 0, j2, . . . , js} and {qm−1, 0, j2− j1, . . . , js − j1} are
considered in case (i).

(iii) 1 ≤ i ≤ m − k − 1. Then we have

{qi, j1, j2, . . . , js} = δ′({q0, (j1 − i) mod n, . . . , (js − i) mod n}, ai),

where the latter set is considered in case (ii).
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(iv) i = m − k and j1 = 0. Then we have

{qm−k, 0, j2, . . . , js} = δ′({qm−k−1, j2 − 1, . . . , js − 1, n − 1}, a),

where the latter set is considered in case (iii).

To prove (II) let {qi}∪S and {qj}∪T be two different states in the system
R with 0 ≤ i ≤ j ≤ m − 1. There are two cases:

(i) i = j. Without loss of generality, there is a state l in QB such that
l ∈ S and l /∈ T (note that l ≥ 1 if m − k ≤ i ≤ m − 1). Then, the
string an−1−l is accepted by the DFA C ′ starting in state {qi} ∪ S but
it is not accepted by the DFA C ′ starting in state {qj} ∪ T.

(ii) i < j. We will consider two subcases:

(a) j − i ≤ k. Let v = am−1−jbnaabn−2. Then

qm−j+i ∈ δ(qi, a
m−1−jbna),

where m − k ≤ m − j + i ≤ m − 1. It follows that

n − 1 ∈ δ(qm−j+i, abn−2),

and so the string v is accepted by the DFA C ′ starting in state
{qi} ∪ S. On the other hand, we have

δ′({qj} ∪ T, am−1−jbna) = {q0, 1} and δ′({q0, 1}, abn−2) = {q1, 0},

so the string v is not accepted by the DFA C ′ starting in state
{qj} ∪ T.

(b) j − i > k. Let w = am−1−i−kbnaabn−2. Then

qm−k ∈ δ(qi, a
m−1−i−kbna) and n − 1 ∈ δ(qm−k, abn−2).

It follows that the string w is accepted by the DFA C ′ starting in
state {qi} ∪ S. On the other hand, we have

δ′({qj} ∪ T, am−1−i−kbna) = {q(m−i−k+j) mod m, 1},

where (m − i − k + j) mod m = j − i − k ≤ m − k − 1, and so

δ′({qj−i−k, 1}, abn−2) = {qj−i−k+1, 0}.

Thus the string w is not accepted by the DFA C ′ starting in state
{qj} ∪ T which completes our proof.



Chapter 4

Magic Numbers

We now turn our attention to a different problem. This time, we will be
interested not only in the wort-case complexity but also in all values that
can be obtained as the complexity of an operation. We are asking whether
all values between the lower and upper bound on the complexity can be
reached, or whether there are some holes in the hierarchy that are called
magic numbers in the literature [23, 13, 49].

4.1 NFA to DFA Conversion

Iwama at al. [22] stated the question of whether there always exists a min-
imal nondeterministic finite automaton (NFA) of n states whose equivalent
minimal deterministic finite automaton (DFA) has α states for all integers
n and α such that n 6 α 6 2n. The question has also been considered in
[23]. In these two papers, it is shown that if α = 2n − 2k or α = 2n − 2k − 1,
where 0 6 k 6 n/2 − 2, or if α = 2n − k, where 2 6 k 6 2n − 2 and some
coprimality condition holds, then the corresponding binary n-state NFAs re-
quiring α deterministic states do exist. In [26], appropriate NFAs has been
described for all values of n and α, however, the size of the input alphabet
for these automata grows exponentially with n. Later, in [12], the size of the
input alphabet for the witness automata has been reduced to n + 2.

In this section, we continue the research on this topic. We reduce the
input alphabet to a fixed size. We prove that for all integers n and α such
that n 6 α 6 2n, there exists a minimal nondeterministic finite automa-
ton of n states with a four-letter input alphabet whose equivalent minimal
deterministic finite automaton has exactly α states. Using terminology of
[13], this means that in the case of a four-letter alphabet, there are no magic
numbers, i.e., the holes in the hierarchy that cannot be reached as the size of

15
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a minimal DFA corresponding to a minimal n-state NFA. Let us note that
in the case of a unary alphabet, all numbers from e(1+o(1))·

√
n lnn to 2n are

known to be magic since every n-state unary NFA can be simulated by an
e(1+o(1))·

√
n ln n-state DFA [34, 8, 13]. Moreover, it has been recently shown in

[13] that there are much more magic than non-magic numbers in the range

from n to e(1±o(1))·(
√

n ln n) in the unary case. The question of whether or not
there are some magic numbers for binary and ternary alphabets seems to be
a challenging open problem.

To describe appropriate NFAs we use the following result showing that
every integer can be expressed as a sum of powers of 2 decreased by 1, if the
smallest summand can possibly be taken twice.

Lemma 2. Let k be a positive integer. Then for each integer m such that
1 6 m < 2k, one of the following three cases holds:

m = 2k − 1 (4.1)

m = (2k1 − 1) + (2k2 − 1) + · · ·+ (2kℓ−1 − 1) + (2kℓ − 1) (4.2)

m = (2k1 − 1) + (2k2 − 1) + · · ·+ (2kℓ−1 − 1) + 2 · (2kℓ − 1) (4.3)

where 1 6 ℓ 6 k − 1, and k − 1 > k1 > k2 > · · · > kℓ > 1.

Proof. We prove the lemma by induction on k.
Let k = 1. Then m = 1 = 21 − 1, and so (4.1) holds.
Let k > 1 and assume that the lemma holds for all integers less then k.

Using this assumption we prove that it also holds for k.
Let 1 6 m < 2k. If m = 2k − 1, then (4.1) holds. Otherwise, let r be the

greatest integer such that m > 2r − 1. Then r 6 k − 1 and m = 2r − 1 + s,
where 0 6 s < 2r. If s = 0, then m = 2r − 1, and so (4.2) holds. Otherwise,
by induction,

s = 2r − 1, or

s = (2k1 − 1) + (2k2 − 1) + · · ·+ (2kℓ−1 − 1) + (2kℓ − 1), or

s = (2k1 − 1) + (2k2 − 1) + · · ·+ (2kℓ−1 − 1) + 2 · (2kℓ − 1),

where 1 6 ℓ 6 r − 1, and r − 1 > k1 > k2 > · · · > kℓ > 1. Then we have

m = 2 · (2r − 1), or

m = (2r − 1) + (2k1 − 1) + (2k2 − 1) + · · · + (2kℓ−1 − 1) + (2kℓ − 1), or

m = (2r − 1) + (2k1 − 1) + (2k2 − 1) + · · · + (2kℓ−1 − 1) + 2 · (2kℓ − 1),

where 1 6 ℓ + 1 6 r 6 k − 1, and k − 1 > r > k1 > k2 > · · · > kl > 1. This
concludes our proof.
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We start by describing two nondeterministic finite automata that we will
use later in our constructions. We prove several properties concerning these
two automata in the two lemmata below.

First, let us consider a k-state NFA Ak = (QA, {a, b}, δA, 1, FA), where
QA = {1, 2, . . . , k}, FA = {k}, and for each i in QA,

δA(i, a) =

{

{1, i + 1}, if 1 6 i 6 k − 1,
∅, if i = k,

δA(i, b) =

{

{i + 1}, if 1 6 i 6 k − 1,
∅, if i = k.

The automaton Ak is depicted in Figure 4.1. The next lemma shows that
every subset of the state set QA is a reachable state in the deterministic finite
automaton obtained from the NFA Ak by the subset construction.

1 ......
......
......
.......
........
............

...............................................................................................................................................
.........
.......
......
......
......
.......................................................................................... ................

a, b
.................................................... ................

............
........
......
......
......
......
......
.......
...........
.........................................................

..............
......
.......
.....

a

2 ......
......
......
.......
........
............

...............................................................................................................................................
.........
.......
......
......
......
.......................................................................................... ................

a, b
3 ......

......
......
.......
........
............

...............................................................................................................................................
.........
.......
......
......
......
.......................................................................................... ................

a, b
•• • ........................................................................................ ................

a, b
k − 1 ......

......
......
.......
........
............

...............................................................................................................................................
.........
.......
......
......
......
.......................................................................................... ................

a, b
k ......

......
......
.......
........
............

...............................................................................................................................................
.........
.......
......
......
......
......
......
......
.......
........
..............

.............................................................................................................................
........
.......
......
......
.....

.............
.............

..............
...............

................
.................

...................
.....................

........................
.............................

..........................................
....................................................................................................................................................................................................................................................................................................................................................................

.....
............

a

...........
............

..............
................

.....................
.........................................

.......................................................................................................................................................
.....
............

a
..........

..............
.............................................................................

......
............

a

Figure 4.1: The nondeterministic finite automaton Ak.

Lemma 3. Let A′
k = (2QA, {a, b}, δ′A, {1}, F ′

A) be the DFA obtained from the
NFA Ak by the subset construction. Then every subset of the state set QA is
reachable in the DFA A′

k.

Proof. The proof is by induction on the cardinality of subsets. The empty
set and all the singletons are reachable because

∅ = δ′A({1}, bk) and {i} = δ′A({1}, bi−1) for all i = 1, 2, . . . , k.

Let 2 6 t 6 k and assume by induction that every subset of the state set QA

of size t − 1 is reachable in the DFA A′
k. Let {i1, i2, . . . , it} be a subset of

size t such that 1 6 i1 < i2 < · · · < it 6 k. Then

{i1, i2, . . . , it} = δ′A({i2 − i1, i3 − i1, . . . , it − i1}, abi1−1),

where the latter subset of size t − 1 is reachable by induction. Thus the set
{i1, i2, . . . , it} is reachable and our proof is complete.
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Now, consider the following (k+1)-state NFA Bk = (QB, {a, b}, δB, 0, {k}),
where QB = {0, 1, 2, . . . , k}, and for each i in QB,

δB(i, a) =







{0, 1}, if i = 0,
{i + 1}, if 1 6 i 6 k − 1,
{1, 2, . . . , k}, if i = k,

δB(i, b) =







{0}, if i = 0,
{i + 1}, if 1 6 i 6 k − 1,
{1, 2, . . . , k}, if i = k.

The automaton Bk is shown in Figure 4.2. Note that if we would omit
all the transitions defined in the final state k, then the resulting automaton
would accept all strings containing a symbol a in the k-th position from the
end.
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Figure 4.2: The nondeterministic finite automaton Bk.

Let B′
k be the deterministic finite automaton obtained from the NFA Bk

by the subset construction. The DFA B′
4 (or, to be more precise, its reachable

states, each of which contains the initial state 0 of the NFA B4) is shown in
Figure 4.3. The automaton in the figure looks like a binary tree whose leaves
go to state {0, 1, 2, 3, 4} on a and b.

In the following, we will consider states {0, 2}, {0, 2, 3}, . . . , {0, 2, 3, . . . , r}, . . . ,
{0, 2, 3, . . . , k} of the DFA B′

k. Notice that

{0, 2} ⊂ {0, 2, 3} ⊂ . . . ⊂ {0, 2, 3, . . . , r} ⊂ . . . ⊂ {0, 2, 3, . . . , k}

which is a property that will play a crucial role in the proof of our main result.
Before stating the next lemma we introduce some notation. Let 2 6 r 6 k.
Let

R1,1 = {R ⊆ QB | R = δ′B({0, 1}, w) for some w in {a, b}∗},

R1,r = {R ⊆ QB | R = δ′B({0, 1, 2, 3, . . . , r}, w) for some w in {a, b}∗},

R2,r = {R ⊆ QB | R = δ′B({0, 2, 3, 4, . . . , r}, w) for some w in {a, b}∗},
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Figure 4.3: The deterministic finite automaton B′
4.

that is, R1,1, R1,r, and R2,r are the sets of states of the DFA B′
k that are

reachable from states {0, 1}, {0, 1, 2, 3, . . . , r}, and {0, 2, 3, 4, . . . , r}, respec-
tively. For example, in our Figure 4.3, we have

R1,3 =
{

{0, 1, 2, 3}, {0, 1, 2, 3, 4}, {0, 2, 3, 4}
}

and
R2,3 =

{

{0, 2, 3}, {0, 1, 3, 4}, {0, 3, 4}, {0, 1, 2, 3, 4}
}

.

Lemma 4. Let 2 6 s 6 r 6 k and let R1,1, R1,r, and R2,r be as above. Then
we have:

(i) State {0, 1, 2, 3, . . . , k} is a member of the sets R1,1, R1,r, and R2,r.

(ii) The size of the set R1,1 is 2k − 1.

(iii) The size of the set R1,r and of the set R2,r \ {{0, 1, 2, 3, . . . , k}} is
2k−r+1 − 1.

(iv) The sets R1,r and R2,s have only state {0, 1, 2, 3, . . . , k} in common.

(v) If s < r, then the sets R2,s and R2,r have only state {0, 1, 2, 3, . . . , k}
in common.

Proof. First, notice that each reachable state of the DFA B′
k contains the

initial state 0 of the NFA Bk since state 0 goes to itself on a and b in the
NFA Bk.
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To prove (i) note that state k of the NFA Bk is reachable from each state
of this NFA and the transitions on a and b from state k go to {1, 2, . . . , k}.

To prove the rest of the lemma let us see how the sets R1,r and R2,r

look like. Figures 4.4 and 4.5 show which states are reachable from states
{0, 1, 2, 3, . . . , r} and {0, 2, 3, 4, . . . , r}, respectively, by a string of length at
most two.
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Figure 4.4: The states reachable from state {0, 1, 2, 3, . . . , r} by
ε, a, b, aa, ab, ba, bb.
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Figure 4.5: The states reachable from state {0, 2, 3, 4, . . . , r} by
ε, a, b, aa, ab, ba, bb.

Let 1 6 r 6 k. We prove that the set of states that are reachable from
state {0, 1, 2, 3, . . . , r} by strings of length ℓ with 0 6 ℓ 6 k − r is

{

{0} ∪ S ∪ {1 + ℓ, 2 + ℓ, 3 + ℓ, . . . , r + ℓ} | S ⊆ {1, 2, . . . , ℓ}
}

.

The proof is by induction on ℓ. The claim trivially holds for ℓ = 0. Assume
that 0 6 ℓ 6 k−r−1, and that the claim holds for ℓ. Let us show that it also
holds for ℓ + 1. Let w be a string in {a, b}∗ of length ℓ + 1. Then w = va or
w = vb, where v is a string of length ℓ. By induction, state {0, 1, 2, 3, . . . , r}
goes by the string v to a state {0} ∪ S ∪ {1 + ℓ, 2 + ℓ, 3 + ℓ, . . . , r + ℓ} for
some subset S of {1, 2, . . . , ℓ}. This state goes by a to state

{0} ∪ {1} ∪ {j + 1 | j ∈ S} ∪ {1 + ℓ + 1, 2 + ℓ + 1, 3 + ℓ + 1, . . . , r + ℓ + 1},
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and by b to state

{0} ∪ {j + 1 | j ∈ S} ∪ {1 + ℓ + 1, 2 + ℓ + 1, 3 + ℓ + 1, . . . , r + ℓ + 1},

where {1}∪{j +1 | j ∈ S} and {j +1 | j ∈ S} are subsets of {1, 2, . . . , ℓ+1}.
Now, let S ′ is a subset of {1, 2, . . . , ℓ + 1}. We need to show that the state

{0} ∪ S ′ ∪ {1 + ℓ + 1, 2 + ℓ + 1, 3 + ℓ + 1, . . . , r + ℓ + 1} (4.4)

is reachable from state {0, 1, 2, 3, . . . , r} by a string of length ℓ + 1. If 1 /∈ S ′,
then the set (4.4) can be reached from the set

{0} ∪ {j − 1 | j ∈ S ′} ∪ {1 + ℓ, 2 + ℓ, 3 + ℓ, . . . , r + ℓ} (4.5)

by b. If 1 ∈ S ′, then the set (4.4) can be reached from the set

{0} ∪ {j − 1 | j ∈ S ′ and j 6= 1} ∪ {1 + ℓ, 2 + ℓ, 3 + ℓ, . . . , r + ℓ}(4.6)

by a. By the induction hypothesis, the sets (4.5) and (4.6) are reachable from
state {0, 1, 2, 3, . . . , r} by a string of length ℓ, which completes the proof of
our claim.

Next, note that state {0, 1, 2, 3, . . . , r} goes to state {0, 1, 2, 3, . . . , k} by
the string ak−r, and that each set reachable from state {0, 1, 2, 3, . . . , r} by
a string of length k − r contains state k which goes to {1, 2, 3, . . . , k} on a
and b in the NFA Bk. It follows that state {0, 1, 2, 3, . . . , r} goes to state
{0, 1, 2, 3, . . . , k} by each string of length more then k − r. Thus the size of
the set R1,r is 1 + 2 + 4 + · · · + 2k−r.

Now let 2 6 r 6 k. In a similar way as above, we can show that the set of
states that are reachable from state {0, 2, 3, 4, . . . , r} by the strings of length
ℓ with 0 6 ℓ 6 k− r is

{

{0}∪S∪{2+ ℓ, 3+ ℓ, . . . , r + ℓ} | S ⊆ {1, 2, . . . , ℓ}
}

,
and that state {0, 2, 3, 4, . . . , r} goes to state {0, 1, 2, 3, . . . , k} by each string
of length more then k − r. Hence |R2,r \ {{0, 1, 2, 3, . . . , k}}| = 1 + 2 + 4 +
· · · + 2k−r = 2k−r+1 − 1.

To show (iv) let 2 6 s 6 r 6 k. Assume that there is a state different
from {0, 1, 2, . . . , k} that is in R1,r ∩R2,s. Then there must be ℓ and ℓ′ with
0 6 ℓ, ℓ′ 6 k − r, and some subsets S of {1, 2, . . . , ℓ} and S ′ of {1, 2, . . . , ℓ′}
such that the sets

{0} ∪ S ∪ {1 + ℓ, 2 + ℓ, 3 + ℓ, . . . , r + ℓ} (4.7)

{0} ∪ S ′ ∪ {2 + ℓ′, 3 + ℓ′, . . . , s + ℓ′} (4.8)

are equal. This means that r + ℓ = s + ℓ′. Then 1 + ℓ′ = 1 + r − s + ℓ, which
follows that 1 + ℓ′ is in the set (4.7). However, 1 + ℓ′ is not in the set (4.8).
This is a contradiction.
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Finally, to show (v) let 2 6 s < r 6 k, and assume that there is a
state different from {0, 1, 2, . . . , k} that is in R2,s ∩ R2,r. Then for some ℓ
and ℓ′ with 0 6 ℓ, ℓ′ 6 k − r, and some subsets S of {1, 2, . . . , ℓ} and S ′ of
{1, 2, . . . , ℓ′}, the sets

{0} ∪ S ∪ {2 + ℓ, 3 + ℓ, . . . , s + ℓ} (4.9)

{0} ∪ S ′ ∪ {2 + ℓ′, 3 + ℓ′, . . . , r + ℓ′} (4.10)

are equal. Thus, s+ ℓ = r + ℓ′ and so 1+ ℓ = 1+ r− s+ ℓ′. This follows that
1 + ℓ is in the set (4.10). We again have a contradiction since 1 + ℓ is not in
the set (4.9).

We are now ready to prove the main result of this section showing that
in the case of a four-letter alphabet, there are no “magic numbers”, that is,
each value in the range from n to 2n can be obtained as the deterministic
state complexity of an n-state NFA language over a four-letter alphabet.

Theorem 3. For all integers n and α such that n 6 α 6 2n, there exists
a minimal nondeterministic finite automaton of n states with a four-letter
input alphabet whose equivalent minimal deterministic finite automaton has
α states.

Proof. Let n and α be arbitrary but fixed integers such that n 6 α 6 2n. If
α = n, then we can consider a unary n-state NFA that counts the numbers of
a’s modulo n. On the other hand, the n-state NFAs that need 2n deterministic
states are well-known [33, 36, 26] (and also the NFA An described above
requires 2n deterministic states).

Let n < α < 2n. Then there is an integer k such that 1 6 k 6 n − 1 and

n − k + 2k
6 α < n − (k + 1) + 2k+1.

It follows that
α = n − (k + 1) + 2k + m,

where m is an integer such that 1 6 m < 2k. By Lemma 2, for this integer
m, one of the following three cases holds:

m = 2k − 1 (4.11)

m = (2k1 − 1) + (2k2 − 1) + · · ·+ (2kℓ−1 − 1) + (2kℓ − 1) (4.12)

m = (2k1 − 1) + (2k2 − 1) + · · ·+ (2kℓ−1 − 1) + 2 · (2kℓ − 1) (4.13)

where 1 6 ℓ 6 k − 1, and k − 1 > k1 > k2 > · · · > kℓ−1 > kℓ > 1.
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Define an n-state NFA C = Cn,k,m = (Q, {a, b, c, d}, δ, q0, {k}), where
Q = {0, 1, 2, . . . , n− 1}, q0 = n− 1 if k < n− 1 and q0 = 1 if k = n− 1, and
for each i in Q,

δ(i, a) =















{0, 1}, if i = 0,
{1, i + 1}, if 1 6 i 6 k − 1,
{1, 2, . . . , k}, if i = k,
∅ if k + 1 6 i 6 n − 1,

δ(i, b) =























{0}, if i = 0,
{i + 1}, if 1 6 i 6 k − 1,
{1, 2, . . . , k}, if i = k,
{1}, if i = k + 1,
{i − 1}, if k + 2 6 i 6 n − 1,

δ(i, c) =

{

{i + 1}, if 0 6 i 6 k − 1,
∅, if k 6 i 6 n − 1.

Transitions on d are defined depending on m as follows:
If (4.11) holds for m, then

δ(i, d) =

{

{0, 1}, if i = 1,
∅, otherwise.

If (4.12) holds for m, then

δ(i, d) =







{0, 2, 3, 4, . . . , k − ki + 1}, if 1 6 i 6 ℓ − 1,
{0, 1, 2, 3, . . . , k − kℓ + 1}, if i = ℓ,
∅, otherwise.

If (4.13) holds for m, then

δ(i, d) =







{0, 2, 3, 4, . . . , k − ki + 1}, if 1 6 i 6 ℓ,
{0, 1, 2, 3, . . . , k − kℓ + 1}, if i = ℓ + 1,
∅, otherwise.

The NFA Cn,k,m for m = 2k−1 − 1 is shown in Figure 4.6; notice that
in this case, transitions on d are defined only in state 1 and go to {0, 1, 2}.
Figure 4.7 shows transitions on b and d in the NFA Cn,k,m for

m = (2k−1 − 1) + 2 · (2k−2 − 1);

here, transitions on d are defined in states 1, 2, and 3 and go to sets
{0, 2}, {0, 2, 3}, and {0, 1, 2, 3}, respectively.
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Note that the transitions on a and b in states 1, 2, . . . , k − 1 are defined
in the same way as for the automaton Ak, while the transitions on these
two letters in states 0, 1, 2, . . . , k are defined as for the automaton Bk except
for transitions on a going to state 1 from states 1, 2, . . . , k − 1. Transitions
on d are defined in states 1, 2, . . . , ℓ if (4.12) holds for m, and in states
1, 2, . . . , ℓ, ℓ + 1 if (4.13) hold for m, and go either to a set {0, 2, 3, 4, . . . , r}
or to a set {0, 1, 2, 3, . . . , r}. As we will see later, this assures that all subsets
of the set {1, 2, . . . , k} and m subsets of the set {0, 1, 2, . . . , k} containing
state 0 are reachable in the DFA C ′ obtained from the NFA C by the subset
construction. Transitions on c will be used to prove the inequivalence of these
reachable subsets.
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Figure 4.6: The NFA Cn,k,m, where m = 2k−1 − 1.
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Figure 4.7: Transitions on b, d in Cn,k,m : m = (2k−1 − 1) + 2 · (2k−2 − 1).

We are going to prove that:

(i) The NFA C is minimal.

(ii) The DFA C ′ obtained from the NFA C by the subset construction has
n − (k + 1) + 2k + m reachable states.

(iii) The reachable states of the DFA C ′ are pairwise inequivalent.

Then, since α = n − (k + 1) + 2k + m, the theorem follows immediately.
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To prove (i) consider the following sets of pairs of strings

A =
{

(bi−1, bn−k−ick−1) | i = 1, 2, . . . , n − k
}

,

B =
{

(bn−k−1ci, ck−1−i) | i = 1, 2, . . . , k − 1
}

,

C =
{

(bn−k−1d, ck)
}

.

We will prove that the set A ∪ B ∪ C is a fooling set for the language L(C).
We need to show that (1) and (2) in Definition 1 hold.

To prove (1) note that the strings bn−k−1ck−1 and bn−k−1dck are in the
language L(C) since the initial state of the NFA C goes to state 1 by the
string bn−k−1 and then to the accepting state k by the string ck−1; next, state
1 goes to state 0 by d and then to the accepting state k by the string ck.

To prove (2) we have five cases to consider:

(a) Let (bi−1, bn−k−ick−1) and (bj−1, bn−k−jck−1), where 1 6 i < j 6 n − k,
be two different pairs in A; note that in such a case we have k < n−1.
Then the string bi−1bn−k−jck−1 is not in the language L(C) since the
initial state n − 1 goes by bn−k−1−j+i to rejecting state k + j − i, in
which transitions on c are not defined because k + j − i > k.

(b) Let (bn−k−1ci, ck−1−i) and (bn−k−1cj , ck−1−j) where 1 6 i < j 6 k − 1,
be two different pairs in B. Then the string bn−k−1cjck−1−i is not in the
language L(C) since the initial state goes to state 1 by the string bn−k−1,
from which the string ck−1+j−i is not accepted because k − 1 + j − i >
k − 1.

(c) Let (bi−1, bn−k−ick−1), where 1 6 i 6 n − k, be a pair in A and
(bn−k−1cj , ck−1−j), where 1 6 j 6 k − 1, be a pair in B. Then the
string bi−1ck−1−j is not in the language L(C) since the initial state goes
by bi−1 either to a state from {k + 1, k + 2, . . . , n − 1} or to state 1.
From no one of these states, the string ck−1−j is accepted.

(d) Let (bi−1, bn−k−ick−1), where 1 6 i 6 n − k, be a pair in A and
(bn−k−1d, ck) be the pair in C. Then the string bi−1ck is not in the
language L(C) since the string ck is accepted neither from a state in
{k + 1, k + 2, . . . , n − 1} nor from state 1.

(e) Let (bn−k−1cj , ck−1−j), where 1 6 j 6 k − 1, be a pair in B and
(bn−k−1d, ck) be the pair in C. Then the string bn−k−1cjck is not in the
language L(C) since the initial state goes by bn−k−1 to state 1, from
which the string ck+j is not accepted.
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Thus the set A ∪ B ∪ C is a fooling set for the language L(C) of size n. By
Lemma 1, every NFA for the language L(C) needs at least n states. So the
NFA C is minimal and (i) is proved.

To prove (ii) let C ′ = (2Q, {a, b, c, d}, δ′, q′0, F
′) be the DFA obtained from

the NFA C by the subset construction. Consider the following systems S1,S2,
and S3 of sets of states of the NFA C (remind that the sets Ri,r were defined
before Lemma 4 on page 18):

S1 =
{

{n − 1}, {n − 2}, . . . , {k + 1}
}

∪ 2{1,2,...,k} ∪R1,1

S2 =
{

{n − 1}, {n − 2}, . . . , {k + 1}
}

∪ 2{1,2,...,k} ∪

R2,k−k1+1 ∪R2,k−k2+1 ∪ · · · ∪ R2,k−kℓ−1+1 ∪R1,k−kℓ+1,

S3 =
{

{n − 1}, {n − 2}, . . . , {k + 1}
}

∪ 2{1,2,...,k} ∪

R2,k−k1+1 ∪R2,k−k2+1 ∪ · · · ∪ R2,k−kℓ−1+1 ∪R2,k−kℓ+1 ∪R1,k−kℓ+1.

We will prove that S1 (S2,S3) is the system of all reachable states of the DFA
C ′ in the case that (4.11) holds for m ((4.12), (4.13) holds for m, respectively).
We give the proof for S2; the other cases are similar.

Let m = (2k1 − 1) + (2k2 − 1) + · · · + (2kℓ−1 − 1) + (2kℓ − 1), where
1 6 ℓ 6 k − 1, and k − 1 > k1 > k2 > · · · > kℓ > 1. We need to show that
each set in S2 is a reachable state of the DFA C ′ and that no other subset of
the state set Q is reachable in C ′.

The singletons {n− 1}, {n− 2}, . . . , {k + 1}, and {1} are reachable since
they can be reached from the initial state of the DFA C ′ by reading an
appropriate numbers of b’s.

By Lemma 3, every nonempty subset of the set {1, 2, . . . , k} is reach-
able because state {1} is reachable and the transitions on a and b in states
1, 2, . . . , k − 1, that were used in the proof of Lemma 3, are the same as in
the NFA Ak. The empty set is reachable since ∅ = δ′({1}, ck).

Next, state {i}, which is reachable from state {1} by bi−1, goes by d to
state {0, 2, 3, . . . , k − ki + 1} for i = 1, 2, . . . , ℓ − 1, and state {ℓ} goes by
d to state {0, 1, 2, 3 . . . , k − kℓ + 1}. The reachability of the sets R2,k−k1+1,
R2,k−k2+1, . . . , R2,k−kℓ−1+1, and R1,k−kℓ+1 then follows from their definition
and the fact that the transitions on a and b in states 0, 1, 2, . . . , k are almost
the same as in the NFA Bk; notice that the transitions on a to state 1 do
not mind since the sets in Ri,r always contain state 0 and this state goes to
state 1 on a in the NFA Bk.

Thus each set in the system S2 is a reachable state of the DFA C ′. To
prove that no other subset of the state set Q is reachable it is sufficient to
show that for each set S in the system S2, the sets δ′(S, a), δ′(S, b), δ′(S, c),
and δ′(S, d) are again in the system S2. Let us show this first for the symbols
a, b, and c.
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If S is one of the singletons {n − 1}, {n − 2}, . . . , {k + 1}, then the sets
δ′(S, a) and δ′(S, c) are empty, and the set δ′(S, b) is either one of the sin-
gletons {n − 2}, {n − 3}, . . . , {k + 1}, or is equal to {1}. If S is a subset of
the set {1, 2, . . . , k}, then the sets δ′(S, a), δ′(S, b), and δ′(S, c) are also some
subsets of the set {1, 2, . . . , k}. If S is a set in R2,r (or in R1,r) for some r,
then the sets δ′(S, a) and δ′(S, b) are also in R2,r (in R1,r, respectively), and
the set δ′(S, c) is a subset of the set {1, 2, . . . , k}.

In the case of the symbol d, it is important to notice that δ(1, d) ⊂
δ(2, d) ⊂ . . . ⊂ δ(ℓ − 1, d) ⊂ δ(ℓ, d), and in the other states, transitions on d
are not defined. It follows that δ′(S, d) is either the empty set or is equal to
δ(j, d) for the greatest integer j in {1, 2, . . . , ℓ} that is in S.

We have shown that for each set S in the system S2, the sets δ′(S, a), δ′(S, b),
δ′(S, c), and δ′(S, d) are again in the system S2. This means that S2 is the
system of all reachable states of the DFA C ′.

By Lemma 4, the size of the set R2,k−ki+1 \ {{0, 1, 2, 3, . . . , k}} is 2ki − 1
for i = 1, 2, . . . , ℓ−1, the size of the set R1,k−kℓ+1 is 2kℓ −1, and these sets are
pairwise disjoint accept for they all contain state {0, 1, 2, 3, . . . , k}. It follows
that

|S2| = n − (k + 1) + 2k + (2k1 − 1) + · · · + (2kℓ−1 − 1) + (2kℓ − 1) =

n − (k + 1) + 2k + m = α.

Hence the DFA C ′ has exactly α reachable states, which proves (ii).
To prove (iii) let S and T be two different reachable states of the DFA

C ′. If both S and T are some subsets of the set {0, 1, 2, . . . , k}, then, without
loss of generality, there is a state j in {0, 1, 2, . . . , k} such that j ∈ S and
j /∈ T. Then the string ck−j is accepted by the DFA C ′ from state S but not
from state T. If S is a subset of {0, 1, 2, . . . , k} and T is one of the singletons
{n − 1}, {n− 2}, . . . , {k + 1}, then a string from c∗ distinguishes S and T if
S 6= ∅, and a string from b+ck−1 distinguishes them otherwise. If S = {i}
and T = {j}, where k + 1 6 i < j 6 n − 1, then the string bi−kck−1 is
accepted by the DFA C ′ from state S but not from state T. This completes
our proof.

4.2 Union and Intersection

In this section we study the magic numbers problem for deterministic and
nondeterministic state complexity of union and intersection of two regular
languages.
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4.2.1 Union and Intersection and State Complexity

We first investigate the state complexity of languages resulting from the union
or intersection of two DFA languages. It is known [35, 44] that the union
of an m-state DFA language and an n-state DFA language can be accepted
by an mn-state DFA. This upper bound can be reached by the union of
two binary languages [35]. The same result for intersection follows from de
Morgan’s law and the fact that the state complexity of a regular language is
the same as the state complexity of its complement.

We show that for all integers m, n, and α such that m > 2, n > 2, and
1 6 α 6 mn, there exist an m-state DFA language and an n-state DFA
language such that the minimal DFA for the union of these languages has
exactly α states. The same result for intersection then follows immediately.
In the case of m = 1, the language accepted by a 1-state DFA is either empty
or equals Σ∗, and so we get the following result.

Proposition 1. The state complexity of the union of a 1-state DFA language
and an n-state DFA language is either 1 or n.

In the following two lemmata, we assume 2 6 m 6 n. The first lemma
shows that all values of α between 1 and m can be reached by the union of
an m-state DFA language and an n-state DFA language. The second lemma
shows the same result for the values between m + 1 and m + n− 2. To prove
the results we use a unary alphabet in Lemma 5 and a binary alphabet in
Lemma 6.

Lemma 5. For all integers m, n, α such that m > 2 and 1 6 α 6 m 6 n,
there exist a minimal DFA A of m states and a minimal DFA B of n states
such that the minimal DFA for the language L(A) ∪ L(B) has α states.

Proof. Let m, n, and α be arbitrary but fixed integers with 1 6 α 6 m 6 n.
Let Σ = {a}.

Let A = ({q0, q1, . . . , qm−1}, Σ, δA, q0, {qm−1}), where δ(qi, a) = qi+1 for
i = 0, 1, . . . , m − 2, and δ(qm−1, a) = qm−1. The DFA A accepts the lan-
guage {ai | i > m − 1} and is minimal since it does not contain equivalent
states. In the case of α = m = n, we set B = A and then the lemma
follows. Otherwise, let B = ({p0, p1, . . . , pn−1}, Σ, δB, p0, {pα−1, . . . , pn−2}),
where δB(pi, a) = pi+1 for i = 0, 1, . . . , n − 2, and δB(pn−1, a) = pn−1. The
DFA B is the minimal DFA for the language {ai | α − 1 6 i 6 n − 2}.
The union of the languages accepted by the DFAs A and B is the language
L(A) ∪ L(B) = {ai | i > α − 1}. The minimal DFA for this language has α
states.
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Lemma 6. For all integers m, n, α such that 2 6 m 6 n and m + 1 6 α 6

m + n − 2, there exist a minimal DFA A of m states and a minimal DFA B
of n states such that the minimal DFA for the language L(A) ∪ L(B) has α
states.

Proof. Let m, n, and α be arbitrary but fixed integers such that 2 6 m 6 n
and m+1 6 α 6 m+n−2. Then α can be expressed as α = m+k for some
integer k with 1 6 k 6 n − 2. Let Σ = {a, b}.

Let B be the minimal n-state DFA over Σ for the language {bi | i >

k} ∪ {an−k−2}. To define the DFA A we consider two cases:

(i) m 6 n − k. Let A be the minimal m-state DFA over the alphabet Σ
for the language {ai | i > m − 2}. Since m 6 n − k, the union of the
languages accepted by the DFAs A and B is the language L(A)∪L(B) =
{ai | i > m− 2}∪ {bi | i > k}. The minimal DFA for this language has
m + k states.

(ii) m > n − k. Let A be the minimal m-state DFA over the alphabet
Σ for the language {am−2}. Since m > n − k, the union of the lan-
guages accepted by the DFAs A and B is the language L(A)∪L(B) =
{an−k−2, am−2} ∪ {bi | i > k}. The minimal DFA for this language has
m + k states.

The next lemma shows that all the values between m+n−1 and mn can
be reached by the union of an m-state DFA language and an n-state DFA
language over a ternary alphabet.

Lemma 7. For all integers m, n, α with m > 2, n > 2, and m+n− 1 6 α 6

mn, there exist a minimal DFA A of m states and a minimal DFA B of n
states such that the minimal DFA for the language L(A)∪L(B) has α states.

Proof. Let m, n, and α be arbitrary but fixed integers such that m > 2, n > 2,
and m + n− 1 6 α 6 mn. Then α can be expressed as α = m + s(n− 1) + t
for some integers s and t such that 1 6 s 6 m − 1 and 0 6 t 6 n − 1. Let
Σ = {a, b, c}.

Define an m-state DFA A = (QA, Σ, δA, q0, FA), where QA = {q0, . . . , qm−1},
FA = {qm−1}, and for each i ∈ {0, 1, . . . , m − 1} and each X ∈ Σ,

δA(qi, X) =























q(i+1) mod m, if X = a,
qi, if i < s and X = b,
q0, if i > s and X = b,
qi, if i = s and X = c,
q0, if i 6= s and X = c.
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Define an n-state DFA B = (QB, Σ, δB, p0, FB), where QB = {p0, . . . , pn−1},
FB = {pn−1}, and for each i ∈ {0, 1, . . . , n − 1} and each X ∈ Σ,

δB(pi, X) =















p0, if X = a,
p(i+1) mod n, if X = b,
pi+1, if i < t and X = c,
p0, if i > t and X = c.

The DFA A and B are shown in Fig. 4.8.
Both automata are minimal since the string am−1−i distinguishes states

qi and qj with i 6= j, and the string bn−1−i distinguishes states pi and pj with
i 6= j.
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Figure 4.8: The deterministic finite automata A and B.

Let C = (QA × QB, Σ, δ, [q0, p0], F ), where F = {[q, p] ∈ QA × QB | q ∈
FA or p ∈ FB}, be the cross-product of automata A and B accepting the
language L(A)∪L(B). We are going to prove that the DFA C has exactly α
reachable states no two of which are equivalent. Let R be the following set
of states of the DFA C

R = {[qi, p0] | 0 6 i < m}∪{[qi, pj] | 0 6 i < s, 1 6 j < n}∪{[qs, pj] | 1 6 j 6 t}.

There are m + s(n − 1) + t states in the set R. Any state in R is reachable
in the DFA C because we have:
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[qi, p0] = δ([q0, p0], a
i) for i = 0, 1, . . . , m − 1,

[qi, pj] = δ([q0, p0], a
ibj) for i = 0, 1, . . . , s − 1 and j = 1, 2, . . . , n − 1, and

[qs, pj] = δ([q0, p0], a
scj) for j = 1, 2, . . . , t.

To prove that no other state is reachable in the DFA C note that the
initial state [q0, p0] of the DFA C is in R and for each state [q, p] in R and
each symbol X in Σ the state δ([q, p], X) is in R as well.

To prove that no two different states in R are equivalent let [qi, pj ] and
[qk, pl] be two different states in R. Then, either i 6= k or j 6= l. In the first
case, these states are distinguished by the string am−1−i, and in the second
case by the string bn−1−j .

To prove the result in the lemma above we used a three-letter alphabet.
The next lemma shows that the same result holds for a binary alphabet as
well.

Lemma 8. For any integers m, n, α with m > 2, n > 2, and m+n−1 6 α 6

mn, there exist a minimal binary DFA A of m states and a minimal binary
DFA B of n states such that the minimal DFA for the language L(A)∪L(B)
has α states.

Proof. Let m, n, and α be arbitrary but fixed integers such that m > 2,
n > 2, and m + n − 1 6 α 6 mn. Let Σ = {a, b}.

First, let α can be expressed as α = rm+ sn− rs for some integers r and
s such that 1 6 r 6 n − 1 and 1 6 s 6 m − 1, that is, in the cross-product
automaton, we want to reach the first s rows and the first r columns.

Define an m-state DFA Ars = ({q0, q1, . . . , qm−1}, Σ, δ
(rs)
A , q0, {qm−1}), where

for each i ∈ {0, 1, . . . , m − 1} and each X ∈ Σ,

δ
(rs)
A (qi, X) =







q(i+1) mod m, if X = a,
qi, if i < s and X = b,
q0, if i > s and X = b.

Define an n-state DFA Brs = ({p0, p1, . . . , pn−1}, Σ, δ
(rs)
B , p0, {pn−1}), where

for each i ∈ {0, 1, . . . , n − 1} and each X ∈ Σ,

δ
(rs)
B (pi, X) =







p(i+1) mod n, if X = b,
pi, if i < r and X = a,
p0, if i > r and X = a.

Let Crs = (Q, Σ, δ(rs), [q0, p0], F ) be the cross-product of automata Ars

and Brs accepting the language L(A) ∪ L(B). We are going to prove that
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the DFA Crs has exactly α reachable states no two of which are equivalent.
Let Rrs be the following set of states:

Rrs = {[qi, pj] | (0 6 i < s and 0 6 j < n) or (0 6 j < r and 0 6 i < m)}.

There are sn + rm − rs states in the set Rrs. Any state in Rrs is reachable
in the DFA Crs because we have [qi, pj ] = δ([q0, p0], a

ibj) if i 6 s − 1, and
[qi, pj] = δ([q0, p0], b

jai) if j 6 r−1. To prove that no other state is reachable
in the DFA Crs note that the initial state [q0, p0] of the DFA Crs is in Rrs and
for any state [q, p] in Rrs and any symbol X in Σ the state δ([q, p], X) is in Rrs

as well. To prove that no two different states in Rrs are equivalent let [qi, pj]
and [qk, pl] be two different states in Rrs. The string am−1−i distinguishes
states [qi, pj] and [qk, pl] if i 6= k and the string bn−1−j distinguishes these
states if j 6= l.

Now, let r and s be an arbitrary integers such that r < n and s < m. Let
t be an integer such that 1 6 t 6 min{m − s, n − r} − 1. We are going to
define binary automata A and B such that the minimal DFA for the language
L(A) ∪ L(B) has rm + sn − rs + t states.

Define an m-state DFA A = ({q0, q1, . . . , qm−1}, Σ, δA, q0, {qm−1}), where
δA(qs+i, b) = qs+i−1, if i 6 t and i is odd, and

δA(qi, X) = δ
(rs)
A (qi, X), otherwise.

Define an n-state DFA B = ({p0, p1, . . . , pn−1}, Σ, δB, p0, {pn−1}), where
δB(pr+i, a) = pr+i−1, if i 6 t and i is even, and

δB(pi, X) = δ
(rs)
B (pi, X), otherwise.

Then, the set of reachable and pairwise inequivalent states of the cross-
product automaton for the language L(A) ∪ L(B) is

Rrs ∪ {[qs, pr+j] | j 6 t and j is even} ∪ {[qs+i, pr] | i 6 t and i is odd};

no other states are reached since each new state goes to one of these states
by a and b, and inequivalence is proved in the same way as above.

Finally, note that if t = min{m − s, n − r}, say t = m − s, then rm +
sn − rs + t = (r + 1)m + sn − (r + 1)s, i.e., rm + sn − rs + t is the size of
the minimal DFA for the language L(Ar+1s)∪L(Br+1s). The automaton Crs

with s = m − 1 and r = n − 1 has mn − 1 states. This completes our proof
since mn is the upper bound on the state complexity of intersection, which
is tight in the binary case [44].

As a corollary of the four lemmata above, we get the following result.
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Theorem 4. For all integers m, n, α such that m > 2, n > 2, and 1 6 α 6

mn, there exist a minimal binary DFA A of m states and a minimal binary
DFA B of n states such that the minimal DFA for the language L(A)∪L(B)
has α states.

The same result for intersection follows from de Morgan’s law and the fact
that the state complexity of a regular language equals the state complexity
of its complement.

Theorem 5. For all integers m, n, α such that m > 2, n > 2, and 1 6 α 6

mn, there exist a minimal binary DFA A of m states and a minimal binary
DFA B of n states such that the minimal DFA for the language L(A)∩L(B)
has α states.

4.2.2 Union and Nondeterministic State Complexity

We now turn our attention to the nondeterministic state complexity of lan-
guages resulting from the union of two NFA languages. It is known [18] that
the union of an m-state NFA language and an n-state NFA language can be
accepted by an (m + n + 1)-state NFA and this upper bound is tight for a
binary alphabet.

In this section, we show that the nondeterministic complexity of the union
of an m-state NFA language and an n-state NFA language may be arbitrary
between 1 and m + n + 1 except for the case of m = 1 and n = 1. To prove
the result we use a fooling-set lower-bound technique.

We start our investigations with the following lemma.

Lemma 9. For all integers m, n, α such that 1 6 α 6 m 6 n, there exist
a minimal NFA A of m states and a minimal NFA B of n states such that
every minimal NFA for the language L(A) ∪ L(B) has α states.

Proof. Let m, n, and α be arbitrary but fixed integers such that 1 6 α 6

m 6 n. Let Σ = {a}. Let A be a minimal m-state NFA for the language
{ai | i > m − 1} and let B be a minimal n-state NFA for the language
{ai | α − 1 6 i 6 n − 1}; note that the set {(ai−1, am−i) | i = 1, 2, . . . , m} is
a fooling set for the language L(A) and the set {(ai−1, an−i) | i = 1, 2, . . . , n}
is a fooling set for the language L(B). The union of the languages accepted
by the NFAs A and B is the language L(A) ∪ L(B) = {ai | i > α − 1}. Any
minimal NFA for this language has α states.

The next two lemmata deal with the cases of m = 1 and m = 2. Note
that the nondeterministic state complexity of the union of two 1-state NFA
languages is 1 or 3.
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Figure 4.9: The nondeterministic finite automaton B.

Lemma 10. For all integers n, α such that n > 2 and 2 6 α 6 n + 1, there
exist a 1-state NFA A and a minimal NFA B of n states such that every
minimal NFA for the language L(A) ∪ L(B) has α states.

Proof. Let n be an arbitrary but fixed integer with n > 2. Let A be a 1-state
NFA for the language {ai | i > 0}.

If α = 2, let B be a minimal n-state NFA for the language {an−2}∪{bai |
i > 0}; note that the set of pairs of strings {(ai, an−2−i) | i = 0, 1, . . . , n −
2} ∪ {(b, an)} is a fooling set for the language L(B). Then, L(A) ∪ L(B) =
{ai | i > 0} ∪ {bai | i > 0}, for which any minimal NFA has 2 states since
the set {(ε, b), (a, a)} is a fooling set for this language.

If 3 6 α 6 n + 1, let B be a minimal n-state NFA for the language
{bα−2} ∪ {an−α+2}, see Fig. 4.9. Then, L(A) ∪ L(B) = {ai | i > 0} ∪ {bα−2},
any minimal NFA for which has α states since the set {(a, a)}∪{(bi, bα−2−i) |
i = 0, 1, . . . , α − 2} is a fooling set for this language.

Lemma 11. For all integers n, α such that n > 2 and 3 6 α 6 n + 1, there
exist a minimal 2-state NFA A and a minimal NFA B of n states such that
every minimal NFA for the language L(A) ∪ L(B) has α states.

Proof. Let n and α be arbitrary but fixed integers such that n > 2 and
3 6 α 6 n+1. Let A be a minimal 2-state NFA for the language {ai | i > 0}.
Let B be a minimal n-state NFA for the language {bα−2} ∪ {an−α+2}. Then,
L(A) ∪ L(B) = {ai | i > 0} ∪ {bα−2}. Any minimal NFA for this language
has α states.

In the next lemma, we assume m and n to be at least 3 and show that
all values between m + 1 and m + n − 2 can be reached by the union of
appropriate NFAs.
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Figure 4.10: The nondeterministic finite automata C and C ′; t = n − k − 1

Lemma 12. For all integers m, n, α such that 3 6 m 6 n and m + 1 6 α 6

m + n− 2, there exist a minimal NFA A of m states and a minimal NFA B
of n states such that every minimal NFA for the language L(A) ∪ L(B) has
α states.

Proof. Let m, n, and α be arbitrary but fixed integers such that 3 6 m 6 n
and m+1 6 α 6 m+n−2. Then α can be expressed as α = m+k for some
integer k with 1 6 k 6 n − 2. Let Σ = {a, b}. Let B be a minimal n-state
NFA for the language {an−k−1, bk+1}. To define the DFA A we consider two
cases:

(i) m 6 n−k. Let A be a minimal m-state NFA for the language {ai | i >

m− 1}. The union of the languages accepted by the NFAs A and B is
the language {ai | i > m−1}∪{bk+1} which is accepted by an (m+k)-
state NFA C shown in Fig. 4.10 (top). The NFA C is minimal since
the set {(ai−1, am−i) | i = 1, 2, . . . , m}∪ {(bi, bk+1−i) | i = 1, 2, . . . , k} is
a fooling set for the language L(A) ∪ L(B).

(ii) m > n−k. Let A be a minimal m-state NFA for the language {am−1}.
The union of languages accepted by the NFAs A and B is the language
{an−k−1, am−1, bk+1} which is accepted by an (m + k)-state NFA C ′

shown in Fig. 4.10 (bottom). The NFA C ′ is minimal since the set
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of pairs of strings {(ai−1, am−i) | i = 1, 2, . . . , m} ∪ {(bi, bk+1−i) | i =
1, 2, . . . , k} is a fooling set for the language L(A) ∪ L(B).

The next two lemmata deal with the cases of α = m+n−1 and α = m+n.

Lemma 13. For all integers m, n such that m > 2 and n > 2, there exist
a minimal NFA A of m states and a minimal NFA B of n states such that
every minimal NFA for the language L(A) ∪ L(B) has m + n − 1 states.

Proof. Let m and n be arbitrary but fixed integers such that m > 2, n > 2,
and let Σ = {a, b}. Let A be an m-state NFA shown in Fig. 4.11 (top) and
let B be an n-state NFA shown in Fig. 4.11 (bottom). Both automata are
minimal since the set of pairs of strings {(ai−1, am−i) | i = 1, 2, . . . , m} is a
fooling set for the language L(A) and the set {(bi−1, bn−i) | i = 1, 2, . . . , n} is
a fooling set for the language L(B).
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Figure 4.11: The nondeterministic finite automata A and B.

The language L(A) ∪ L(B) is accepted by an (m + n − 1)-state NFA (a
cycle on a from q1 through qm−1 to q1, a cycle on b from p1 through pn−1 to
p1, and a new initial state qI going to q1 by a and to p1 by b). Since the
set of pairs of strings {(ai, am−i−1) | i = 0, 1, . . . , m − 1} ∪ {(bi, bn−1−i) | i =
1, 2, . . . , n−2}∪{(bn−1, bn−1)} is a fooling set for the language L(A)∪L(B),
any minimal NFA for this language has m + n − 1 states.

Lemma 14. For all positive integers m, n such that n > 2, there exist a
minimal NFA A of m states and a minimal NFA B of n states such that
every minimal NFA for the language L(A) ∪ L(B) has m + n states.

Proof. Let m and n be arbitrary but fixed integers with m > 1, n > 2, and
let Σ = {a, b}. Let A be a minimal m-state NFA for the language {am}∗;
note that the set {(ai, am−i) | i = 0, 1, . . . , m − 1} is a fooling set for this
language. Let B be a minimal n-state NFA for the language {bn−1}. Then
the union of the languages accepted by the NFAs A and B is accepted by an
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(m + n)-state NFA. Since the set of pairs {(ai, am−i) | i = 1, 2, . . . , m− 1} ∪
{(am, am)}∪{(bi, bn−1−i) | i = 0, 1, . . . , n−1} is a fooling set for the language
L(A) ∪ L(B), any minimal NFA for this language has m + n states.

The following result is proved in [18].

Lemma 15. For any positive integers m and n, any minimal NFA for the
union of languages {am}∗ and {bn}∗ has m + n + 1 states.

As a corollary of the lemmata above, we get the following result.

Theorem 6. For any integers m, n, α such that m > 2 or n > 2, and
1 6 α 6 m + n + 1, there exist a minimal binary NFA A of m states and
a minimal binary NFA B of n states such that any minimal NFA for the
language L(A) ∪ L(B) has α states.

4.2.3 Intersection and Nondeterministic Complexity

In this section, we study the nondeterministic state complexity of languages
resulting from the intersection of two NFA languages. The intersection of
an m-state NFA language and an n-state NFA language can be accepted by
an mn-state NFA and this upper bound is known to be tight for a binary
alphabet [18]. We show that the nondeterministic state complexity of the
intersection of an m-state NFA language and an n-state NFA language may
be arbitrary between 1 and mn. We prove the result for a ternary alphabet.

Lemma 16. For all integers m, n, α such that 1 6 α 6 m 6 n, there exist
a minimal NFA A of m states and a minimal NFA B of n states such that
every minimal NFA for the language L(A) ∩ L(B) has α states.

Proof. Let m, n, and α be arbitrary but fixed integers such that 1 6 α 6

m 6 n and let A and B be m-state and n-state NFAs accepting languages
{a, b}α−1 ∪ {am−1} and {a, b}α−1 ∪ {bn−1}, respectively. Both NFAs are
minimal since the sets of pairs of strings {(ai−1, am−i) | i = 1, 2, . . . , m}
and {(bi−1, bn−i) | i = 1, 2, . . . , n} are fooling sets for the languages L(A)
and L(B), respectively. The intersection of these languages is the language
{a, b}α−1 consisting of all strings over the alphabet {a, b} of length α − 1.
Any minimal NFA for this language has α states.

Lemma 17. For all positive integers m, n, α such that m 6 n and m 6 α 6

mn, there exist a minimal NFA A of m states and a minimal NFA B of n
states such that every minimal NFA for the language L(A) ∩ L(B) has α
states.
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Proof. Let m, n, and α be arbitrary but fixed positive integers such that
m 6 n and m 6 α 6 mn. Then α can be expressed as α = m + s(n− 1) + t,
where 0 6 s 6 m and 0 6 t < n − 1. Let Σ = {a, b, c}.

Define an m-state NFA A = (QA, Σ, δA, q0, FA), where QA = {q0, q1, . . . , qm−1},
FA = {q0} and for each i ∈ {0, 1, . . . , m − 1} and each X ∈ Σ,

δA(qi, X) =















{q(i+1) mod m}, if X = a,
{qi}, if i 6 s − 1 and X = b,
{qi}, if i = s and X = c,
∅, otherwise.

Define an n-state DFA B = (QB, Σ, δB, p0, FB), where QB = {p0, p1, . . . , pn−1},
FB = {p0}, and for each i ∈ {0, 1, . . . , n − 1} and each X ∈ Σ,

δB(pi, X) =























{p0}, if i = 0 and X = a,
{p(i+1) mod n}, if X = b,
{pi+1}, if i 6 t − 1 and X = c,
{p0}, if i = t and X = c,
∅, otherwise.

The NFA A and B are shown in Fig. 4.12. Both automata are mini-
mal since the sets of pairs of strings {(ai, am−i) | i = 0, 1, . . . , m − 1} and
{(bi, bn−i) | i = 0, 1, . . . , n − 1} are fooling sets for the languages L(A) and
L(B), respectively.
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Figure 4.12: The nondeterministic finite automata A and B.

Let C = (QA×QB, Σ, δ, [q0, p0], F ), where δ([q, p], X) = [δA(q, X), δB(p, X)]
for any X ∈ Σ, and F = FA × FB, be the cross-product of automata A and
B accepting the language L(A)∩L(B). Let R be the following set of states.

R = {[qi, p0] | 0 6 i < m} ∪ {[qi, pj] | 0 6 i < s, 1 6 j < n} ∪ {[qs, pj] |
1 6 j 6 t}. Each state in R is reachable in the NFA C because we have
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[qi, p0] ∈ δ([q0, p0], a
i) for i = 0, 1, . . . , m − 1, [qi, pj] ∈ δ([q0, p0], a

ibj) for
i = 0, 1, . . . , s − 1 and j = 1, 2, . . . , n − 1, and [qs, pj] ∈ δ([q0, p0], a

scj) for
j = 1, 2, . . . , t. Next, no other state in QA × QB is reachable in the NFA C
because the initial state [q0, p0] of the NFA C is in R and for any state [q, p]
in R and any symbol X in Σ either δ([q, p], X) ⊆ R or δ([q, p], X) = ∅. Thus
the language L(A) ∩ L(B) is accepted by an (m + s(n − 1) + t)-state NFA.
To prove the lemma consider the following sets of pairs of strings:

A = {(ai, am−i) | i = 0, 1, . . . , m − 1},
Bk = {(akbi, bn−iam−k) | i = 1, 2, . . . , n − 1}, for k = 0, 1, . . . , s − 1,
C = {(asci, ct+1−iam−s) | i = 1, 2, . . . , t}.

Let D = A∪B0 ∪B1 ∪· · ·∪Bs−1 ∪C. We will show that the set D is a fooling
set for the language L(A) ∩ L(B). We need to show that
(1) for any pair (xi, yi) in D, the string xiyi is in the language L(A) ∩ L(B),
and (2) for any two different pairs (xi, yi) and (xj , yj) in D, at least one of
the strings xiyj and xjyi is not in the language L(A) ∩ L(B).

To prove (1) note that the strings am, akbnam−k (k = 0, 1, . . . , s−1), and
asct+1am−s are in the language L(A)∩L(B). To prove (2) we have six cases:

(i) Both pairs are in A. Let 0 6 i < j 6 m − 1. Then the string aiam−j is
not in the language L(A) since 0 < m − j + i < m.

(ii) Both pairs are in Bk for some k (0 6 k 6 s − 1). Let 1 6 i < j 6

n − 1. Then the string akbibn−jam−k is not in the language L(B) since
0 < n − j + i < n.

(iii) Both pairs are in C. Let 1 6 i < j 6 t. Then the string ascict+1−jam−s

is not in the language L(B) since 0 < t + 1 − j + i < t + 1.

(iv) The first pair is in A and the second in some Bk (or in C). Then the
string akbiam−j (the string asciam−j , respectively) is not in the language
L(B) since 1 6 i 6 n − 1 (1 6 i 6 t, respectively).

(v) The first pair is in some Bk and the second in some Bl with 0 6 k <
l 6 s − 1. Then the string akbibn−jam−l is not in the language L(A)
since 0 < k + m − l < m.

(vi) The first pair is in some Bk and the second in C. Then the string
ascibn−jam−k is not in the language L(A) since i > 1 and n − j > 1.

Thus we have shown that the set D is a fooling set for the language
L(A)∩L(B). By Lemma 1, any NFA for the language L(A)∩L(B) needs at
least m + s(n − 1) + t states and our proof is complete.

As a corollary of the two lemmata above, we get the following result.
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Theorem 7. For any positive integers m, n, α such that 1 6 α 6 mn, there
exist a minimal NFA A of m states and a minimal NFA B of n states such
that any minimal NFA for the language L(A) ∩ L(B) has α states.

4.3 Complementation

We now consider the complementation operation. For DFAs, it is an efficient
operation since to accept the complement we can simply exchange accepting
and rejecting states. On the other hand, the complementation of NFAs is
an expensive task. The upper bound on the size of an NFA accepting the
complement of an n-state NFA language is 2n and it is known to be tight
for a binary alphabet [28]. For complementation of unary NFA languages a
crucial role is played by the function

F (n) = max{lcm(x1, . . . , xk) | x1 + . . . + xk = n}.

It is known that F (n) ∈ eΘ(
√

n lnn) and that O(F (n)) states suffice to simulate
any unary n-state NFA by a DFA [8]. This means that O(F (n)) states are
sufficient for a NFA to accept the complement of an n-state unary NFA
language. The lower bound is known to be F (n − 1) + 1 in this case [28].

In this section, we deal with the question of which kind of relations be-
tween the nondeterministic complexity of a regular language and the nonde-
terministic complexity of its complement are possible. We provide a complete
solution by showing that for all positive integers n, α with log n ≤ α ≤ 2n,
there exists an n-state NFA language such that a minimal NFA for its com-
plement has exactly α states. To obtain the result we again use a fooling-set
lower-bound technique. We start our investigation with two propositions.

Proposition 2. For each α in {1, 2}, there is a 1-state NFA Dα such that
every minimal NFA accepting the complement of L(Dα) has α states.

Proof. Let Σ = {a, b}. Consider the following 1-state NFAs:
D1 = ({s}, Σ, δ1, s, {s}) with δ1(s, X) = {s} for any X ∈ Σ,
D2 = ({s}, Σ, δ2, s, {s}) with δ2(s, a) = {s} and δ2(s, b) = ∅.

The NFAs D1 and D2 do satisfy the proposition since the complement of
the language L(D1) is the empty language, and the set of pairs of strings
{(ε, b), (b, ε)} is a fooling set for the complement of the language L(D2).
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Proposition 3. For every integer n ≥ 2 there is a minimal n-state NFA N
such that every minimal NFA for the complement of L(N) has n states.

Proof. Let n be arbitrary but fixed integer with n ≥ 2. Let Σ = {a, b}.
Define an n-state NFA N = (Q, Σ, δ, n, F ), see Fig. 4.13, where Q =

{1, 2, . . . , n}, F = {2, 3, . . . , n}, and for any i ∈ Q,
δ(1, a) = δ(1, b) = {2},
δ(i, a) = {i − 1} and δ(i, b) = {1} if i > 1.
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Figure 4.13: The nondeterministic finite automaton N .

We are going to show that (i) the NFA N is a minimal NFA for the language
L(N); (ii) the language Lc(N) is accepted by an n-state DFA; (iii) any NFA
for the language Lc(N) needs at least n states. Then, the proposition follows.

Consider the set of pairs A = {(ai−1, an−ib) | i = 1, 2, . . . , n}. The set A
is a fooling set for the language L(N) because for any i and j in {1, 2, . . . , n},
(1) ai−1an−ib ∈ L(N) since the string an−1b is accepted by the NFA N, and
(2) if i < j, then ai−1an−jb /∈ L(N) since any string alb with 0 ≤ l < n− 1 is
not accepted by the NFA N. By Lemma 1, any NFA for the language L(N)
needs at least n states which proves (i).

To prove (ii) note that the NFA N is, in fact, deterministic, and so after
exchanging the accepting and the rejecting states we obtain an n-state DFA
for the language Lc(N).

Finally, consider the set of pairs B = {(ai−1, an−i) | i = 1, 2, . . . , n}. The
set B is a fooling set for the language Lc(N) because for any i and j in
{1, 2, . . . , n}, (1) ai−1an−i ∈ Lc(N) since the string an−1 is not accepted by
the NFA N, and (2) if i < j, then ai−1an−j /∈ Lc(N) since any string al with
0 ≤ l < n − 1 is accepted by the NFA N. By Lemma 1, any NFA for the
language Lc(N) needs at least n states and our proof is complete.

The following theorem is proved in [28].

Theorem 8 ([28]). For every positive integer n, there exists a binary NFA M
of n states such that every NFA accepting the complement of the language
L(M) needs at least 2n states.
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4.3.1 Exponential Alphabet

In the next theorem, we show that the nondeterministic state complexity
of the complement of an n-state NFA language may be arbitrary between
n + 1 and 2n − 1. We first prove the result using an alphabet that grows
exponentially with n.

Theorem 9. For all positive integers n and α with 3 ≤ n + 1 ≤ α ≤ 2n − 1,
there is a minimal NFA M of n states such that a minimal NFA accepting
the complement of the language L(M) has α states.

Proof. Let n and α be arbitrary but fixed positive integers such that
3 ≤ n+1 ≤ α ≤ 2n −1. Then α can be expressed as α = n+k for an integer
k with 1 ≤ k ≤ 2n − 1− n. Let Σ = {a, b} ∪ {c1, c2, . . . , ck} ∪ {d1, d2, . . . , dk}
be a (2k + 2)-letter alphabet. We are going to define a minimal n-state NFA
M over the alphabet Σ such that a minimal NFA for the language Lc(M)
has n + k states. To this aim let S1, S2, . . . , S2n−1−n be a sequence of subsets
of the set {1, 2, . . . , n} containing at least two elements and ordered in such a
way that for any i and j in {1, 2, . . . , 2n−1−n}, the following two conditions
hold:

(1) if maxSi < max Sj, then i < j;
(2) if maxSi = maxSj and 1 ∈ Si \ Sj , then i < j,

i.e., the subsets are ordered according to their maxima, and if two sets have
the same maximum, then all sets containing state 1 precede the sets not
containing state 1. Clearly, there are several such orderings, we choose one
of them. Note that S1 = {1, 2}. For example, the subsets of {1, 2, 3, 4} con-
taining at least two elements could be ordered as follows: S1 = {1, 2}, S2 =
{1, 3}, S3 = {1, 2, 3}, S4 = {2, 3}, S5 = {1, 4}, S6 = {1, 2, 4}, S7 = {1, 3, 4},
S8 = {1, 2, 3, 4}, S9 = {2, 4}, S10 = {3, 4}, S11 = {2, 3, 4}.

Define an n-state NFA M = (Q, Σ, δ, n, F ), where Q = {1, 2, . . . , n},
F = {2, 3, . . . , n}, and for any i ∈ Q and any j ∈ {1, 2, . . . , k},

δ(i, X) =















































{1, 2}, if i = 1 and X = a,
{i − 1}, if i > 1 and X = a,
{2}, if i = 1 and X = b,
{1}, if i > 1 and X = b,
Sj, if i = 1 and X = cj ,
{1}, if i > 1 and X = cj ,
{1}, if i ∈ Sj and X = dj ,
{2}, if i /∈ Sj and X = dj .
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We will show that
(a) the NFA M is a minimal NFA for the language L(M);
(b) the language Lc(M) can be accepted by an (n + k)-state DFA;
(c) every NFA for the language Lc(M) needs at least n + k states.
Then, the theorem follows immediately.

To prove (a) consider the following set of pairs of strings

A = {(ai−1, an−ib) | i = 1, 2, . . . , n}.

The set A is a fooling set for L(M) because for any i and j in {1, 2, . . . , n},

(1) ai−1an−ib ∈ L(M) since the string an−1b is accepted by the NFA M,
and

(2) if i < j, then ai−1an−jb /∈ L(M) since for any l with 0 ≤ l < n− 1, the
string alb is not accepted by the NFA M.

By Lemma 1, any NFA for L(M) needs at least n states which proves (a).

To prove (b) let M ′ = (2Q, Σ, δ′, {n}, F ′) be the DFA obtained from the
NFA M by the subset construction. Let R be the following system of sets:

R = {{1}, {2}, . . . , {n}, S1, S2, . . . , Sk}.

Note that the initial state {n} of the DFA M ′ and the state S1 = {1, 2}
belong to R. We are going to prove that any set in R is a reachable state of
the DFA M ′ and no other states are reachable in the DFA M ′. Clearly, any
set of the system R is reachable since we have {i} = δ′({n}, an−i) for i =
1, 2, . . . , n, and Sj = δ′({1}, cj) for j = 1, 2, . . . , k. To prove that no other
subset of Q is a reachable state of the DFA M ′ it is sufficient to show that
for any state R in R and any symbol X in Σ, the state δ′(R, X) is a member
of R. There are three cases:

(i) R = {1}. Then we have (j = 1, 2, . . . , k):

δ′({1}, X) =























{1, 2}, if X = a,
{2}, if X = b,
Sj , if X = cj,
{1}, if 1 ∈ Sj and X = dj,
{2}, if 1 /∈ Sj and X = dj.

Since all sets on the right are in the system R, we are ready in this
case.
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(ii) R = {i} for an i 6= 1. Then for any X in Σ, the set δ′({i}, X) is a
singleton set and so is in R.

(iii) R = Sj for a j in {1, 2, . . . , k}. Then the set δ′(Sj, a) is a subset of the set
{1, 2, . . . , max Sk − 1} or equals {1, 2}. Since the sets S1, S2, . . . , Sk are
ordered according to their maxima, any subset of {1, 2, . . . , max Sk−1}
is in R. Next, the set δ′(Sj , b) is equal either to {1} or to {1, 2}, and
the set δ′(Sj, dl), l = 1, 2, . . . , k, is equal either to {1}, or to {2}, or to
{1, 2}.

Finally, the set δ′(Sj, cl), l = 1, 2, . . . , k, is equal either to {1} or to
Sl ∪ {1}. Since the set Sl ∪ {1} precedes the set Sl or equals Sl, we are
ready in this case.

Thus we have shown that the DFA M ′ obtained from the NFA M by the
subset construction has exactly n+ k reachable states. After exchanging the
accepting and the rejecting states of the DFA M ′ we obtain an (n + k)-state
DFA accepting the language Lc(M) which proves (b).

To prove (c) consider the following sets of pairs of strings:

B = {(ai−1, an−i) | i = 1, 2, . . . , n},

C = {(an−1cj, dj) | j = 1, 2, . . . , k}.

We will show that the set B ∪ C is a fooling set for the language Lc(M) :

(1) For any i ∈ {1, 2, . . . , n}, the string ai−1an−i is a member of the lan-
guage Lc(M) since the string an−1 is not accepted by the NFA M.
For any j ∈ {1, 2, . . . , k}, the string an−1cjdj is a member of the lan-
guage Lc(M) since

δ(n, an−1) = {1}, δ({1}, cj) = Sj, δ(Sj, dj) = {1}, and 1 /∈ F,

and so the string an−1cjdj is not accepted by the NFA M.

(2) If 1 ≤ i < s ≤ n, then the string ai−1an−s is not a member of the
language Lc(M) since the NFA M accepts any string al with 0 ≤ l <
n − 1.
Next, if 1 ≤ j, t ≤ k and j 6= t, then, w.l.o.g., there is a state p in Q
such that p ∈ Sj and p /∈ St, so

p ∈ δ(n, an−1cj) and 2 ∈ δ(p, dt)

and so the string an−1cjdt is accepted by the NFA M, i.e., is not a
member of the language Lc(M).
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Finally, if i ∈ {1, 2, . . . , n} and j ∈ {1, 2, . . . , k}, then the string
an−1cja

n−i is not a member of the language Lc(M) since δ(n, an−1cj) =
Sj , the size of the set Sj is at least two, and the string an−i is not
accepted by the NFA M starting in state n − i + 1 but it is accepted
by M starting in any other state.

Thus the set B∪C is a fooling set for the language Lc(M). By Lemma 1, any
NFA for the language Lc(M) needs at least n+k states which completes our
proof.

Corollary 1. For all positive integers r and s with log r ≤ s ≤ r, there is
a minimal NFA E of r states such that every minimal NFA accepting the
complement of the language L(E) has s states.

Proof. Let r and s be arbitrary but fixed positive integers with log r ≤ s ≤ r.
Then we have

s ≤ r ≤ 2s,

and by the above results, there is a minimal s-state NFA S such that a
minimal NFA, say R, for the language Lc(S) has r states. Set E = R. Then
the NFA E is a minimal r-state NFA for the language Lc(S) and a minimal
NFA for the complement of the language Lc(S), i.e., for the language Lc(E),
has s states.

Hence, we have shown the following result.

Theorem 10. For any positive integers n and α with log n ≤ α ≤ 2n, there
is a minimal NFA M of n states such that a minimal NFA accepting the
complement of the language L(M) has α states.

4.3.2 Linear Alphabet

In the case of complementation, we have shown that for any positive integers
n and α with log n ≤ α ≤ 2n, there is a minimal NFA M of n states such
that a minimal NFA for the complement of the language L(M) has exactly
α states. However, the input alphabet size grows exponentially with n. We
now show that the input alphabet can be decreased to linear size.

The next theorem shows that the nondeterministic state complexity of
the complement of an n-state NFA language over a 2n-letter alphabet may
reach any value between n + 1 and 2n.
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Theorem 11. For all integers n and α with 3 6 n+1 6 α 6 2n, there exists
a minimal NFA M of n states with a 2n-letter input alphabet such that every
minimal NFA for the complement of the language L(M) has exactly α states.

Proof. Let n and α be arbitrary but fixed integers such that n+1 6 α 6 2n.
If α < 2n, then there is an integer k in {1, 2, . . . , n−1} such that n−k+2k 6

α < n − (k + 1) + 2k+1, and α can be expressed as

α = n − k + 2k +
k−1
∑

i=0

ci2
i,

where ci ∈ {0, 1} for i = 0, 1, . . . , k − 1. If α = 2n, we take k = n − 1 and
ci = 1 for i = 0, 1, . . . , k − 1. Let I = {i ∈ {0, 1, . . . , k − 1} | ci = 1} and let

Σ = {a, ak, bk} ∪ {ai, bi | i ∈ I}.

We are going to define a minimal n-state NFA M with the input alphabet Σ
such that the DFA obtained from the NFA M by the subset construction has
α reachable states. After exchanging the accepting and the rejecting states
we obtain an α-state DFA for the language L(M)c. Then we show that any
NFA for the language L(M)c has at least α states.

Define an n-state NFA M = ({1, 2, . . . , n}, Σ, δ, n, {1}), where for any
q ∈ {1, 2, . . . , n} and for any i ∈ I,

δ(q, a) =

{

∅, if q = 1 or q > k + 1,
{k + 1, q − 1}, if 1 < q 6 k + 1,

δ(q, ak) =

{

∅, if q = 1 or q > k + 1,
{k + 1, q − 1}, if 1 < q < k + 1,

δ(q, bk) =







{1, 2, . . . , k + 1}, if q = 1,
{k + 1, q − 1}, if 1 < q 6 k + 1,
{q − 1}, if q > k + 1,

δ(q, ai) =

{

∅, if q = 1 or q > i + 1,
{i + 1, q − 1}, if 1 < q < i + 1,

δ(q, bi) =







∅, if q = 1 or i + 1 < q < n,
{i + 1, q − 1}, if 1 < q 6 i + 1,
{i + 1}, if q = n.

The NFA M for n = 8, k = 5, and I = {3} is shown in Fig. 4.14. Note that
the symbols a0 and a1 are never used, and so the alphabet Σ has at most 2n
letters.
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Figure 4.14: The NFA M ; n = 8, k = 5, I = {3}.

To show that the NFA M is minimal consider the set of pairs of strings

{(bi−1
k , bn−i

k ) | i = 1, 2, . . . , n}.

It is a fooling set for the language L(M) because for all i and j in
{1, 2, . . . , n},
(1) bi−1

k bn−i
k = bn−1

k and the string bn−1
k is in the language L(M), and

(2) if i < j, then bi−1
k bn−j

k = b
n−1−(j−i)
k and the string b

n−1−(j−i)
k is not in

the language L(M) since the NFA M does not accept any string br
k with

r < n − 1. By Lemma 1, any NFA for the language L(M) needs at least n
states and so the NFA M is minimal.

Let M ′ be the DFA obtained from the NFA M by the subset construction.
We first show that the DFA M ′ has α reachable states.

The singletons {n}, {n−1}, . . . , {k +2}, and the empty set are reachable
since {q} = δ({n}, bn−q

k ) for q = k + 2, k + 3, . . . , n and ∅ = δ({n}, ak).
We show that for any subset S of {1, 2, . . . , k} the set {k + 1} ∪ S is

reachable. We prove this by induction on the size of S. The set {k + 1} and
the subsets {k +1, 1}, {k +1, 2}, . . . , {k +1, k} are reachable since {k +1} =
δ({k + 2}, bk) and {k + 1, q} = δ({k + 1}, bka

k−q
k ) for q = 1, 2, . . . , k. Let

2 6 m 6 k and assume that any subset {k + 1} ∪ S with |S| = m − 1 is
reachable. Let {j1, j2, . . . , jm}, where k > j1 > j2 · · · > jm > 1 be a subset
of size m. Then we have {k + 1, j1, j2, . . . , jm} =
δ({k + 1, k − j1 + j2 + 1, k − j1 + j3 + 1, . . . , k − j1 + jm + 1}, bka

k−j1
k ), where

the latter set is reachable by induction (note that k > k− j1 + jr + 1 > 2 for
r = 2, 3, . . . , m).
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Next, we show that for any i ∈ I and any subset S of {1, 2, . . . , i}, the
set {i + 1} ∪ S is reachable. We prove this again by induction on the size
of S. The set {i + 1} and the subsets {i + 1, 1}, {i + 1, 2}, . . . , {i + 1, i} are
reachable since {i + 1} = δ({n}, bi) and {i + 1, q} = δ({i + 1}, bia

i−q
i ) for

q = 1, 2, . . . , i. Let 2 6 m 6 i and assume that any subset {i + 1} ∪ S with
|S| = m− 1 is reachable. Let {j1, j2, . . . , jm}, where i > j1 > j2 · · · > jm > 1
be a subset of size m. Then we have {i + 1, j1, j2, . . . , jm} = δ({i + 1, i− j1 +
j2 + 1, i − j1 + j3 + 1, . . . , i − j1 + jm + 1}, bia

i−j1
i ), where the latter set is

reachable by induction (note that i > k− j1 + jr +1 > 2 for r = 2, 3, . . . , m).
Thus we have shown that the DFA M ′ obtained from the NFA M by the

subset construction has n − k + 2k +
∑

i∈I 2i reachable states. Let R be the
system of these α reachable sets, i.e., R contains the empty set, the singletons
{n}, {n − 1}, . . . , {k + 2}, the set {k + 1} ∪ S for any S ⊆ {1, 2, . . . , k}, and
for any i ∈ I, the set {i + 1} ∪ T for any T ⊆ {1, 2, . . . , i}. To see that no
other state is reachable note that the initial state {n} is in R and for any set
S in R and any symbol X ∈ Σ, the set δ(S, X) is also in R (the set δ(S, X)
is either the empty set, or a subset of {1, 2, . . . , k +1} containing state k +1,
or it is a subset of {1, 2, . . . , i + 1} containing state i + 1 for some i ∈ I).
Hence the DFA M ′ obtained from the NFA M by the subset construction has
exactly α reachable states. After exchanging the accepting and the rejecting
states we obtain an α-state DFA for the language L(M)c.

It remains to show that any NFA for the language L(M)c needs at least
α states. To do this we describe a fooling set for this language of size α. We
will do it in the following way. For any set S in R, we define a pair of strings
(xS , yS) such that the string xSyS is in the language L(M)c and, moreover,
if S and T are two different sets in R, then at least one of the strings xSyT

and xT yS is not in the language L(M)c. Let S ∈ R. Define the pair (xS, yS)
as follows.

If S = ∅, let xS = ak and yS = bn−1
k .

If S = {q}, where k + 2 6 q 6 n, let xS = bn−q
k and yS = bq−2

k .
If S is a nonempty subset of {1, 2, . . . , k + 1} that is in R, let xS be an

arbitrary string such that δ(n, xS) = S.
If S = {1, 2, . . . , k + 1}, let yS = ak

k.
Otherwise, let l = max{j ∈ {1, 2, . . . , k + 1} | j /∈ S}, i.e., l /∈ S and

{l + 1, l + 2, . . . , k + 1} ⊆ S. Define the string yS of length l − 1 as follows:
yS = y1y2 · · · yl−1, where for any i = 1, 2, . . . , l − 1,

yi = a if i ∈ S, and yi = bk if i /∈ S.

We first prove the following claim.
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Claim. For each subset S of {1, . . . , k+1} and each state p in {1, . . . , k+1},
(a) if p ∈ S, then 1 /∈ δ(p, yS),
(b) if p /∈ S, then 1 ∈ δ(p, yS),

that is, the string yS is not accepted by the NFA M starting in any state of
S, but it is accepted by M starting in each state of {1, 2, . . . , k + 1} that is
not in the set S.

Proof of Claim. The claim holds if S = ∅ or S ={1, 2, . . . , k + 1}.
Otherwise, yS = y1y2 · · · yl−1, where l /∈ S, {l + 1, l + 2, . . . , k + 1} ⊆ S,

and for any i ∈ {1, 2, . . . , l − 1}, yi = a if i ∈ S and yi = bk if i /∈ S.
To prove (a) let p be any state such that p ∈ S. There are two cases:

(i) p > l. Then the accepting state 1 cannot be reached from state p
after reading the string yS since the length of yS is less than l. Hence
1 /∈ δ(p, yS).

(ii) p < l. Then yS = y1y2 · · · yp−1ayp+1 · · · yl−1. Starting in state p and
after reading the string y1y2 · · · yp−1 we can either reach state 1 where
the transition on reading the symbol a is not defined, or we can reach
state k + 1 after reading symbol yj for some j 6 p − 1 and then the
length of the string yj+1yj+2 · · · yl−1 is too short to reach state 1. Thus
1 /∈ δ(p, yS).

To prove (b) let p be any state in {1, 2, . . . , k+1}\S. There are two cases:

(i) p = l. Then state 1 can be reached from state p after reading any string
in {a, bk}

∗ of length l − 1, so 1 ∈ δ(p, yS).

(ii) p < l. Then yS = y1y2 · · · yp−1bkyp+1 · · · yl−1. Denote by d the length of
the string yp+1yp+2 · · · yl−1. Then d 6 l − 2 6 k − 1. Starting in state p
and after reading the string y1y2 · · · yp−1 of length p − 1 we can reach
state 1. Then, on reading the symbol bk we can reach state d + 1, and
then after reading the string yp+1yp+2 · · · yl−1 of length d we can reach
state 1. Hence 1 ∈ δ(p, yS) which completes the proof of the Claim.

Now, we are going to show that the set of pairs {(xS, yS) | S ∈ R} is a
fooling set for the language L(M)c. We need to show that (1) for any S ∈ R,
the string xSyS is in the language L(M)c, and (2) if S 6= T, then at least one
of the strings xSyT and xT yS is not in L(M)c.

To prove (1) let S ∈ R. We have three cases:

(i) S = ∅. Then xSyS = akb
n−1
k . The string akb

n−1
k is not accepted by the

NFA M and so it is in the language Lc(M).
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(ii) S = {q}, where k + 2 6 q 6 n. Then xSyS = bn−q
k bq−2

k = bn−2
k . The

string bn−2
k is not accepted by the NFA M and so it is in L(M)c.

(iii) S is a nonempty subset of {1, 2, . . . , k + 1}. Then δ(n, xS) = S and, by
Claim (a), the string yS is not accepted by the NFA M starting in any
state of S. Hence the string xSyS is in the language L(M)c.

To prove (2) let S and T be two different sets in R. We have four cases:

(i) S = ∅ and T is a nonempty subset of {1, 2, . . . , n}. Then xT yS =
xT bn−1

k , where δ(n, xT ) = T. Since the string bn−1
k is accepted by the

NFA M starting in any state of T, the string xT bn−1
k is not in L(M)c.

(ii) S = {p} and T = {q}, where k + 2 6 p < q 6 n. Then we have
xSyT = bn−p

k bq−2
k = bn−2+q−p

k . Since n − 2 + q − p > n − 1, the string
bn−2+q−p
k is accepted by the NFA M, so the string xSyT is not in L(M)c.

(iii) S = {q}, where k + 2 6 q 6 n, and T is a nonempty subset of
{1, 2, . . . , k + 1}. Then xT yS = xT bq−2

k , where δ(n, xT ) = T. Since
q − 2 > k, the string bq−2

k is accepted by the NFA M starting in any
state of the nonempty set T. Hence the string xT yS is not in L(M)c.

(iv) S and T are two different nonempty subsets of {1, 2, . . . , k + 1}. Then,
without loss of generality, there is a state p in {1, 2, . . . , k + 1} such
that p /∈ S and p ∈ T. By Claim (b), the string yS is accepted by the
NFA M starting in state p. Since δ(n, xT ) = T and p ∈ T, the string
xT yS is accepted by the NFA M and so it is not in the language L(M)c.

We have shown that the set of pairs of strings {(xS, yS) | S ∈ R} is a
fooling set for the language L(M)c. By Lemma 1, any NFA for the language
L(M)c needs at least α states and our proof is complete.

If log n 6 α 6 n, then α 6 n 6 2α, and so there is an α-state NFA A
such that minimal NFAs for the language Lc(A) have n states. Let M be
a minimal NFA for the language Lc(A). Then M is a minimal n-state NFA
such that minimal NFAs for the language L(M)c have α states. Thus, as
a corollary of the above results we have the following theorem which shows
that the nondeterministic state complexity of the complement of an n-state
NFA language may reach the entire range of values from log n to 2n.

Theorem 12. For all positive integers n and α such that log n ≤ α ≤ 2n,
there exists a minimal NFA M of n states with a 2n-letter input alphabet
such that every minimal NFA for the complement of the language L(M) has
exactly α states.
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Conclusion

In this thesis, we investigated the deterministic and nondeterministic state
complexity of several operations on regular languages.

We showed that the upper bounds m2n − k2n−1 on the concatenation
of an m-state DFA language and an n-state DFA language, where k is the
number of the accepting states in the m-state automaton, are tight for each
integer k with 0 < k < m. We proved the result at first for a ternary and
then for a binary alphabet.

Then we continued the investigation of the relations between the sizes of
minimal nondeterministic and deterministic finite automata. We proved that
for all integers n and α such that 1 6 n 6 α 6 2n, there exists a minimal non-
deterministic finite automaton of n states with a four-letter input alphabet
whose equivalent minimal deterministic finite automaton has α states. This
improves the result of [12] that has been obtained using a growing alphabet
of size n+2. Recently, it has been shown in [30] that no magic numbers exist
even in the ternary case.

We next examined the state complexity and the nondeterministic state
complexity of languages resulting from the union and intersection of two reg-
ular languages. In the deterministic case, we showed that the entire range of
complexities between 1 and mn can be obtained by the union or intersection
of an m-state DFA language and an n-state DFA language for any integers m
and n such that m > 2 and n > 2. Next, we proved that the nondeterministic
state complexity of the union of an m-state NFA language and an n-state
NFA language may be arbitrary between 1 and m+n+1, except for the case
of m = 1 and n = 1 when the union has nondeterministic state complexity
1 or 3. To prove these results we used a binary alphabet. In the case of
a unary alphabet, similar results probably do not hold. Finally, we showed
that the nondeterministic state complexity of the intersection of an m-state
NFA language and an n-state NFA language may be arbitrary between 1 and
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mn. We proved the last result for a ternary alphabet. The question whether
this result holds likewise for a binary alphabet remains open.

At the end, we studied the nondeterministic state complexity of comple-
ments of regular languages. We showed that for all integers n and α with
log n 6 α 6 2n, there is a regular language with nondeterministic state com-
plexity n such that the nondeterministic state complexity of its complement
is α. We presented an easy proof that uses an exponential alphabet, and a
more elaborated one using an alphabet of size 2n. Nevertheless, the problem
remains open for a fixed alphabet.
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