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Abstract

In [13] we gave combinatorial characterizations of non(P) for var-
ious properties P of spaces expressing non-distinguishability of some
ideal convergences and semi-convergences of sequences of continuous
functions. In the present paper we study three of these invariants:
non((I, JQN)-space), non((f, <x JQN)-space), and non(w(I, JQN)-spa-
ce). We study them in connection with partial orderings of “w re-
stricted to relations between I-to-one functions and J-to-one functions.
In particular we prove that non(w(I, JQN)-space) < b for every ca-
pacitous ideal J on w. This generalizes the same result of Kwela for
ideals J contained in an F,-ideal. If J is a capacitous P-ideal, then
non((I, JQN)-space) = non((I, <xJQN)-space) = b for every ideal
I C J and non(w(I, JQN)-space) = b for every ideal I below J in
the Katétov partial quasi-ordering of ideals.

Introduction

For an ideal I on w, a sequence of reals £ = (£, : n € w) is said to I-converge

to 0, we write & - 0, if for every ¢ > 0, {n€w:l&| >e} el (we will not
use a convergence to a non-zero value).

For ideals I, J, K on w and for a sequence of real-valued functions f =
(fn : n € w) defined on a set X we consider the following ideal convergences:
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f L0, if for every € X, (fu(z) :n € w) Lo (the I-pointwise convergence).

f TEGN 0, if there exists an € € “[0, 00) such that & X 0 and for every ¢ € X,

{n€w:|fn(z)| >en} € J (the JK-quasi-normal convergence).

phe 0,if f JIQN 0; i.e., if there exists an € € “[0, c0) such that e 7, 0 and for

every ¢ € X, {n € w: |fn(x)| > en} € J (the J-quasi-normal convergence).

The I-convergence and the JQN-convergence are the same as in [4, 6]. The
JKQN-convergence was introduced in [9] under the name “the (J, K)-equal
convergence”. This two-ideal convergence was introduced because different
authors defined the “J-equal convergence” meaning the (J, K)-equal conver-
gence with K = Fin or with K = J.

Let X be a topological space and let C'(X) be the family of continuous
real-valued functions on X. We define ([13]):

(A) X is an (I, JQN)-space, if for every f € “C(X), if f 2 0, then f 72 0.

(B) X is a w(I, JQN)-space, if for every f € “C(X), if f ER 0, then there is
¢ € “w such that (f,,) :n € w) TN,
These properties are generalizations of the notions of a QN-space and a wQN-
space introduced in [5]: a QN-space means a (Fin, FinQN)-space and a wQN-
space means a w(Fin, FinQN)-space, where Fin denotes the ideal of finite sets.
The definitions of an (I, JQN)-space and a w(I, JQN)-space coincide with
the definitions of an (I, J)QN-space and an (I, J)wQN-space in [4], respec-
tively. Some authors (see [6, 10, 16]) use a similar definition to (B) with the
requirement that ¢ is strictly increasing.
We use (A) and (B) as general schemes which can be used for arbitrary
pair of convergences. For example:

— X is an (I, JKQN)-space, if for every f € “C(X), if f ER 0, then
f TEQN (hence an (I, JQN)-space is an (I, JJQN)-space).

- X is a w(I, JKQN)-space, if for every f € “C(X), if f LR 0, then there
is ¢ € “w such that (f,) 1 n € w) TESY ) (hence a w(I, JQN)-space is
a w(I, JJQN)-space).

- X is a w(I, J)-space, if for every f € “C(X), if f ER 0, then there is
¢ € “w such that (f,m) :n € w) Lo.

The question whether the property of a w(I, JQN)-space is the right gen-
eralization of a wQN-space led us in [13] to this definition:
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(C) X is an (I, <xJQN)-space, if for every f € “C(X), if f L0, then there
exists an ideal J' <k J such that f QN 0.
Recall that <k is the Katétov partial quasi-ordering of ideals defined by
J <k J,if Bp € “w)(Va € J') ¢ (a) € J. For the non-tall ideals J,
an (I, <x JQN)-space means the same as a w(I, JQN)-space (see [13, Corol-
lary 4.5 (a2) and (cl1)]). For f € “(*R) we define the following two semi-
convergences:

PPN 0e @ s 0 FR0e @7 <k d) L0

Definition (C) can be obtained from the scheme (A) by substituting the

semi-convergence f SKION G for f N0, [13] we classified 2 x 16 modifica-

: : : JQN <gJ <gJQN
tions of (A) and (B) for all pairs of semi-convergences 2, &, Sin SKJQN.

Each of these properties is equivalent to one of the following 9 properties:

(<kIQN, <xJQN) = (IQN, <xJQN) = w(IQN, JQN) = w(IQN, J)

f f f f
(SKI,SKJQN) = (I,SKJQN) = W(I,JQN) = W(I,J)
f
(1, JQN)

Recall that non(P) denotes the minimal cardinality of a space not having the
property P. The cardinal invariants non(P) for the above properties P are
reduced to 5 cardinals because non(P) = non(w(I, J)-space) = ¢ ; for P in
the top row (see [13, Theorem 3.11]), where

¢y =min{|X|: X CTand (Vo € “w)(Fa€ X) o *(a) ¢ J}, ifI £x J,

and ;5 = oo, if I <g J. By the convention, non(P) = oo means that
every space has the property P. For every property P in the diagram, if
non(P) # oo, the value of non(P) is witnessed by a set of reals not having the
property P.

There is no complete characterization of pairs of ideals for which the above
properties are different. There are only some isolated examples: There is
an ideal I such that every space is a w(I,IQN)-space but there is a space
that is not an (I, IQN)-space (a consequence of [13, Theorem 3.4 (a), (b)
and Example 3.3 (2b)]). Assuming p = ¢, Supina ([16, Theorem 1.5]) proved
that there is an ideal I such that not every space is a (Fin, IQN)-space and
there is a (Fin, IQN)-space which is not a QN-space. Kwela ([10, Theo-
rem 2.11]) proved that consistently there is an ideal I such that not every
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space is a w(Fin, TQN)-space and there is a w(Fin, IQN)-space which is not
a wQN-space. The ideal I in the last two results must be a weak P-ideal
(Definition 1.2).

In the present paper we continue investigation of the cardinal invariants

non((I, JQN)-space), non((I, <xJQN)-space), non(w(I, JQN)-space). (x)

In Section 2, we express the cardinals (*) as bounding numbers of relations
connected with restrictions of the partial ordering <; of “w defined by f <; g
if ||f < gl € J for f,g € “w where ||f < g|| = {k € w: f(k) < g(k)}. In
particular, <; is considered between the set F'(I) of I-to-one functions and
the set F(J) of J-to-one functions. The inequalities between the cardinals
are expressed by morphisms between the relations. The bounding number of
(F(I),<y) is a natural lower estimation of the cardinals (%) provided that
I C J and we show that the cardinals (x) have upper bounds in the form of
dominating numbers of the partially ordered sets (F(I),<;) and (“I,<%. ),
where f <t. g means that f(n) C g(n) for all but finitely many n € w (see
Theorem 2.12).

Kwela [10] proved that non(w(I, JQN)-space) < b for every ideal J on w
that is contained in an F,-ideal. His proof is based on the fact that every
F,-ideal is determined by a lower semi-continuous submeasure on w. We
were successful to find a similar proof for analytic P-ideals. The question
whether it is possible to unify these two results in a single one led us to
the notion of a capacitous ideal in Section 3. Main results of this section
state that every F,-ideal and every analytic P-ideal is capacitous, the prop-
erty “to be a capacitous ideal” is hereditary with respect to Katétov partial
quasi-ordering <k, and non(w(I, JQN)-space) < b if J is capacitous (Theo-
rem 3.5). As a consequence we prove that if J is a capacitous P-ideal, then
non((I, JQN)-space) = non((I, <xg JQN)-space) = non(w(I, JQN)-space) = b
for every ideal I C J and non(w(I, JQN)-space) = b for every ideal I <x J.

In Section 4, we present lower and upper estimations of invariants (x) by
bounding and dominating numbers of partial orders as general as possible.
The lower estimations are uncountable cardinals.

1 Notation and terminology

We use the same notation as in [13]. By an ideal on a set S we mean any
collection I C P(S) such that I contains all finite subsets of S, S ¢ I, and I is
closed under finite unions and subsets of its elements. If I is an ideal on S,
then I™ = P(S) \ [ is a family of all I-positive sets and I* = {S\a:a € I}
is the dual filter to the ideal I. If I and J are ideals on S and a C S, then
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by IV J and IV (a) we denote the smallest ideals on S containing I U J and
T'U{a}, respectively, if such ideals exist. Let Fin = [w]<%.
For an ideal I on w and ¢ € “w we define

T ={aCw:p (a) €1},
() ={aCw:pla) e},

Clearly, ¢ (I) is an ideal on w if and only if Fin C ¢~ (I) if and only if
p € F(I); and ¢~ (I) is an ideal on w if and only if w ¢ ¢ (I) if and only if

rng(p) € I'T. The meaning of a € F(I) is « 4 .
Let us recall Rudin-Keisler (<gk), Rudin-Blass (<gp), Katétov (<x), and
Katétov-Blass (<kp) partial quasi-orderings of ideals I and J on w:

I<gg J & FpeF(J)I=9(J]),
I <pp J & (Fp € F(Fin)) I = ¢ (J),
I<kJ& (FpeF(J])ICe (),
I<kpJ & (3p € F(Fin)) I C o (J).

For a, ¢ € “w, like in [13], the composition ¢ o o € “w is defined by

(poa)(k)=al(p(k)), kew.

Then (¢ oa)~(a) = ¢~ (a"(a)) for a C w.
If ¢ is a formula with parameters «, (3, - - - € “w, then we denote

9] = {k € w: P(a(k), B(F),-..)}-

In particular for o, 8, € “w and n € w, || < «f = {k €
la = nll = a™t({n}), lpoB < poal ={kcw: By
o (|8 < al]). Consequently, poa € F(I) & a € F(p™
poalle I & [|f <al €p™().

w: Bk) < ak)},
k)) < alp(k))} =
(1)) and [po B <

Lemma 1.1. Ifa € F(I), ¢,0 € “w, and |[po B < af| € I, then ¢ € F(I).

PROOF. Let ¥ = ¢ o . Then ¢~ *({n}) = | =n|[N (o < nl|U[n < al]) C
la <nl|U|lv < af € I. Hence v € F(I) and ¢ € F(I) implies p € F(I). O

An ideal J is said to be a P([I)-ideal for an ideal I, if for every partition
{an : n € w} C J of w there exists ¢ € J* such that a, Nc € I for all n € w.

A partitions {a, : n € w} of w can be expressed by the function o € “w
defined by a(k) = n for k € a,, and n € w. Conversely, every function a € “w
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determines a partition {a,, : n € w} of w by a,, = || = n|| for n € w. Moreover,
{an :n €w} C Jif and only if a € F(J).

We prefer using functions instead of partitions. In particular, an ideal J is
a P(I)-ideal if and only if (Vo € F(J))(3c € J*)(Vn € w) |la =n|Nce I

Definition 1.2. Let I, J, K be ideals on w.

J is a weak P-ideal, if (Vo € F(J))(3c € J1)(Vn € w) ||a =n|| N ¢ € Fin.
J is a weak P(I)-ideal, if (Vo € F(J))(3c e JT)(Vn e w) [la=n|Ncel.

J is a W(I)-ideal, if (Vo € F(J))(Vp € F(J))(3c € J*)(Vn € w)
¢(lla=n[lne) eI

K is a weak P(I,J)-ideal if (Vo € F(K))(3c € J*)(Vn €w) la=n|Nce I

K is a W(I, J)-ideal if (Va € F(K))(Vp € F(J))(3c € JT)(Vn € w)
p(la=nlNne)el

Hence, J is a weak P-ideal < J is a weak P(Fin)-ideal; J is a weak P([)-
ideal & J is a weak P(I,J)-ideal; J is a W ([I)-ideal < J is a W (I, J)-ideal.

The notion of a P(I)-ideal was introduced in [9], the notion of a weak
P(I)-ideal was introduced in [16] as a generalization of the dual property to
a weak P-filter from [11]. The notions of a W (I)-ideal, a weak P(I, J)-ideal,
a W(I,J)-ideal were introduced in [13]. The notion of a W (I, J)-ideal is
related to the property W (I, J, K) in [15] (if K C J, then W(J, K,I) & K is
a P(I,J)-ideal, see [13]).

Lemma 1.3. An ideal J is a W (Fin)-ideal if and only if J is a weak P-ideal.

PrOOF. Every W(I)-ideal is a weak P(I)-ideal. Conversely, a weak P-ideal
is a W (Fin)-ideal: If || = n|| N ¢ € Fin, then also ¢(|la =n|N¢) € Fin. O

Recall that p is the pseudo-intersection number, b is the bounding number,
0 is the dominating number (see [7]). If P is a property of topological spaces,
then non(P) is the minimal cardinality of a space not having the property P.

By idx we denote the identity on X and by idx y we denote the identity
function from X into Y provided that X C Y. We use the symbol idx y as an
evidence about the inclusion X C Y to improve the readability of formulas.

2 Bounding and dominating cardinal numbers

We say that a class of spaces is reasonable, if it contains all separable metric
spaces and it is closed under homeomorphisms.
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Theorem 2.1 ([13, Theorem 3.6 and Theorem 3.11]). For all ideals I,
J, and K C J onw and for all reasonable classes of spaces the following holds:
(a) If K is a weak P(I,J)-ideal, then

non((I, JKQN)-space) = min{| X | : X C F(I) and
(Vae F(K))(36 € X) |8 <al ¢ J} <t

otherwise, every space is an (I, JKQN)-space.
(b) If K is a W(I,J)-ideal, then

non(w(I, JKQN)-space) = min{|X|: X C F(I) and
(Va e F(K))(Vp € F(J))(3F € X) [[pof <al ¢ J} <

otherwise, every space is a w(I, JKQN)-space.
(¢) If every ideal <k-below J is a weak P(I)-ideal, then

non((I, <x JQN)-space) = min{|X|: X C F(I) and (VJ' <grk J on w)
(Vo€ F(J))(FB € X) [ <al ¢ J} <c,

otherwise, every space is an (I, <xJKQN)-space.
(d) non(w(I,J)-space) = €1 ;. O

An inequality between cardinal invariants of two binary relations is some-
times a side effect of the existence of a morphism between the relations. The
advantage may be the existence of the dual morphism and an inequality for
the dual invariants.

We select suitable binary relations from the equalities in Theorem 2.1 and
find morphisms to express known as well as some new results for the cardinals

non((I, JQN)-space), non((I, <xJQN)-space), non(w(l, JQN)-space).

Following [2], a binary relation is a triple (R_, Ry, R) with R C R_ X Ry.
If there is no doubt about the sets R_ and R, we simply write R instead of the
triple (R_, Ry, R). The dual relation is (Ry, R_, R*) where R+ = =(R™!);
ie., # Rt y if and only if -(y R x). A morphism (®,V¥) : (R_,R,,R) —
(5_,854,5) is a pair of functions ® : S_ — R_ and ¥ : Ry — Sy such
that ®(z) Ry = = S ¥(y); then (¥, ®) : (S_,5.,9)+ — (R_,Ry,R)*
is a (dual) morphism because ¥(y) S+ x = y R+ ®(x). The composition
(®1,T4) o (P2, Us) of morphisms (P1,¥;) : (R-,Ry,R) — (5_,54,5) and
(Po,Ts) : (S-,54,5) — (T-,T4,T) is the morphism (Pg o &1, ¥ o Uy) :
(R_,R4,R) — (T_,T4+,T) (recall that, e.g., P2 0 1 (x) = &1 (P2(x))).
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We write R < S, if there is a morphism from R to S and we write R =~ .S,
if R< .S and S < R. We define

9(R) = min{|D|: D C R} and (Vx € R_)(3y € D) x Ry},

if dom(R) = R_, and let 9(R) = oo, otherwise (in [2], this invariant is denoted
by ||R|). Obviously ?(R) < oo < 0(R) < |R|. Dually, let b(R) = o(R*). If
b(R) < o0, then

b(R) =min{|B|: BC R_ and (Vz € Ry)(3y € B) ~(y Rx)}.

A set D C Ry is R-dominating, if (Vx € R_)(3y€ D)z Ry. Aset BC R_
is R-unbounded, if it is R*+-dominating; i.e., (Vo € Ry)(3y € B) =(y R ).

If R < S, then 2(S) < 9(R) because, if D C R, is R-dominating, then
{¥(y) : y € D} is S-dominating. In particular, if there is no S-dominating set,
then there is no R-dominating set; i.e., 9(S) = co = ?(R) = co. Dually, since
S+ < R*,if B C S_ is S-unbounded, then {®(y) : y € B} is R-unbounded,
hence b(R) < b(S), and in particular, b(R) = oo = b(5) = cc.

If R is a partial ordering < on a set P without maximal elements, then
R < Rt and therefore b(R) < ?(R) (for x € P let ®(x) > z; then (®,idp) :
R — R* is a morphism because ®(z) <y = x # y). If Q is a cofinal subset
of P, then R~ R|Q (for z € P let x < ®&(z) € Q; then (?,idg.p) : R|Q — R
and (idg,p,®) : R — R[Q are morphisms). If R is a total ordering, then
R* =~ R and therefore b(R) = 0(R) (z # y = = < y; i.e., (idp,idp) : Rt - R

is a morphism).

Let I, J, K be ideals on w. Denote

E(J)={(p,a) e“wx“w:poac F(J)}
={(p,a) e F(J) x“w:ae Fle~(J))}

and consider the following binary relations:

Zf; S F(I) x F(K), BLi;as|B<alel;

Y, CF(I)x (F(J)x F(K)), BY[; (p.a) & |lpof <al €J;
Ar s CF(I)x F(I), BArjas|8<aleld;

By C F(I) x F(J), BBrsjas|B<alel;

Crg C F(I) x F5(J), BCry(p,a) = o (I8 <al) € J;
Drs CF(I)x (F(J)x F(J)), BDrs(p,a) & [popf<alel;
Er;CIx“w, aBrype o) el
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Note that A[’J = Zi‘], B[’J = Z{"p AJ’J = BJ’J = ZiJ7 and D]’J = Y{’J.
Note that ¢; ;y = b(I,“w,Ef 5); i€,

by =min{|X|: X C T and (Vp € “w) X\ ¢ (J) # 0}, if I <Lk J,
and &7y = o0, if I <k J. By [13, Lemma 3.10 (b)], b(I,“w,E; ;) = b(I, F(J),
E; j). We prefer (I,Yw,Er 5) to (I,F(J),Er, ) because it is fully monotone
with respect to the Katétov partial ordering of ideals (see Lemma 2.7 (d)).

The following theorem is a reformulation of Theorem 2.1 and translates
the cardinal invariants of the form non(...) into cardinal invariants of binary
relations Ay 7, Br,s, ..., Zr,; and back. We will use it (often without any
reference) throughout the whole paper whenever there will be such connection.

Theorem 2.2. Let I, J, K be ideals on w and let K C J (the following
inequalities < ¢ have the same meaning as < 00).

(a) non((1, JKQN)-space) = b(Zf ;) and b(Zf ;) < ¢ if and only if K is
a weak P(I,J)-ideal. In particular,
~ non((I, JQN)-space) = b(Z{ ;) = b(By,s) and b(B; ;) < ¢ if and
only if J is a weak P(I)-ideal;
— non((I, JIQN)-space) = b(Zf,J) =b(Ary) <c, if I CJ.

(b) non(w(I, JKQN)-space) = b(YF ;) and b(Y{ ;) < ¢ if and only if K is
a W(I,J)-ideal. In particular,

~ non(w(I, JQN)-space) = b(Y{ ;) = b(Dy, ;) and b(Dy,s) < ¢ if and
only if J is a W(I)-ideal.

(¢) non((I, <xJQN)-space) = b(Cy,5) and b(Cr ;) < ¢ if and only if every

ideal <g-below J is a weak P(I)-ideal.

(d) non(w(I,J)-space) =b(E; ;) =%rs and ¥ 5 < c if and only if I £x J.
ProoF. All assertions are transcriptions of Theorem 2.1. Case (c) needs some
explanation. Theorem 2.1 (c¢) says: If every ideal <k-below .J is a weak P([)-
ideal, then

non((7, <x JQN)-space) = min{|X| : X C F(I) and (VJ' <pk J on w)

(Vae F(J)(3BeX) IB<al ¢t} <c

otherwise, non((I, <x JQN)-space) = co. This is equal to b(C; y) because
(37" <px J)(3a € F(J)(VB € X) |8 <al €S’

& (Fpe F(J1)Bae Fly~())(¥8e X) o (I8 <al) e J
& (Bp,a) € B()(VB € X) BCry (pya). D
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Lemma 2.3. Consider the functions

\Ifl F‘(J)—>F‘2(J)7 \Ill(a):(idw,oz),

Uy : Fo(J) — F(J) x F(J), Pa(p,a) = (p,¢oa),

O3: 1 — F(I), P3(a)(k) =0, if k € a, and P3(a)(k) =k, if k ew\ a,

\IJSZF(J)XF(J)_)WCU’ \113(@304):90'
For any ideals I and J on w the following pairs of functions are morphisms:
(idp(ry,%1)
_—

(idp(r),¥2) (®3,¥3)

Br.s Crg Dy s Er ;.

Consequently, b(By ;) < b(Cr,y) <b(Dy1,5) <bErs) =%r.

PRrROOF. For example, the implication ®3(a) Dy s (p,a) = a Erj ¥s(p,a)
holds because [|p o ®3(a) < «f € J implies p~1(a) C |¢ o P3(a) < af U
= 0| € J. O

By [13, Lemma 3.10 (a)], p < €; ;. The value £ ; gives no reasonable
restriction on the value of b(B; y): If I ¢ J, then b(B;, ;) = non((I, JQN)-
space) = 1 and, if I C J, then £; ; = oco.

Recall that the symbols idx and idx y denote the identity function on X.
The symbol idx,y serves also as an evidence about the inclusion X C Y.

Lemma 2.4. The inclusions I C K, K C J, and I C J (separately) imply
that the following pairs of identities are morphisms:

(idp(1),idF (1), F(K)) (idp1y,idr(x),F(a))

A; 7K Br
7 ICK 1,7 KCJ 7
IQJT(idF(I) idp oy, F(a)) IEJT(idF(I),F(J):idF(J))
A Ay O

Let <; denote the partial quasi-ordering of “w defined by
a<;Bela<ple ofew.
If J is a maximal ideal, then <j; is a total quasi-ordering.

Lemma 2.5. For any ideals I and J on w, Ay ; = (F(J),<;) and A;y =
(F(I),<y) are directed partially quasi-ordered sets. Ay j has a largest element
if and only if INJ* # (.
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PROOF. Let 74,3 be the pointwise minimum of o, 3 € F(I). Then v, € F(I)
because ||[Ya,3 = n|| C |la = n||U||8 =n| € I for all n € w and 74,5 is an

upper bound of @ and 3 in Ay ; because || < Yo gl = |18 < Yasll =0 € J.
Any 3 € F(I) is a largest element in A ; if and only if |3 = 0|| € I N J*
because for every a € F(I), |la < 8| Cw\ |8 =0 O

Assuming I N J* = () we denote (in most cases I C J):
brs =b(Ars), s =0(Ary), by=b(Ass), v =0(Asy).

Since Ay ; is a partially quasi-ordered set on a subset of “w, by ; <07 ;7 <¢
and by <05 <c.

Corollary 2.6. If I C J are ideals on w, then wy < by and wy < by < by g.

PROOF. By [13, Theorem 2.12 (a)], non((I, JKQN)-space) > wy, if I C KNJ.
Therefore by Theorem 2.2 (a), by = non((I,[IQN)-space) > w;. Then by
Lemma 2.4, w; < by < by ; and, in particular for I = J, w1 <b;;=0b;. O

We consider also restrictions of two partial quasi-orderings of “P(w):
f<ige (@red)(Inew) f(n) Cgn)Ua,
f<ige{new: f(n)¢Lgn)}el

The relations S?, and S}, are natural generalizations of the eventual partial
quasi-ordering <* on “w and (“Fin, <, ) ~ (“Fin, <};,) &~ (“w, <*) because
“w is cofinal in “Fin. Note that for o, 3 € “w, a <; & B <} asie., <;is
the inverse of the relation §1J.

Be aware that we use by and 0 ; differently from other authors (e.g., [8, 10])
and by definition they are different from b(“w, <!) and 2(*w, <%).

By the next two lemmas, (“I,<k) < Arr < Arg ~ (“I,<Y) and hence
Corollary 2.6 can be proved also by the diagonal method.

Lemma 2.7. Let I, J, K, I, J', J’, K' be ideals on w.
(a) Z7; = (“I,YK,<Y), Ar g~ (“I,<9), and By j =~ (“1,%J,<5).

(b) IfI' €1, J CJ, and K C K', then ZX, < Z§ ., YK, < YE
Arg <A1y, Bry<Bry,Cry<Cry,Drs<Dry, Erg<Ep p
(Omzttzng ALJ # AI’,J)-

(c) If J <k J', then Apin,; < Apin, s

(d) If I' <k I and J <k J', then Brin,g < Brin,g/, C1,7 < Cr g, D1y <
Dry, Erg <Ep .
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PRrROOF. (a) Define ®; : F(I) — “I and ¥y : “T — F(I) by ®7(a)(n) =
la < nf and Ur(f)(n) = min{m € w:n € mU f(m)} for « € F(I), f € “I,
and n € w. We show that the following pairs of functions are morphisms:

(‘I)17\IIK) : (wlava Sg) - (F<I>7F(K)7§J)7
(\IJI»(I)K) : (F(I)vF(K),SJ) - (wlvaa Sg)

Assume that o € F(I), f € “K, and ®;(«) <Y f. There is an x € J such
that ||a = n|| € f(n) Uz for all n € w and then, a(k) = n and k ¢ x implies
Ui (f)(k) <n=a(k). Therefore |a < Ui (f)|| Cz € J;ie, a <; Ug(f).

Assume that o € F(K), f € “I, and ¥;(f) <; a, ie., [|[¥;(f) < a| € J.
Then for every n € w, f(n) C ||[¥;(f) < n| C |la < n||U||Y(f) < af =
P (a)(n) U||W;(f) < all. Therefore f <Y @ (a).

(b) These morphisms consists of identity functions (similar to Lemma 2.4).

(¢)~(d) Let v € F(I) and n € F(J') be such that I' Cv~(I) ={a Cw:

“Ya)eltand JCn~(J)={a Cw:n"t(a) € J'}.

By (a)7 to prove Brin,g < Brin,sr and AFin,J < AFin,Jl we find mor-
phisms (®, ¥) : (“Fin,*J,<%) — (“Fin,*J’,<Y%) and (®,¥’) : (“Fin, <9) —
(“Fin, <Y,). Define ® : “Fin — “Fin and ¥ : “.J — “.J’ by ®(f)(n) = n[f(n)]
and ¥(g)(n) = n7(g(n)); if  is finite-to-one, then let ¥’ = ¥[(“Fin). If
®(f) <% g and x € J is such that ®(f)(n) C g(n) Uz for all n € w, then
f(n) Cn~t(g(n)Uz) = ¥(g)(n)Un~'(z) for all n € w and hence, f <Y, ¥(g)
because ! (z) € J'.

A morphism (idpp), V) : Cr; — Cryr. Define ¥ : Fp(J) — Fo(J') b
U(p,a) = (nop,a); if poa € F(J), then U(p,a) € F(J') because (no ¢

o 1({71}) =" “(poa)TH({n})]. Now, B Cr; (p,a) = ¢ (B < af) € J
() =0 e (1B <al) € J = BCry (nop,a)= B Cry (%a)
A morphlsm (®,¥) : Dy y — Dy yo. We define @ : F(I') — F(I) a

U : F(J) x F(J) — F(J') x F(J'). For 8 € F(I') let ®(8) = v o and
for p,a € F(J) let ¥(p,a) = (nopov,noa),if noporv € F(J'), and
U(p,a) € F(J') be arbitrary, otherwise. Then ®(3) € F(I) because ||y o 3 =
n|| = v=1(||3 = n||); similarly, noa € F(J') and ¥(p, ) € F(J')xF(J'). Now,
©(3) D1y (p,0) = [lpo ®(B) <all € TSy~ (J) = n" e ®(B) <all) €
J' = |noporvof <noal € J. Hence by Lemma 1.1, if ®(3) Dy s (¢, a),
then nopowv € F(J') and consequently, ¥(p,a) = (no ¢ ov,noa) and
BDr ¥(p, ).

A morphism (P, \I/) E]J—>E]/J/ Let @ : I/’ 5 T and ¥ : “w — “w
be defined by ®(a) = v~1(a) and ¥U(p) = nogporv.t If ®(a) Er s ¢, ie.,

IThe same argument in proving monotonicity of the relation (I, F(J), Er,7) as opposed
to (I,%w,Ey ) requires v finite-to-one: If ¢ € F(J) and v € F(Fin), then ¥(p) € F(J’).
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e (v Ha)) € J Sy (J"), then n~ 7 (v (a))) = (nopor) (a) € T,
ie,aEr; U(p). O

It seems that the monotonicity of the relations Ay j, By ;, Cy,; with respect
to the ideals I and J in Lemma 2.7 (c)—(d) differs from the monotonicity of
D;,; and E; ;. Some additional monotonicity properties of A; ; and By ; we
prove in Proposition 2.11 below.

Lemma 2.8. Let I, J, K, L denote ideals on w.
(a) There are morphisms according to the diagram

A
|
Arrin — (1 <) — (Cw, <*) = (“w,<%) ~ Apin,g
! !

(“I,<5) = (“w,<j)

(b) brin = b and Op;, = 0.

(¢) f ICLCKCJ and K is a P(I)-ideal, then Ap [, < A x ® Ap g =
Axk =Bk *Brxk ®#Brrx S Ay~ AL s~ Ak s <Brs~Br s~
BKJ.

(d) If J is a P-ideal, then b < b; <05 <0 and for every ideal I C J on w,
by <b;=br;<0;;,=0;<0;.

PROOF. (a) The morphisms (“I,<f..) — (“I,<9), (“I,<},) — (“I,<}),
(“w,<*) = (“w,<Y), (Yw,<*) = (“w, <)) are created by pairs of identities
and by Lemma 2.7 (a), A ; ~ (“I,<9%). Define ¥; : “I — “T and ¥, :
“I — “w by ¥1(f)(n) = f(n) Un and ¥o(f)(k) = max{m € w : m C f(k)}
for f € “I. Then (ides, ¥q) : (“I,<%.) — (“I,<f,,) and (idegw,, ¥a) :
(“I,<%) — (“w, <)) are morphisms. Taking .J = Fin we get also a morphism
(“I, <pyn) = (“w, <%).

(b) By (a), Arin,Fin = (“w, <*).

(c) Let L and L’ be arbitrary ideals on w such that I C L C K and
I C L' CK. By Lemma 2.4 and Lemma 2.7 (b), Ap; < Ap x < B x and
Ar g <Ap gy <Bry. Weprove Ap ; < Ay, Bry < By, and Bp g <
A k. By replacing L and L’ we get the (first two) inverse morphisms and we
get A S Ak Ak =Bk ~Brrk <Ay g~Ap < Bryg=Br.
For L' = I and L' = K we get the remaining equalities.

Let ® : “K — “J be defined as follows: Since K is a P(I)-ideal for every
g € YK fix a set z4 € K such that g(n) \ z, € I for all n € w and let
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®(g)(n) = g(n)\zy. Then g <% ®(g). By Lemma 2.7 (a) it is enough to show
that the following pairs of functions are morphisms:

(PI(“L), ®[(“L)) : (“L,<}) — (“L', <5), (2.1)
(PI(“L)idey) « (VL2 T, <)) — (VL T, <),
(PI(“L),®) : (“L,“K, <) — (“L', <%). (2.3)

These functions are well defined because ¥ C “L C YK and ¥I C¥L' C“K.
Assume that ®(g) <Y f for some g € “L’ and f € “J, i.e., there is
x € J such that ®(g)(n) C f(n)Ux for all n € w. Then g <Y f because
g(n) C f(n) U (xUz,) for all n € w and z Uxy € J. This shows that (2.2) is
a morphism. If f € “L, then g <% ®(f) because g <Y f <% &(f) and K C J.
Therefore (2.1) is a morphism. Taking J = K and f € “K in the same way
we get g <% ®(f) because g <% f <4 ®(f). Therefore (2.3) is a morphism.
(d) AFin,Fin < AJ,J and AI,I < A[,J ~ AJ,J holds for all I - J: AIJ <
Ay jholds by Lemma 2.4 and A7 ; = A ; holds by (c) because “J is a P(Fin)-
ideal and A7y =~ A ;” is an instance of “K is a P(I)-ideal and Ay x =~ Ag k"
in (c) by the substitution (K/J,I/Fin, L/I). Therefore by < by ;j =b; <d; =
07,7 <07 and b = bpin < by <05 < Vpin = 0 (bpin = b and Oy =0 by (b);
by <0, because A ; is a partially quasi-ordered set). O

By lemmas 2.4, 2.7 (b), 2.8 (¢), if I C K C J and K is a P(I)-ideal, then

by < b;x =bg =non((I, KQN)-space) = non((K, KQN)-space)
<br;=bg, s <non((l, JQN)-space) = non((K, JQN)-space).

The direct product of relations (R_, R4, R) and (S_, Sy, .S) is the relation
(R x S_,Ry x S4,R®S) where (z,u) R® S (y,v) < (x Ry and u R v).
Obviously, R® S ~ S ® R < R. Note that b(R ® S) = min{b(R), b(S)} and,
if 3(R® S) is infinite, then ?(R ® S) = max{o(R),d(5)}.

An ideal J is a weak P(I; V I)-ideal if and only if J is a weak P(I7)-ideal
or J is a weak P(I3)-ideal (see Proposition 2.9 (d) and Theorem 2.2 (a)).

Proposition 2.9. Let [ =11 VI, K = K1V Ky, and J = Jy V Jy be ideals
on w. Then Zfljl ® Zgih < Zﬁ{,J ~ ZK,J ® ZE,J' Consequently:

(a) min{bys, 5,,b1, 0.} < brvr, gvi and dr,vi, gvi, < max{dr, 5,,05,.4,}-
(b) Inin{b[l, [112} <brvi, and 0, vi, < maX{0[1,0]2}.

(¢) If K C J, then non((I1 V Iz, JKQN)-space) = min{non((I;, JKQN)-
space), non((Iz, JKQN)-space)}.
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(d) non((Iy V I, JQN)-space) = min{non((I1, JQN)-space), non((Iz, JQN)-
space)}.

PrROOF. By Lemma 2.7 (a) we get ZI ' ®ZI2 I Zf], if we find a morphism
(@,9): (D x D Ky x “E <Y, © <) — (1K, <))

Let ® = (®1, D) : “T — “I; X “I5 be such that ®1(f)(n) U D2(f)(n) = f(n)
for all f € “(I; VI;) and n € w and let ¥ : “K; x “Ky — “K be defined
by ¥(g1,92)(n) = g1(n) U g2(n) for (g1,92) € “K1 x YK and n € w. Assume
that ®(f) <5 ® <9, (g1,92), i.e., P1(f) <Y g1 and P(f) <Y, go which
means that there are z; € J;, i = 1, 2, such that ®1(f)(n) C g1(n) Uz and
Dy(f)(n) C ga(n) Uz, for all n € w. Then 21 Uzg € J and for every n € w,
f(n) = @1(f)(n)UP2(f)(n) C g1(n )U92( )U331U332 (g1, 92)(n)U(z1Uz2).
Therefore f <Y ¥(gi,g2). This proves ZhlJ ® Z122J2 < ZfJ. By substitution
K1:K2:Kand Jl JQ JwegetZ J®Z12 #Zf‘]
To get Zf, < Zf,J ® ZI2’J we find a morphlsm

(@, 0): (“I,YK,<%) — (“I) x“I,,*K x “K, <Y @ <Y).

Define @' : “I; x “I; — “J and ¥/ : YK — YK x “K by D'(f1, f2)(n) =
fi(n) U fa(n) and ¥/(g) = (g,g). Assume that ®'(fy, f2) <5 g and let x 6 J
be such that fi(n)U fa(n) C g( JUz for all n € w. Then f; <% gand f2 <Y g,
Le., (f1, f2) <G @ <G ¥(g).

FOI’ (a) take Kl = Il, KQ = IQ; fOI‘ (b) take Kl = Jl = 11, Kg = J2 = 12;
for (C) take Kl = Kg = K; for (d) take J1 = J2 = Kl = KQ =J. ]

The J-sum of ideals L,,, n € w, on w is the ideal Zn@d n={aCwxw:
{new:a(n)¢L }GJ}Wherea(n)7{k€w:(nk)€a}fora§wxw.
It J = Znew L, then J <gk J’ and by the next proposition, in this special
case, AJ/,']/ < AJ7J.

Pr0p051t10n 2.10. Let I, J, K, L,, n € w, be ideals on w and let I' =
S oL, J = ) L, and K’ = foewL . Then ¥, < Z¥,. In

particular, by y < by 5 and non((I’, J'QN)-space) < non((I, JQN) space).

PROOF. Define @ : “J] — “I" and ¥ : “K’' — “K by ®(f)(k) = f(k) x w for
fe“land ¥(g)(k) = {n € w:g(k)m) ¢ Ly} for g € “K’. Let ®(f) <Y, ¢
(where f € “T and g € “K’) and let € J' be such that f(k)xw C g(k)Uz for
all k € w. Denote y = {n € w: x(,) ¢ Lyn}. Then y € J and for every k € w,
f(k) CS{new: (g(k)Uz)m) & Ln} = ¥(g)(k) Uy. Therefore f <4 ¥(g). O
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Proposition 2.11 ({13, Lemma 4.1]). Let I, J, K be ideals on w, n € “w,
and a = w \ rng(n).

(a) Ifne F(J) and rng(n) € IT, then Ar,—(5) < Ay—(1),5 and By~ ) <
By~ (1),s. More generally:

(1) If n e F(J) and rng(n) € IT N K™, then ZI () S ZZ EI))J

K
S Zye ).

n (K)

(2) Ifne F(J)NF(K) and tg(n) € I, then Zy =)y <

K .
(b) 25, < 2K 1 = 2L R 20 i mg(n) € TE 0T A K
Consequently, A1 <X A1 vy = Ay— = and Brj < Br vy ~
By ym=(n-

(¢) If n is one-to-one, then ZK Z" g())n — ) and consequently, Ay j =

Ay 0y and Bry % By (1) - (s)-
(d) If7] S F(I) and rng(n) € J+, then Blv'ﬂk(J) < BnH(I),J\/(a)'

Proor. (a) Define® :“(n~(I)) > “ITand ¥ : “K — “(n~ (K)) (respectively,
U @7 (K)) — “K) by ®(f)(n) = n[f(n)] and ¥(g)(n) = n~"(g(n)). If
D(f) g?ﬁ(]) g, then there is 2 C w such that n~!(z) € J and for every n,
n[f(n)] C g(n) Uz and so, f(n) Cn~'(g(n)) Un~'(x). Therefore f <% W(g).

(b) 2K, < ZK 10y < 2155, hold by Lemma 2.7 (b). Since J V (a) =

77;(72 : (1)), K\é< EK))TI (n—( ()) and n € F(n—(J)) mg(n‘—(K)), by (a2),
Vi{a) _ on (0 n- n- K
Zraviay = Lim—m— ) = Ly—(nym—(5) We Prove Zo_ oy = L1 v(a)-

Define & : 1 — (i (I)) and W - (5 (K)) — “K by &(f)(n) = 1~ (f(n))
and ¥(g)(n) =nlg(n)]. I ®(f) < —n () 9> then there is # C w such that nfz ]

J and for every n € w, n7!(f(n)) C g(n)Ux and then f(n) C nlg(n)]Un[z]U
Therefore f §3V<a> U(g).

(c) For every ideal L on w, if n € F(L), then rng(n) € n~(L)* and n— (L) =
nﬁ(L) V (a); if n is injective, then n~(n~ (L)) = L. Consequently by (b),
Z77 T(K) Z”] (K) NZ H(77 (K)) :ZK

= (D= () T T (D7 (NVia) T Enm (i ()T (0 () L
(d) Bry— - = Bn“(nﬂ(l))ﬂ?H(J) because (7~ (I)) € I. Since rng(n) €

n~(I)* N J*, by (b), By—(1),0v(a) & By—= 1)) m—(1)- O
Theorem 2.12. Let I and J be ideals on w.

(a) If J is a weak P(I)-ideal, then Br j < Al{J and hence,
non((I, JQN)-space) < vy ;.
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(b) If every ideal <k-below J is a weak P(I)-ideal, then Cy ; < (“I, <k )*
and hence, non((I, <x JQN)-space) < d(“1, <117m)

(c) If J is a W(I)-ideal, then Dy j < (“I, <k )+ and hence,
non(w(I, JQN)-space) < d(“I, <L)

PrROOF. (a) J is a weak P(I)-ideal if and only if (Vo € F(J))(38 € F(I))
I8 < all ¢ J ([13, Theorem 3.4 (a)]). For every a € F(J) choose ¥(a) € F(I)
such that W(a) £; a. We show that (idpp), V) : Br s — A}ﬂ, is a morphism,
Le., 3Brja= B Af; ¥(a)for 3 e F(I)and a € F(J). Let 3By o, ie.,
B <j a. Then ¥(a) £ B by transitivity of <, i.e., 8 A}:J U(a).

(b)—(c) Under the hypotheses we define ® : “I — F(I), Uy : Fy(J) — “I,
and Wy : F'(J) x F(J) — “I such that

(I)(f) CI,J ((,0,06) = f zl{‘in \Ill(sova)a f € wIa (%04) € FQ(J),
O(f) D1y (9, ) = [ Zpw Y2lp @), fe“I, (p,a) € F(J) x F(J).

Let ®(f)(k) = min{m € w: k € mU f(m)} for f € “I and n € w. Then
18() < 1l = nUUycp £m) € 1.

If all ideals <k-below .J are weak P(I)-ideals, then for every (p, o) € Fo(J)
there is a set ¢y o € ¢ (J) such that ||a =n|[Ncy o € I for all n € w. Let
Ui(p,a)(n) =[la <n+1||Ncyo forall n € w.

Assume that ¥y (p, a) <f,, f. There is ng € w such that for every n > no,
la =n+1)|Nepa C f(n) C |2(f) < n| and hence || = n+ 1| Ncya C
[®(f) < afl. Then [|[®(f) < af 2 cpa \ |la < ng| € o7 (J)T because
lo < mgl| € ¢ (J). Therefore =(®(f) Cr.s (p,a)).

If J is a W(I)-ideal, then for every ¢, € F(J) there is a set dy o € J*
such that ¢(|ja = n||Ndyq) € I for all n € w. Let Wa(p,a)(n) = ¢(|la <
n+1||Ndg.q) for all n € w.

Assume that Ws(p, a) <f, f. Let ng € w be such that for every n > no,
p(la=n+1[[Ndya) S f(n) C[®(f) <n| and hence [la =n+ 1| Ndga C
(ke w: B(/)(e(k) < ak)} = oo B(f) < all. Then ~(B(f) Drs (4. 0)
because || o ®(f) < al Ddya \ |l < ngll € JT. O

Corollary 2.13 ([10, Theorem 2.7 (a)]). If J is a weak P-ideal, then

b < max{bpin, s, b;} < non((Fin, JQN)-space)
< non((Fin, <x JQN)-space) < non(w(Fin, JQN)-space) < .

)

PROOF. Let k = max{bpin s, bs}. By Lemma 2.8 (a), twice, (“w,<*
AFin,Fin < AFin,J and hence, b < bFin,J < k. By Lemma 2.4, k <'b (B Fi

2
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because Apin, 7 < Brin,s and Ay ;7 < Brin,7. By Lemma 2.3, Brin,s < Crin,J <
Dgin,s. By Lemma 1.3, J is a W (Fin)-ideal and by Theorem 2.12 (c) for
I = Fin, Dpin,y < (“Fin, <L, )t =~ (“w,<*)t. Therefore k < b(Bpin,s) <
b(Crin,s) < b(Dgin,s) < 9. Now apply Theorem 2.2. O

3 Ideals related to submeasures and capacities

Recall that p : P(w) — [0, 00] is a submeasure on w if (@) = 0, u({n}) < co
for all n € w, and p(a) < plaUb) < ul(a) + wu(d) for all a,b C w. Denote
Fin(p) = {a Cw : pla) < oo} and Exh(p) = {a C w : lim,e, p(a \ n) = 0}.
We say that p is unbounded on I C Fin(u), if for every n € w there is a € I
such that p(a) > n; p is unbounded, if it is unbounded on Fin(u); u is lower
semi-continuous, if p(a) = lim,c, p(aNn) for all a C w.

Clearly, Exh(y) is an ideal on w for every submeasure p on w and Fin(p) is
an ideal if and only if p(w) = co. For every ideal I there is a {0, oo}-valued
submeasure g such that I = Fin(u). However, this submeasure is not un-
bounded. On the other hand, if u is unbounded, then p is unbounded on an
ideal I C Fin(u) generated by a countable family.

Proposition 3.1. Let I C J be ideals on w.

(a) If I € J C Fin(u) for a submeasure p that is unbounded on I, then
Brs < (Yw, <*) and hence, non((I, JQN)-space) < b.

(b) If J = U,y Jn for an increasing sequence of ideals J,, and for infinitely
many n € w, I'N (Jp41 \ Jn) # 0, then Brj < (Yw,<*) and hence,
non((I, JQN)-space) < b.

PROOF. (a) We find a morphism (®,¥) : (“I,%J,<%) — (“w,<*); this is
sufficient by Lemma 2.7 (a). Fix a,, € I, n € w, such that n < p(a,) < .
Define @ : “w — “I and ¥ : “.J — “w by ®(a)(n) = aa(n)+n and ¥(g)(n) =
[1(g(n))] where o € “w, g € “J, n € w. Let ®(a) <Y g and let € J be such
that for every n € w, ®(a)(n) C g(n) Uz and hence a(n) +n < p(g(n) Uz) <
U(g(n)) + p(x). Then a <* ¥(g) because a(n) < ¥(g(n)) for all n > u(x).
(b) Define a submeasure p on w by p(a) =inf{n € w:a € J,} for a Cw
where we let inf ) = co. Then J = Fin(p) and p is unbounded on 1. O

Mazur [12] proved that an ideal J on w is an F, ideal if and only if J =
Fin(u) for some lower semi-continuous submeasure p on w such that p(w) = oo.
Solecki [14] proved that an ideal J on w is an analytic P-ideal if and only if
J = Exh(u) for a bounded lower semi-continuous submeasure p on w. Kwela
[10, Theorem 2.7 (b)] proved a result paraphrasing Dgin ; < (Yw, <*) for all
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subideals J of F,-ideals (see also weaker Proposition 3.1 (a)). Obviously,
Exh(p) C Fin(u) but Fin(p) is a proper F, ideal only if pu(w) = oo and it
remained open whether this result includes also all analytic P-ideals. This
question led us to the following notion of capacity on w familiar to the notion
of capacity in topological spaces in sense of [3].

A capacity on w is a function v : P(w) — [0, co] with these properties:

(i) v(0) =0 and a C b C w implies v(a) < v(b).

(ii) v(a) < oo and v(w \ a) = oo for every a € [w]<¥.

(iii) limpe, v(aNn) = v(a) for every a C w.

We say that an ideal J on w is capacitous, if there is a capacity v on w such
that J C Fin*(v) = {a Cw: v(a) < o0 and v(w \ a) = co}. Condition (iii) is
equivalent to the next condition:

(i) v(U,ew @n) = limgey, v(U, < an) for any a, € [w]<%.

Therefore a capacity and capacitous ideals can be considered on any infinite
countable set. The ceiling of a capacity is a capacity and thus it is enough to
consider capacities with values in w U {o0}.

Lemma 3.2. Let p be a lower semi-continuous submeasure on w and let T
and J be ideals on w.

1) If w ¢ Fin(w), then Fin(u) is a capacitous ideal on w.

(1)
(2) If w ¢ Exh(u), then Exh(u) is a capacitous ideal on w.

(3) If J is a capacitous ideal and I <k J, then I is a capacitous ideal.
(4) Ewvery capacitous ideal on w is a meager subset of P(w) ~ “2.

PRrROOF. (1) If u(w) = oo, then u is a capacity and Fin(u) = Fin™(u).

(2) By (1) we can assume that p(w) < oo because Exh(p) C Fin(p).
Denote ¢ = inf,e, u(w \ n). Since w ¢ Exh(u), € > 0 and we can define
v(a) = min{n < w: p(a\n) < e/2} for all a C w. Identifying the value w
with oo we show that v is a capacity on w. Obviously, v fulfills (i) and (ii). To
verify (iii) note that, if v(a) > k + 1, then u(a \ k) > /2 and there is n € w
such that u((a\ k) Nn) > ¢/2, and then v(anNn) > k+ 1.

(3) Let ¢ € “w be such that I C ¢ (J) and assume that J C Fin*(v)
for a capacity v. Let v, : P(w) — [0,00] be the capacity on w defined by
vo(a) =v(p~(a)) for a € P(w). Then I C ¢~ (Fin*(v)) = Fin*(v,,).
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(4) Let J C Fin"(v) be an ideal on w. By (ii) and (iii) we can inductively
define a partition {a, : n € w} of w into finite intervals such that v(a,) > n.
Then (J,,¢; an ¢ J for every infinite set b C w, i.e., Fin <gp J. By Talagrand’s
theorem, Fin <gp J < J has the Baire property (see [1, Theorem 4.1.2]
and [17]; for ideals, meager and the Baire property mean the same). O

Theorem 3.3. FEvery ideal on w that is <k -below of an F,-ideal or an analytic
P-ideal is capacitous.

PROOF. Lemma 3.2 (1)—(3). O

FEzxzample 3.4. Let T be a countable set and let I;, t € T, be ideals on w. Define
DBicrli={aCTxw: (VteT)ay €l and {t € T : ay) # 0} < w} and
Yduerli={a CT xw: (Vt €T) aw € I}, where ayy = {k € w: (t,k) € a}.
For tg € T'let ¢4, : w — T x w be defined by ¢4, (k) = (to, k). Then @, I; C
> ier It € i (Iy,) and hence @, It <k Y ;e It <k It,. If |T| = w, then
@.cr It <k Fin because @, I; is not tall. Therefore, by Lemma 3.2 (3),

(1) D;cq It is capacitous, if [T = w or one of the ideals I; is capacitous;
(2) > ,er It is capacitous, if one of the ideals I; is capacitous.

The following theorem generalizes a result of Kwela [10, Theorem 2.7 (b)]
with the same proof:

Theorem 3.5. For every capacitous ideal J on w,
~ ~ ~ ~ w *
Arin, 7 = Brin,s = Crin,s = Drin,s = (Yw, <¥)

and hence,

brin,s = non((Fin, JQN)-space) = non((Fin, <x JQN)-space)
= non(w(Fin, JQN)-space) = b.

PrOOF. By Lemma 2.8 (a), Lemma 2.3, and Lemma 2.4, (“w, <*) < Apin j <
Brin,7 < Crin,g < Drin,s. We prove Drin g < (Yw, <*). Let v be a capacity
on w such that J C Fin*(v). We find ® : “w — F(Fin) and ¥ : F(J)x F(J) —
“w such that ®(f) Dpin,y (¢, a) = f <* U(p, a).

Define ®(f)(m) = min{n € w: m < f(n) + n} for f € “w and m € w.

We can define ¥(p, a)(n) = max{m € w: v(|l¢ <m| \ ||a < n||) < n} for
(p,a) € F(J) x F(J) and n € w because limge, v(k\ ||a < n||) = co.

Assume that ®(f) Dpin,s (¢, ). Then v(|j¢ o ®(f) < ) < co. For every
n > v(|eo®(f) < all) then v(flp < f(n) +nll\ la < nf) = v({k € w:
()(p(k) < n'< a(k)}) < v(lp o B(f) < all) < n and hence f(n) +n <
U(p,a)(n). Therefore f <* U(p, ). O
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Corollary 3.6. Let J be a capacitous ideal on w.
(a) J is a weak P-ideal.
(b) For every ideal I on w, Br ;< Cry < D1y =< (Yw,<*) and hence,

non((I, JQN-space)) < non((I, <x JQN-space))
< non(w(I, JQN-space)) < b and
max{bs s, b} <non((I, JQN-space)), ifI CJ.

(c) If J is a P-ideal, then for every ideal I C J, Ary ~ Brj = Cr 5 =
Dr =~ (Yw,<*) and hence,

br.g = by =non((I, JQN)-space) = non((I, <x JQN)-space)
= non(w(I, JQN)-space) = b.

Moreover for every ideal I <x J, Dy j ~ (“w,<*) and hence,

non(w(I, JQN)-space) = b.

PROOF. (a) A capacitous ideal J is a weak P-ideal by Theorem 2.2 (a) because
by Theorem 3.5, b(Brin,s) < c.

(b) By Lemma 2.3 and Lemma 2.7 (b), B; ; < Cr,7 < D1,y < Dpin,s and,
by Theorem 3.5, Dgin,s ~ (“w, <*). If, moreover, I C J, then by Lemma 2.4,
A7y <Bsyand Ay < By, y. This finishes the proof of (b).

(c) Let J be a P(Fin)-ideal and I C J. By Lemma 2.8 (a) and (c),
(Yw,<*) <X Aping =~ A;y ~ Byy. This together with (b) gives the first
part of (c). In particular, Djj =~ Dping ~ (Yw,<*). If I <k J, then by
Lemma 2.7 (d), Dy s < Ds,j < Dpin,s and hence Dy j = (Yw, <*). O

Kwela [10] proved that it is consistent with ZFC to assume the existence of
an ideal J for which ¢ > non(w(Fin, JQN)-space) > b. The next proposition
slightly improves his main argument and allows to prove the consistency of
¢ > non((Fin, <g JQN)-space) > b in this way: (1) It is consistent that there
exists an ideal I such that b < b(“w,<}). (2) By Proposition 3.7 for this
ideal T find an ideal J such that b(“w, <}!) < non((Fin, <xJQN)-space) < .
Every such ideal J is a non-capacitous weak P-ideal (J is not capacitous
by Theorem 3.5 because non((Fin, <x JQN)-space) # b; J is a weak P-ideal
by Theorem 2.2 (a) because non((Fin, JQN)-space) < non((Fin, <x JQN)-
space) < ¢).
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Proposition 3.7 ([10, Lemma 2.13]). For every ideal I on w there is a weak
P-ideal J such that (“w,<}) < Cpin,; and consequently,

b(“w, <}) < non((Fin, <x JQN)-space) < non(w(Fin, JQN)-space) < 0.
PROOF. Fix a € “w such that ||a = n|| is infinite for every n € w and denote
J=Jr={z Cw:alx)€land (V*°n €w) || =n| Nz € Fin}.

(i) We show that J is a weak P-ideal. Let 5 € F(J). By induction define
my € [la =n| and k, = B(my,) with a,, = {k € w: ||a =n|N||B = k| ¢ Fin}:

— {min(lla =nl\W{lIB =Fkill : i <n}), if la =nll € Ui, 18 = Kill,

min(|la =n||NUY{||B =k : k € an}), otherwise.

Let ¢ = {m,, : n € w}. Then ¢ ¢ J because a(c) = w ¢ I. For every k € w,
I8 = k|| N ¢ € Fin because ||a = n|| N ||6 = k|| ¢ Fin only for finitely many n.
(i) We find a morphism (®,¥) : (“w,<}) — Cpgin,y. For 8 € F(Fin)
define ®(8) € “w by ®(3)(n) = min{m € w : || < n|| € m}. For g € “w
find a one-to-one function ¢ € “w such that for every n € w, ¢ maps ||a = n||
into |l = n|| \ g(n), i.e., p(k) > g(n) for k € ||a = n||. Then (p,a) € Fa(J)
because [poa =n|| = ¢~ ([ =n|) = [la =n| € J. Let ¥(g) = (¢, ).

Let 8 € F(Fin) and g € “w be such that ®(3) <} g, ie., y = {n € w:
®(B)(n) > g(n)} € I. We prove 8 Cpin g ¥(g), e, z = o (I8 < af]) € J
where U(g) = (¢,a). By choice of ¢ for every n € w, |la = n|| Nz =
o Ylla =n| N8 < al) = |la =n| Ny (|3 < n||) and this set is finite
because 3,¢ € F(Fin). For every n € w\ v, |la = n||ne (|8 < n|) =0
because for every k € ||a = n||, p(k) > g(n) > ®(6)(n) and hence B(p(k)) > n.
Then z € J because a(x) Cy € I and ||« = n|| Nz € Fin for all n € w.

(iii) By (ii), b(“w, <}) < b(Cpin,s) = non((Fin, <x JQN)-space). By Corol-
lary 2.13, non((Fin, <x JQN)-space) < non(w(Fin, JQN)-space) < . O

The ideal J in the proof of Proposition 3.7 is meager because it is contained
in the Borel ideal {z C w : (V*°n € w) || = n||Nz € Fin} ~ Fin x Fin. By
Corollary 3.6 (a), Fin x Fin is not capacitous because it is not a weak P-ideal.

Question 3.8. Is there in ZFC a weak P-ideal that is not a capacitous ideal?
4 Estimations by invariants of partial orders
Let I and J be ideals on w. If I C J, denote

vi,y =sup{by ;: I CI'CJ};
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then b]SbI’J-bJSV[,JSC. IfISK J, then let

kr,g =sup{bp o : I CI' CJ < J},
A1y =sup{by o : I <x I' CJ <x J};

then b[SFL[’JS)\[’JSCand b['b]ﬁ)\[ﬁ]. If[ﬁK J, then let

kg =min{spnary: I’ <k J},
A1,y =min{\pqry: I <k J}

then k7 ; < A7,y <cand by < A7 5. By Corollary 2.6 all cardinals by and by ;
are uncountable. The following holds:

Lemma 4.1. Let I and J be arbitrary ideals on w.
a) ki g = min{/ﬁpm,J . I/ SK J} and )\[,J = min{)\[/m[“] : I/ SK J}

(b) w1 < kr.g < ArJ < KFin,J = AFin,J < C.

)

)
(c) IfICJ, then by y-by <vrj<krj<Arg.
(d) IfI <k J, then by < kyj and by-by < A7 ;.
)

(e If]ﬁKJ, then bJSA],J. ]

Obviously, if I <k J, then & ; = oo and &; ; can be omitted from the
bounds in the next lemma.

Lemma 4.2. Let I and J be ideals on w. (a) If I C J, then vr ; < b(Br ).
(b) KFin,g < 0(Brin,s). (¢) min{t; s, xrs} < b(Cry). (d) min{t; s, A1 s} <
b(DI’J).

PrROOF. (a) If I C I’ C J, then by Lemma 2.4 and Lemma 2.7 (b), by ; =
h(AI/,J) < b(B[/J) < b(BI,J) and hence, vr.Jg < b(B]“]).

(b)—(c) Assume I <k J. By Lemma 2.3, Lemma 2.4, and Lemma 2.7
(b), (d),if I CI' C J" <k J, then by = b(A]/“]/) < b(B]/’J/) < b(C[/7J/) <
b(CLJ) and b(B[/J/) § b(BFin,J/) § b(BFin,J)- It follows that RI,J § b(C[’J)
and Kpin,; < b(Bpin,s). This finishes the proof of (b).

Assume I £x J. Let X C F(I) and |X| < min{¥; j, k7 s} be arbitrary.
Since | X| < €77 and €7, ; > wy, thereis ¢ € F(J) such that 3=1({n}) € v (J)
for all § € X and n € w. Denote I' = ¢~ (J). Then k1 ; < Kpnr,g because
I' NI <x J and by previous case, kKrnr,g < b(Cpnr,g). Since X C F(I'N1I)
and |X| < k1,5 < b(Cpnr,y) there is (¢, ) € Fy(J) such that for all 8 €
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X, o Y(|IB < «|) € J. Since X C F(I) was arbitrary this proves that

min{?LJ, K}I’J} S b(C]’J).
(d) Similar to (¢): If I <k J, consider I <k I' C J' <k J and in all
arguments replace Cr y and k7 ;7 by Dy ; and Ay ;. O

In the following theorem the arrow — denotes the inequality < between
the cardinals:

Theorem 4.3. For any ideals I and J on w the following holds:

non((I, <xJQN)-space) — non(w(I, JQN)-space) — €1 j — o0
T T T

w1 — min{?lv‘],l{[”]} — min{FLJ,)\LJ} — miH{E[7J,C}

PRrOOF. By [13, Lemma 3.10 (a)], p < ¢;; and by Lemma 4.1 (b), wy <
k1,7 < Ar,y < c. This proves the bottom row of the diagram. Lemma 2.3,
b(Cr.y) < b6(Dy,5) < b(E;, ;) which by Theorem 2.2 proves the top row. The
vertical inequalities proves Lemma 4.2 (c) and (d). O

Theorem 4.4. Let I and J be ideals on w.
(a) If I C J and J is a weak P(I)-ideal, then

br.s- by <vrj; <non((I,JQN)-space) <01 ;.

(b) If every ideal <k-below J is a weak P(I)-ideal, then

min{¢; 7, k7 s} < non((I, <x JQN)-space) < min{t; ;,0(“I, S%in)}.

(¢) If J is a W(I)-ideal, then
min{¢; s, A; s} < non(w(I, JQN)-space) < min{€; ;,0(“I, g}:in)}.
PrOOF. By Lemma 2.3, b(Cry) < b(D;y) < ¥ ;. Therefore the upper

bounds follow by Theorem 2.12 and by Theorem 2.2. By Theorem 2.2, the
lower bounds follow by Lemma 4.2 (a), (c), (d) and Lemma 4.1 (c). O

For a pair of ideals I, J on w consider the following conditions:
Hy(I,J) < (3K a P-ideal) T C K C J.

Hy(I,J) < (VI' <k J)(3K a P-ideal) I' NI C K <k J.
Hs(I,J) & (VI' <k J)(3K a P-ideal) I' NI <y K <g J.
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Obviously, Hy(I,J) = Hy(1,J), Ha(I,J) = Hy(I,J) and, if I <x J, then
Hy(I,J) < (3K a P-ideal) I C K <k J,
Hs(I,J) & (3K a P-ideal) I <x K <g J.

By [13, Lemma 3.10 (a)], €77 > p and therefore min{€; ;,b} > p.
Lemma 4.5. Let I and J be ideals on w.

(a) Hi(I,J) implies b < vy ; < non((I, JQN)-space).

(b) Ho(I,J) implies b < ry 5 and min{t; 5,0} < non((I, <k JQN)-space).
(¢) Hs(I,J) implies b < Ay and min{€; ;,b} < non(w(I, JQN)-space).
PrROOF. (a) By Lemma 2.8 (a), b < bpi, y. If K is a P-ideal such that
I C K C J, then by Lemma 2.8 (¢), bgin,y = by y while by ; < vy ;. By

Lemma 4.2 (a), v,y < non((I, JQN)-space).

(b) The proof of b < ky ; is similar to the proof of b < A;; in (c)
and we leave it to the reader. Then by Lemma 4.2 (c), min{t; ;,b} <
min{¢; s, kr.7} <6(Cr,5). Apply Theorem 2.2 (c).

(c) To prove b < A; s it is enough to prove b < Appny g for all I’ <k J
because by Lemma 4.1 (a), A\; ; = min{Apns,y : I’ <g J}. Let I’ < J. By
Hs(I,J) there is a P-ideal K such that INI' <g K <k J. Hence bg g <
Arnr,g and by Lemma 2.8 (d), b < bg x. By Lemma 4.2 (d), min{¢; ;,b} <
min{¢; s, A7} < b6(Dy ). Apply Theorem 2.2 (b). O

Corollary 4.6. Let J be a capacitous ideal on w.
(a) vr,; < b for every ideal I C J and Ky 5 < 1,7 < b for every ideal I.
(b) H1(I,J) implies non((I, JQN)-space) = vy j = b.
(c¢) Ha(I,J) implies kr.g = A1,y =b and
non((I, <x JQN)-space) = non(w(I, JQN)-space) = min{t; s, b}.
(d) Hs(I,J) implies A\;; =b and non(w(I, JQN)-space) = min{¢; ;,b}.

PrROOF. (a) Each of the cardinals vy j, k1,7, A7,y is supremum of a subset of
the set {bp 5 : I' C J <k J}. By Lemma 3.2 (3) every ideal J <y J is
capacitous and, by Corollary 3.6 (b), by ;v < b for every I’ C J'. Therefore
vr,; < b for every ideal I C J and k7 ;7 < A1y < b for every ideal I on w.

(b) By Lemma 4.5 (a) and Corollary 3.6 (b).

(c) The equalities k7 ; = A,y = b follow by (a) and Lemma 4.5 (b). By
Lemma 4.5 (b), min{¥; s, b} is a lower bound of non(.. . ), by Corollary 3.6 (b),
b is an upper bound, and by Theorem 4.3, £; ; is an upper bound, too.

(d) In the proof of (c) replace Lemma 4.5 (b) by Lemma 4.5 (c). O
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