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Abstract

We investigate the state complexity and the nondeterministic state complexity of
languages resulting from union or intersection of two regular languages. We show that
the entire range of complexities, up to the known upper bounds, can be produced.
We prove the result for a binary alphabet in the deterministic case, and for a ternary
alphabet in the nondeterministic case.

1 Introduction

Regular languages and finite automata are among the oldest topics in computer science.
Many of their properties have been extensively studied since the forties. In recent years,
we can observe renewed interest in automata theory. Some aspects of this area are now
intensively and deeply investigated. One such aspect is the descriptional complexity of
regular languages which deals with the costs of the description of languages by different
formal systems like deterministic or nondeterministic automata, regular expressions, etc.

The state complexity of a regular language is the number of states of its minimal de-
terministic finite automaton (DFA). The nondeterministic state complexity of a regular
language is the number of states of a minimum state nondeterministic finite automaton
(NFA) accepting the language. The state complexity (the nondeterministic state complex-
ity) of an operation on regular languages represented by DFAs (NFAs, respectively) is the
number of states that are sufficient and necessary in the worst case for a DFA (an NFA,
respectively) to accept the language resulting from the operation.

Some early results on the state complexity of regular languages can be found in [12,
13, 15]. The state complexity of some operations on regular languages was investigated
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in [11, 2, 3]. In [14], binary regular languages reaching the upper bounds on the union,
concatenation and the star operation were presented. The first systematic study of the
complexity of regular language operations was published by Yu, Zhuang, and Salomaa
[20]. The state complexity of unary language operations was investigated in [16]. The
nondeterministic state complexity of regular language operations was studied by Holzer
and Kutrib in [8]. Further results on this topic are presented in [5, 4, 6, 18] and state-of-
the-art surveys for DFAs can be found in [23, 24].

In this paper, we investigate the state complexity and the nondeterministic state com-
plexity of languages resulting from union and intersection of two regular languages. We
treat the question of how many states the minimal DFA accepting the union or intersec-
tion of an m-state DFA language and an n-state DFA language may have. We deal with
the same question also in the nondeterministic case. Our results are as follows. The state
complexity of the union or intersection of an m-state DFA language and an n-state DFA
language may be arbitrary between 1 and mn. The nondeterministic state complexity of
the union of an m-state NFA language and an n-state NFA language may be arbitrary
between 1 and m + n + 1. The nondeterministic state complexity of the intersection of an
m-state NFA language and an n-state NFA language may be arbitrary between 1 and mn.

We prove the results on the state complexity and the nondeterministic state complexity
of union for a binary alphabet and the result on the nondeterministic state complexity
of intersection for a ternary alphabet. To prove the results in the nondeterministic case
we use a fooling-set lower-bound technique known from communication complexity theory
[9], cf. also [2, 3, 7].

The paper consists of six sections, including this introduction. The next section con-
tains basic definitions and notations used throughout the paper. In Section 3, we present
our results on the state complexity of languages resulting from union and intersection.
Section 4 deals with the nondeterministic state complexity of unions of regular languages.
Section 5 is devoted to the nondeterministic state complexity of intersections of regular
languages. The last section contains concluding remarks and open problems.

2 Preliminaries

In this section, we recall some basic definitions and notations. For further details, the
reader may refer to [19, 21].

Let Σ be an alphabet and Σ∗ the set of all strings over the alphabet Σ including the
empty string ε. The length of a string w is denoted by |w|. The power-set of a finite set A

is denoted by 2A.

A deterministic finite automaton (DFA) is a 5-tuple M = (Q,Σ, δ, q0, F ), where Q is
a finite set of states, Σ is a finite input alphabet, δ : Q×Σ → Q is the transition function,
q0 ∈ Q is the initial state, and F ⊆ Q is the set of accepting states. In this paper, all
DFAs are assumed to be complete, i.e., the next state δ(q, a) is defined for any state q in Q

and any symbol a in Σ. The transition function δ can be naturally extended to a function
from Q × Σ∗ to Q. A string w in Σ∗ is accepted by the DFA M if the state δ(q0, w) is an
accepting state.

A nondeterministic finite automaton (NFA) is a 5-tuple M = (Q,Σ, δ, q0, F ), where
Q,Σ, q0, and F are defined as for a DFA, and δ : Q × Σ → 2Q is the transition function
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which can be extended to the domain Q × Σ∗. A string w in Σ∗ is accepted by the NFA
M if the set δ(q0, w) contains an accepting state.

The language accepted by a finite automaton M, denoted L(M), is the set of all strings
accepted by the automaton M . Two automata are said to be equivalent if they accept the
same language. A DFA (an NFA) M is called minimal if all DFAs (all NFAs, respectively)
that are equivalent to M have at least as many states as M. By a well-known result, each
regular language has a unique minimal DFA, up to isomorphism. However, the same result
does not hold for minimal NFAs. It is also known [17] that a DFA M = (Q,Σ, δ, q0, F )
is minimal if (i) all its states are reachable from the initial state q0 and (ii) no two of
its states are equivalent (two states p and q are said to be equivalent if for all w ∈ Σ∗,

δ(p,w) ∈ F iff δ(q, w) ∈ F ).

3 Union and Intersection and State Complexity

We first investigate the state complexity of languages resulting from the union or intersec-
tion of two DFA languages. It is known [14, 20] that the union of an m-state DFA language
and an n-state DFA language can be accepted by an mn-state DFA. This upper bound
can be reached by the union of two binary languages [14]. The same result for intersection
follows from de Morgan’s law and the fact that the state complexity of a regular language
is the same as the state complexity of its complement.

In this section, we show that for any integers m,n, α such that m > 2, n > 2, and
1 6 α 6 mn, there exist an m-state DFA language and an n-state DFA language such
that the minimal DFA for the union of these languages has exactly α states. The same
result for intersection then follows immediately. In the case of m = 1, the language
accepted by a 1-state DFA is either empty or equals Σ∗, and so we get the following result.

Proposition 1. For any positive integer n, the state complexity of the union of a 1-state
DFA language and an n-state DFA language may be either 1 or n.

In the following two lemmata, we assume 2 6 m 6 n. The first lemma shows that all
values of α between 1 and m can be reached by the union of an m-state DFA language
and an n-state DFA language. The second lemma shows the same result for the values
between m + 1 and m + n− 2. To prove the results we use a unary alphabet in Lemma 1
and a binary alphabet in Lemma 2.

Lemma 1. For any integers m,n, α such that m > 2 and 1 6 α 6 m 6 n, there exist
a minimal DFA A of m states and a minimal DFA B of n states such that the minimal
DFA for the language L(A) ∪ L(B) has α states.

Proof. Let m,n, and α be arbitrary but fixed integers with 1 6 α 6 m 6 n. Let Σ = {a}.
Let A = ({q0, q1, . . . , qm−1},Σ, δA, q0, {qm−1}), where δ(qi, a) = qi+1 for i = 0, 1, . . . ,m−2,
and δ(qm−1, a) = qm−1. The DFA A accepts the language {ai | i > m − 1} and is mini-
mal since it does not contain equivalent states. In the case of α = m = n, we set B = A and
then the lemma follows. Otherwise, let B = ({p0, p1, . . . , pn−1},Σ, δB , p0, {pα−1, . . . , pn−2}),
where δB(pi, a) = pi+1 for i = 0, 1, . . . , n − 2, and δB(pn−1, a) = pn−1. The DFA B is the
minimal DFA for the language {ai | α − 1 6 i 6 n − 2}. The union of the languages
accepted by the DFAs A and B is the language L(A) ∪ L(B) = {ai | i > α − 1}. The
minimal DFA for this language has α states.
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Lemma 2. For any integers m,n, α such that 2 6 m 6 n and m + 1 6 α 6 m + n − 2,
there exist a minimal DFA A of m states and a minimal DFA B of n states such that the
minimal DFA for the language L(A) ∪ L(B) has α states.

Proof. Let m,n, and α be arbitrary but fixed integers such that 2 6 m 6 n and m + 1 6

α 6 m+n−2. Then α can be expressed as α = m+k for some integer k with 1 6 k 6 n−2.
Let Σ = {a, b}.

Let B be the minimal n-state DFA over Σ for the language {bi | i > k} ∪ {an−k−2}.
To define the DFA A we consider two cases:

(i) m 6 n−k. Let A be the minimal m-state DFA over the alphabet Σ for the language
{ai | i > m− 2}. Since m 6 n− k, the union of the languages accepted by the DFAs
A and B is the language L(A)∪L(B) = {ai | i > m− 2}∪ {bi | i > k}. The minimal
DFA for this language has m + k states.

(ii) m > n−k. Let A be the minimal m-state DFA over the alphabet Σ for the language
{am−2}. Since m > n − k, the union of the languages accepted by the DFAs A and
B is the language L(A) ∪ L(B) = {an−k−2, am−2} ∪ {bi | i > k}. The minimal DFA
for this language has m + k states.

The next lemma shows that all the values between m + n − 1 and mn can be reached
by the union of an m-state DFA language and an n-state DFA language over a ternary
alphabet.

Lemma 3. For any integers m,n, α with m > 2, n > 2, and m + n − 1 6 α 6 mn,

there exist a minimal DFA A of m states and a minimal DFA B of n states such that the
minimal DFA for the language L(A) ∪ L(B) has α states.

Proof. Let m,n, and α be arbitrary but fixed integers such that m > 2, n > 2, and
m + n− 1 6 α 6 mn. Then α can be expressed as α = m + s(n− 1) + t for some integers
s and t such that 1 6 s 6 m − 1 and 0 6 t 6 n − 1. Let Σ = {a, b, c}.

Define an m-state DFA A = (QA,Σ, δA, q0, FA), where QA = {q0, q1, . . . , qm−1}, FA =
{qm−1}, and for any i ∈ {0, 1, . . . ,m − 1} and any X ∈ Σ,

δA(qi,X) =























q(i+1) mod m, if X = a,

qi, if i < s and X = b,

q0, if i > s and X = b,

qi, if i = s and X = c,

q0, if i 6= s and X = c.

Define an n-state DFA B = (QB ,Σ, δB , p0, FB), where QB = {p0, p1, . . . , pn−1}, FB =
{pn−1}, and for any i ∈ {0, 1, . . . , n − 1} and any X ∈ Σ,

δB(pi,X) =















p0, if X = a,

p(i+1) mod n, if X = b,

pi+1, if i < t and X = c,

p0, if i > t and X = c.

The DFA A and B are shown in Fig. 1.
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Figure 1: The deterministic finite automata A and B.

Both automata are minimal since the string am−1−i distinguishes states qi and qj with
i 6= j, and the string bn−1−i distinguishes states pi and pj with i 6= j.

Let C = (QA×QB ,Σ, δ, [q0, p0], F ), where F = {[q, p] ∈ QA×QB | q ∈ FA or p ∈ FB},
be the cross-product of automata A and B accepting the language L(A) ∪ L(B). We
are going to prove that the DFA C has exactly α reachable states no two of which are
equivalent. Let R be the following set of states of the DFA C

R = {[qi, p0] | 0 6 i < m} ∪ {[qi, pj ] | 0 6 i < s, 1 6 j < n} ∪ {[qs, pj] | 1 6 j 6 t}.

There are m + s(n− 1) + t states in the set R. Any state in R is reachable in the DFA C

because we have:
[qi, p0] = δ([q0, p0], a

i) for i = 0, 1, . . . ,m − 1,
[qi, pj ] = δ([q0, p0], a

ibj) for i = 0, 1, . . . , s − 1 and j = 1, 2, . . . , n − 1, and
[qs, pj ] = δ([q0, p0], a

scj) for j = 1, 2, . . . , t.
To prove that no other state is reachable in the DFA C note that the initial state

[q0, p0] of the DFA C is in R and for any state [q, p] in R and any symbol X in Σ the state
δ([q, p],X) is in R as well.

To prove that no two different states in R are equivalent let [qi, pj ] and [qk, pl] be
two different states in R. Then, either i 6= k or j 6= l. In the first case, these states are
distinguished by the string am−1−i, and in the second case by the string bn−1−j.

To prove the result in the lemma above we used a three-letter alphabet. The next
lemma shows that the same result holds for a binary alphabet as well. We omit its proof
due to space constraints.

Lemma 4. For any integers m,n, α with m > 2, n > 2, and m + n − 1 6 α 6 mn, there
exist a minimal binary DFA A of m states and a minimal binary DFA B of n states such
that the minimal DFA for the language L(A) ∪ L(B) has α states.

As a corollary of the four lemmata above, we get the following result.

Theorem 1. For any integers m,n, α such that m > 2, n > 2, and 1 6 α 6 mn, there
exist a minimal binary DFA A of m states and a minimal binary DFA B of n states such
that the minimal DFA for the language L(A) ∪ L(B) has α states.

The same result for intersection follows from de Morgan’s law and the fact that the
state complexity of a regular language equals the state complexity of its complement.

Theorem 2. For any integers m,n, α such that m > 2, n > 2, and 1 6 α 6 mn, there
exist a minimal binary DFA A of m states and a minimal binary DFA B of n states such
that the minimal DFA for the language L(A) ∩ L(B) has α states.
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4 Union and Nondeterministic State Complexity

We now turn our attention to the nondeterministic state complexity of languages resulting
from the union of two NFA languages. It is known [8] that the union of an m-state NFA
language and an n-state NFA language can be accepted by an (m + n + 1)-state NFA and
this upper bound is tight for a binary alphabet.

In this section, we show that the nondeterministic complexity of the union of an m-state
NFA language and an n-state NFA language may be arbitrary between 1 and m + n + 1
except for the case of m = 1 and n = 1. To prove the result we use a fooling-set lower-bound
technique known from communication complexity theory [1, 9], cf. also [2, 3, 7]. After
defining a fooling set, we give a lemma from [2] describing the lower-bound technique.

Definition 1. A set of pairs of strings {(xi, yi) | i = 1, 2, . . . , n} is said to be a fooling set
for a regular language L if for any i and j in {1, 2, . . . , n},
(1) the string xiyi is in the language L, and
(2) if i 6= j, then at least one of the strings xiyj and xjyi is not in the language L.

Lemma 5 (Birget [2]). Let a set of pairs {(xi, yi) | i = 1, 2, . . . , n} be a fooling set for a
regular language L. Then any NFA for the language L needs at least n states.

We start our investigations with the following lemma.

Lemma 6. For any integers m,n, α such that 1 6 α 6 m 6 n, there exist a minimal
NFA A of m states and a minimal NFA B of n states such that any minimal NFA for the
language L(A) ∪ L(B) has α states.

Proof. Let m,n, and α be arbitrary but fixed integers such that 1 6 α 6 m 6 n. Let
Σ = {a}. Let A be a minimal m-state NFA for the language {ai | i > m − 1} and let
B be a minimal n-state NFA for the language {ai | α − 1 6 i 6 n − 1}; note that the
set {(ai−1, am−i) | i = 1, 2, . . . ,m} is a fooling set for the language L(A) and the set
{(ai−1, an−i) | i = 1, 2, . . . , n} is a fooling set for the language L(B). The union of the
languages accepted by the NFAs A and B is the language L(A)∪L(B) = {ai | i > α− 1}.
Any minimal NFA for this language has α states.

The next two lemmata deal with the cases of m = 1 and m = 2. Note that the
nondeterministic state complexity of the union of two 1-state NFA languages is 1 or 3.

Lemma 7. For any integers n, α such that n > 2 and 2 6 α 6 n + 1, there exist a 1-state
NFA A and a minimal NFA B of n states such that any minimal NFA for the language
L(A) ∪ L(B) has α states.

Proof. Let n be an arbitrary but fixed integer with n > 2. Let A be a 1-state NFA for the
language {ai | i > 0}.

If α = 2, let B be a minimal n-state NFA for the language {an−2}∪ {bai | i > 0}; note
that the set of pairs of strings {(ai, an−2−i) | i = 0, 1, . . . , n− 2} ∪ {(b, an)} is a fooling set
for the language L(B). Then, L(A) ∪ L(B) = {ai | i > 0} ∪ {bai | i > 0}, for which any
minimal NFA has 2 states since the set {(ε, b), (a, a)} is a fooling set for this language.

If 3 6 α 6 n+1, let B be a minimal n-state NFA for the language {bα−2}∪{an−α+2},
see Fig. 2. Then, L(A) ∪ L(B) = {ai | i > 0} ∪ {bα−2}, any minimal NFA for which has
α states since the set {(a, a)} ∪ {(bi, bα−2−i) | i = 0, 1, . . . , α − 2} is a fooling set for this
language.
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Figure 2: The nondeterministic finite automaton B.

Lemma 8. For any integers n, α such that n > 2 and 3 6 α 6 n+1, there exist a minimal
2-state NFA A and a minimal NFA B of n states such that any minimal NFA for the
language L(A) ∪ L(B) has α states.

Proof. Let n and α be arbitrary but fixed integers such that n > 2 and 3 6 α 6 n + 1.
Let A be a minimal 2-state NFA for the language {ai | i > 0}. Let B be a minimal n-state
NFA for the language {bα−2}∪{an−α+2}. Then, L(A)∪L(B) = {ai | i > 0}∪{bα−2}. Any
minimal NFA for this language has α states.

In the next lemma, we assume m and n to be at least 3 and show that all values
between m + 1 and m + n − 2 can be reached by the union of appropriate NFAs.

Lemma 9. For any integers m,n, α such that 3 6 m 6 n and m + 1 6 α 6 m + n − 2,
there exist a minimal NFA A of m states and a minimal NFA B of n states such that any
minimal NFA for the language L(A) ∪ L(B) has α states.

Proof. Let m,n, and α be arbitrary but fixed integers such that 3 6 m 6 n and m + 1 6

α 6 m+n−2. Then α can be expressed as α = m+k for some integer k with 1 6 k 6 n−2.
Let Σ = {a, b}. Let B be a minimal n-state NFA for the language {an−k−1, bk+1}. To define
the DFA A we consider two cases:

(i) m 6 n − k. Let A be a minimal m-state NFA for the language {ai | i > m − 1}.
The union of the languages accepted by the NFAs A and B is the language {ai | i >

m−1}∪{bk+1} which is accepted by an (m+k)-state NFA C shown in Fig. 3 (left).
The NFA C is minimal since the set {(ai−1, am−i) | i = 1, 2, . . . ,m} ∪ {(bi, bk+1−i) |
i = 1, 2, . . . , k} is a fooling set for the language L(A) ∪ L(B).
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Figure 3: The nondeterministic finite automata C and C ′; t = n − k − 1

(ii) m > n − k. Let A be a minimal m-state NFA for the language {am−1}. The union
of languages accepted by the NFAs A and B is the language {an−k−1, am−1, bk+1}
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which is accepted by an (m+k)-state NFA C ′ shown in Fig. 3 (right). The NFA C ′ is
minimal since the set of pairs of strings {(ai−1, am−i) | i = 1, 2, . . . ,m}∪{(bi, bk+1−i) |
i = 1, 2, . . . , k} is a fooling set for the language L(A) ∪ L(B).

The next two lemmata deal with the cases of α = m + n − 1 and α = m + n.

Lemma 10. For any integers m,n such that m > 2 and n > 2, there exist a minimal
NFA A of m states and a minimal NFA B of n states such that any minimal NFA for the
language L(A) ∪ L(B) has m + n − 1 states.

Proof. Let m and n be arbitrary but fixed integers such that m > 2, n > 2, and let Σ =
{a, b}. Let A be an m-state NFA shown in Fig. 4 (left) and let B be an n-state NFA shown in
Fig. 4 (right). Both automata are minimal since the set of pairs of strings {(ai−1, am−i) |
i = 1, 2, . . . ,m} is a fooling set for the language L(A) and the set {(bi−1, bn−i) | i =
1, 2, . . . , n} is a fooling set for the language L(B).
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Figure 4: The nondeterministic finite automata A and B.

The language L(A)∪L(B) is accepted by an (m+n−1)-state NFA (a cycle on a from
q1 through qm−1 to q1, a cycle on b from p1 through pn−1 to p1, and a new initial state
qI going to q1 by a and to p1 by b). Since the set of pairs of strings {(ai, am−i−1) | i =
0, 1, . . . ,m− 1} ∪ {(bi, bn−1−i) | i = 1, 2, . . . , n− 2} ∪ {(bn−1, bn−1)} is a fooling set for the
language L(A) ∪ L(B), any minimal NFA for this language has m + n − 1 states.

Lemma 11. For any positive integers m,n such that n > 2, there exist a minimal NFA A

of m states and a minimal NFA B of n states such that any minimal NFA for the language
L(A) ∪ L(B) has m + n states.

Proof. Let m and n be arbitrary but fixed integers with m > 1, n > 2, and let Σ = {a, b}.
Let A be a minimal m-state NFA for the language {am}∗; note that the set {(ai, am−i) |
i = 0, 1, . . . ,m− 1} is a fooling set for this language. Let B be a minimal n-state NFA for
the language {bn−1}. Then the union of the languages accepted by the NFAs A and B is
accepted by an (m+n)-state NFA. Since the set of pairs {(ai, am−i) | i = 1, 2, . . . ,m−1}∪
{(am, am)}∪{(bi, bn−1−i) | i = 0, 1, . . . , n−1} is a fooling set for the language L(A)∪L(B),
any minimal NFA for this language has m + n states.

The following result is proved in [8].

Lemma 12. For any positive integers m and n, any minimal NFA for the union of lan-
guages {am}∗ and {bn}∗ has m + n + 1 states.

As a corollary of the lemmata above, we get the following result.

Theorem 3. For any integers m,n, α such that m > 2 or n > 2, and 1 6 α 6 m + n + 1,
there exist a minimal binary NFA A of m states and a minimal binary NFA B of n states
such that any minimal NFA for the language L(A) ∪ L(B) has α states.
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5 Intersection and Nondeterministic State Complexity

In this section, we study the nondeterministic state complexity of languages resulting from
the intersection of two NFA languages. The intersection of an m-state NFA language and
an n-state NFA language can be accepted by an mn-state NFA and this upper bound is
known to be tight for a binary alphabet [8]. We show that the nondeterministic state
complexity of the intersection of an m-state NFA language and an n-state NFA language
may be arbitrary between 1 and mn. We prove the result for a ternary alphabet.

Lemma 13. For any integers m,n, α such that 1 6 α 6 m 6 n, there exist a minimal
NFA A of m states and a minimal NFA B of n states such that any minimal NFA for the
language L(A) ∩ L(B) has α states.

Proof. Let m,n, and α be arbitrary but fixed integers such that 1 6 α 6 m 6 n and
let A and B be m-state and n-state NFAs accepting languages {a, b}α−1 ∪ {am−1} and
{a, b}α−1 ∪ {bn−1}, respectively. Both NFAs are minimal since the sets of pairs of strings
{(ai−1, am−i) | i = 1, 2, . . . ,m} and {(bi−1, bn−i) | i = 1, 2, . . . , n} are fooling sets for the
languages L(A) and L(B), respectively. The intersection of these languages is the language
{a, b}α−1 consisting of all strings over the alphabet {a, b} of length α − 1. Any minimal
NFA for this language has α states.

Lemma 14. For any positive integers m,n, α such that m 6 n and m 6 α 6 mn, there
exist a minimal NFA A of m states and a minimal NFA B of n states such that any
minimal NFA for the language L(A) ∩ L(B) has α states.

Proof. Let m,n, and α be arbitrary but fixed positive integers such that m 6 n and
m 6 α 6 mn. Then α can be expressed as α = m + s(n − 1) + t, where 0 6 s 6 m and
0 6 t < n − 1. Let Σ = {a, b, c}.

Define an m-state NFA A = (QA,Σ, δA, q0, FA), where QA = {q0, q1, . . . , qm−1}, FA =
{q0} and for any i ∈ {0, 1, . . . ,m − 1} and any X ∈ Σ,

δA(qi,X) =















{q(i+1) mod m}, if X = a,

{qi}, if i 6 s − 1 and X = b,

{qi}, if i = s and X = c,

∅, otherwise.

Define an n-state DFA B = (QB ,Σ, δB , p0, FB), where QB = {p0, p1, . . . , pn−1}, FB =
{p0}, and for any i ∈ {0, 1, . . . , n − 1} and any X ∈ Σ,

δB(pi,X) =























{p0}, if i = 0 and X = a,

{p(i+1) mod n}, if X = b,

{pi+1}, if i 6 t − 1 and X = c,

{p0}, if i = t and X = c,

∅, otherwise.

The NFA A and B are shown in Fig. 5. Both automata are minimal since the sets of
pairs of strings {(ai, am−i) | i = 0, 1, . . . ,m − 1} and {(bi, bn−i) | i = 0, 1, . . . , n − 1} are
fooling sets for the languages L(A) and L(B), respectively.
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Figure 5: The nondeterministic finite automata A and B.

Let C = (QA × QB,Σ, δ, [q0, p0], F ), where δ([q, p],X) = [δA(q,X), δB(p,X)] for any
X ∈ Σ, and F = FA × FB , be the cross-product of automata A and B accepting the
language L(A) ∩ L(B). Let R be the following set of states.

R = {[qi, p0] | 0 6 i < m} ∪ {[qi, pj ] | 0 6 i < s, 1 6 j < n} ∪ {[qs, pj] | 1 6 j 6 t}.
Any state in R is reachable in the NFA C because we have [qi, p0] ∈ δ([q0, p0], a

i) for
i = 0, 1, . . . ,m − 1, [qi, pj ] ∈ δ([q0, p0], a

ibj) for i = 0, 1, . . . , s − 1 and j = 1, 2, . . . , n − 1,
and [qs, pj ] ∈ δ([q0, p0], a

scj) for j = 1, 2, . . . , t. Next, no other state in QA×QB is reachable
in the NFA C because the initial state [q0, p0] of the NFA C is in R and for any state [q, p]
in R and any symbol X in Σ either δ([q, p],X) ⊆ R or δ([q, p],X) = ∅. Thus the language
L(A)∩L(B) is accepted by an (m+ s(n− 1)+ t)-state NFA. To prove the lemma consider
the following sets of pairs of strings:

A = {(ai, am−i) | i = 0, 1, . . . ,m − 1},
Bk = {(akbi, bn−iam−k) | i = 1, 2, . . . , n − 1}, for k = 0, 1, . . . , s − 1,
C = {(asci, ct+1−iam−s) | i = 1, 2, . . . , t}.

Let D = A∪ B0 ∪ B1 ∪ · · · ∪ Bs−1 ∪ C. We will show that the set D is a fooling set for the
language L(A) ∩ L(B). We need to show that
(1) for any pair (xi, yi) in D, the string xiyi is in the language L(A) ∩ L(B), and
(2) for any two different pairs (xi, yi) and (xj , yj) in D, at least one of the strings xiyj and
xjyi is not in the language L(A) ∩ L(B).

To prove (1) note that the strings am, akbnam−k (k = 0, 1, . . . , s− 1), and asct+1am−s

are in the language L(A) ∩ L(B).
To prove (2) we have six cases to consider:

(i) Both pairs are in A. Let 0 6 i < j 6 m − 1. Then the string aiam−j is not in the
language L(A) since 0 < m − j + i < m.

(ii) Both pairs are in Bk for some k (0 6 k 6 s − 1). Let 1 6 i < j 6 n − 1. Then the
string akbibn−jam−k is not in the language L(B) since 0 < n − j + i < n.

(iii) Both pairs are in C. Let 1 6 i < j 6 t. Then the string ascict+1−jam−s is not in the
language L(B) since 0 < t + 1 − j + i < t + 1.

(iv) The first pair is in A and the second in some Bk (or in C). Then the string akbiam−j

(the string asciam−j , respectively) is not in the language L(B) since 1 6 i 6 n − 1
(1 6 i 6 t, respectively).

(v) The first pair is in some Bk and the second in some Bl with 0 6 k < l 6 s− 1. Then
the string akbibn−jam−l is not in the language L(A) since 0 < k + m − l < m.

(vi) The first pair is in some Bk and the second in C. Then the string ascibn−jam−k is
not in the language L(A) since i > 1 and n − j > 1.
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Thus we have shown that the set D is a fooling set for the language L(A) ∩ L(B). By
Lemma 5, any NFA for the language L(A) ∩ L(B) needs at least m + s(n − 1) + t states
and our proof is complete.

As a corollary of the two lemmata above, we get the following result.

Theorem 4. For any positive integers m,n, α such that 1 6 α 6 mn, there exist a minimal
NFA A of m states and a minimal NFA B of n states such that any minimal NFA for the
language L(A) ∩ L(B) has α states.

6 Conclusions

In this paper, we investigated the state complexity and the nondeterministic state com-
plexity of languages resulting from the union and intersection of two regular languages. In
the deterministic case, we showed that the entire range of complexities between 1 and mn

can be obtained by the union or intersection of an m-state DFA language and an n-state
DFA language for any integers m and n such that m > 2 and n > 2. Next, we proved that
the nondeterministic state complexity of the union of an m-state NFA language and an
n-state NFA language may be arbitrary between 1 and m + n + 1, except for the case of
m = 1 and n = 1 when the union has nondeterministic state complexity 1 or 3. To prove
these results we used a binary alphabet. In the case of a unary alphabet, similar results
probably do not hold. Finally, we showed that the nondeterministic state complexity of
the intersection of an m-state NFA language and an n-state NFA language may be arbi-
trary between 1 and mn. We proved the last result for a ternary alphabet. The question
whether this result holds likewise for a binary alphabet remains open.
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