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FUNCTIONS

Abstract

We introduce an alternative definition of the concept of an ideal weak
QN-space and compare it with the definition introduced by Bukovsky,
Das, and Supina. We classify the properties of spaces expressing some
kinds of indistinguishability for various pairs of ideal convergences and
semi-convergences. We give combinatorial characterizations of the least
cardinalities of spaces not having a particular property and show that
they are invariant for classes of spaces that contain metric spaces and
are closed under homeomorphisms. The counterexamples proving this
are subsets of the Baire space “w.

Introduction

The study of spaces not distinguishing a pair of convergences of sequences
of continuous real-valued functions was initiated in [3] where the notions of
a QN-space and a wQN-space were introduced. Over the last years this study
has been extended for ideal convergences. Recently Kwela [11] has given
a combinatorial characterization of the cardinal number non(IwQN-space)
and obtained nontrivial estimations of this cardinal number for a wide class
of ideals I on w. This characterization is similar to the characterization of
non(IQN-space) by Supina [15]. However, there are several approaches how
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to understand “weak” (expressed by the letter “w”) in the notion of an TwQN-
space. According to Das and Chandra [6] a space X is an TwQN-space if for
every sequence { f,, }» of continuous real-valued functions pointwise converging
to 0 there exists an “increasing” sequence {ny}x of natural numbers such that

{fnr }k SN0 on X. On the other hand, Bukovsky, Das, and Supina [2] say
that a space X is an (I, J)wQN-space if for every sequence {f,}, of continu-
ous real-valued functions pointwise I-converging to 0 there exists “arbitrary”

sequence {ny}, of natural numbers such that {f,, }« 9% 0 on X. The lat-
ter approach of choosing a subsequence is more handy because sometimes
it is useful to consider ideals on countable sets different from w, in which
case it may not be obvious what “increasing” should mean. In this paper
we consider another “weakening” of J-quasi-normal convergence meaning the
existence of an ideal K <k J (in the Katétov partial ordering of ideals) such

that {fn}n KQn 0; i.e., instead of choosing a subsequence we choose a “sim-
pler” ideal convergence. We shall call this condition <gJQN-convergence
and applying it we get a weakening of the notion of an (I, .J)QN-space that
is stronger than (I, J)wQN-space in the sense of [2]. In fact, the <g JQN-
convergence has weaker properties than one could expect from the notion of
a convergence. Therefore we introduce the concept of a semi-convergence.

In Section 1, we collect several results showing dependence of the I-conver-
gence and the TQN-convergence on transformations of the ideal I in connection
to Katétov partial ordering of ideals. We introduce natural transformations
between sequences of reals and functions in “w and present translations of the
ideal convergences into the language of functions. All these technical results
serve as a schema for arguments in proofs of further sections.

In Section 2 we consider two ideal convergences and two ideal semi-con-
vergences (I-convergence, IQN-convergence, <kI-convergence, <xIQN-con-
vergence) of sequences of functions. For each pair § and + of these semi-
convergences (with possibly distinct ideals) we consider two concepts, the no-
tion of a (3, v)-space and the notion of a w(3,y)-space, expressing the prop-
erty of a space X that for any sequence f of continuous real-valued functions
on X, the (-convergence of f to 0 implies the y-convergence of f to 0 and
the ~-convergence of a subsequence of f to 0, respectively. Excluding triv-
ial properties and identifying equivalent properties we obtain nine nontrivial
cases and implications between them. We use slightly different notation for
these concepts from the notations used in the cited papers. In particular, we
use the terms (I, JQN)-space and w(I, JQN)-space instead of (I, J)QN-space
and (I, J)wQN-space from [2] to indicate that parameters of the concept are
convergences instead of the ideals on which the convergences depend. For
example, the mentioned IwQN-space from [11] corresponds to w(Fin, IQN)-
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space where Fin stands for the standard pointwise convergence determined by
the ideal Fin of finite sets.

In Section 3, for every of the nine nontrivial properties we characterize the
existence of a space (a set of reals) not having this property (Theorem 3.4 and
Theorem 3.9). We get combinatorial characterizations of minimal cardinalities
of such spaces depending on ideals (Theorem 3.6 and Theorem 3.11). Five of
these cardinals are the same and it remains an open question whether the
corresponding properties are different.

Section 4 collects the results about heredity of the properties with respect
to the Katétov partial ordering <k of ideals. In particular, these results allow
to replace non-tall ideals by Fin.

1 Preliminaries

By composition of relations R € X x Y and S C Y x Z we understand the
relation Ro S = {(z,2) : Jy [(z,y) € R and (y,2) € S]} € X x Z. In this
sense the composition of functions f: X — Y and g: Y — Z (as relations) is
a function fog: X — Z and (fog)(z) = g(f(x)) for z € X. Note that many
authors prefer the opposite order of functions in the composition.

A class X of topological spaces is said to be reasonable if X contains all
separable metric spaces and X is closed under homeomorphisms. For a prop-
erty P of topological spaces let nony(P) denote the minimal cardinality of
a space in X not having the property P. We write nony(P) = oo if every
space in X has P. Naturally, we suppose that x < co for every cardinal k.
Then the inequality nony (P;) < nony(P2) says also this: If every space in X
has P, then every space in X has P,. Employing co symbol is useful mainly
in case when the properties have parameters. The cardinal addy (P) denotes
the minimal cardinal x such that there is a space X in X not having the
property P which can be expressed as the union X = UE <r X¢ where every
subspace X¢ has the property P. In this paper we omit the subscript X if the
values are the same for all reasonable classes X'. Then either non(P) < ¢ or
non(P) = oco.

The pseudo-intersection number p (see e.g. [7]) is the minimal cardinality
of a set F C [w]¥ with the strong finite intersection property which has no
infinite pseudo-intersection; i.e., every finite subfamily of F has an infinite
intersection and there is no a € [w]* such that a \ b € [w]<* for all b € F.
The bounding number b is the least cardinality of a subset of “w without an
upper bound with respect to the eventual domination of functions: ¢ <* 9 if

(V°n € w) p(n) < ¥(n).
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By an ideal on a set S (usually S = w) we understand a proper subfamily
I € P(S) containing [S]<“ as a subset such that for every a,b C S, a,b € I
implies aUb € I, and b C a and a € I together imply b € I. Then

IT=PS)\I and I*={S\a:a€cl}

are the family of I-positive sets and the dual filter to the ideal I, respectively.
An ideal T on S is tall if (Va € [S]¥) [a]* NI # @. If T and J are ideals on S
and a C S, then by IV J and IV (a) we denote the smallest ideals on S
containing U J and I U {a}, respectively, if such ideals exist. If a € I'", then
Ila={anb:beI}isan ideal on a. Let Fin = [w]<¥.

A sequence of reals £ = (£, : n € w) € “R is said to be I-convergent to
z € R, we write £ 5 , if the set {new:|& —x >e} elforale>0.

Instead of & Fin 0 we can write simply & — x. A sequence of real-valued
functions f = (f, : n € w) on a set X is said to converge quasi-normally to

a function g, we write (f, : n € w) oN gor f oN g, if there is a sequence of
non-negative reals (e, : n € w) converging to 0 such that for every z € X for
all but finitely many n € w, |fn(z) — g(z)| < &, (see [1]). This convergence is
also known as the equal convergence (see [5]).

The set XR of all real-valued functions on a set X is an additive group.
Therefore to introduce a notion of convergence for sequences of functions usu-
ally it is enough to describe those sequences whose limit is the constant zero
function. We consider the following ideal generalizations of pointwise and
quasi-normal convergences of sequences of real-valued functions:

Definition 1.1. Let I, J, and K C J be ideals on w, X # 0, and let f €
“(XR). We define the following convergences of the sequence f:

() f50if (Ve e X)(Ve>0) {necw:|fu(z)] >e} 1.

(i) f T if there exists an ¢ € “[0,00) such that e 2,0 and (Ve € X)
{new:|fu(x)|>en} ed.

(iii) f TESY 0 if there exists an e € “[0, 00) such that e £ 0 and (Vo € X)
{new:|fu(x)] >en} e J.

The I-convergence and the JQN-convergence are the same as in [2, 6].
The JKQN-convergence was introduced in [8] under the name “the (J, K)-
equal convergence” while the “J-equal convergence” was used before with the
meaning of (J, K)-equal convergence either with K = Fin or with K = J.
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Obviously, JQN-convergence is stronger than J-convergence. By [8, Propo-
sition 4.4], JKQN-convergence is stronger than J-convergence (and JQN-
convergence) if and only if K C J. We usually assume K C J.

For an ideal I on w and a function ¢ € “w we define

e~ (I) ={aCw: 9 '(a) e T},
e~ (I)={aCw:p(a) €I},
F(I)={a€“w: (Ynew) o ({n}) € I}.

Note that ¢ (I) is an ideal on w if and only if ¢ € F(I); and ¢~ (I) is an
ideal on w if and only if rng(p) € I'T. If rng(p) € I*, then ¢~ (¢~ (1)) = I.
For any ideals I and J, I C ¢~ (J) if and only if ¢ (I) C J.

We assume that P(w) is endowed with the compact Polish topology home-
omorphic to the Cantor topology on “2 via characteristic functions. Ob-
serve that F(I) is a dense subset of the Baire space “w, F(Fin) C F(I),
and ¢ € F(¢~(I)) whenever ¢~ (I) is an ideal on w. In most cases F(I)
is not a nice subset of the Baire space, but if an ideal I is an F, subset
of P(w), then F(I) is Fys5. To see this assume that I = J,,,, Im where ev-
ery set I, is a closed subset of P(w). Then F(I) = ,c., Umew Frnym where
Fo,m={ae“w:(3acl,)(Vk € w\a) a(k) # n}. Every set F, ,, is closed
because it is a projection of a closed set along the compact set I,,.

Let us recall Rudin-Keisler (<gk), Rudin-Blass (<gp), Katétov (<x), and
Katétov-Blass (<kp) partial quasi-orderings of ideals I and J on w:

I<px J& (FpeF(J)) I=¢(J),
I <ppJ & (3p € F(Fin)) I =7 (J),
I<xJ& (@FpeFJ)ICe (),
I<gpJ <& (3pe F(Fin)) I C o (J)

(see e.g., [10]). Note that we use the quantifiers 3p € F(J) instead of Jp € “w
which appear in original definitions of these quasi-orderings. This replacement

of the quantifiers does not change the meaning of the defined notions because
¢ € F(J) if and only if Fin C ¢ (J).

In the rest of this section we present three technical lemmas which collect
a special kind of arguments with the aim to improve understanding of main
ideas of the proofs in the following sections.

For a sequence of functions f € “(XR) we define sequences of functions
pof € “(XR) and p* f € “(¥R) by mixing the terms fi(x), k € w, for a given
x € X using ¢ € “w in the following two different ways:

(po (@) = fom(x), kEw,
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sup{min{|fx(z)], 1} : k € o1 ({n})}, if n € rng(y),
0, otherwise.

(@ fln(z) = {

Note that (¢ * (p o f))n(z) = min{|f.(z)|,1} for all n € rng(y) and z € X.

Lemma 1.2. Let I be an ideal on w and let p € F(I) and f € w(X]R)_
(a) f Y 0 if and only if po f Lo.
()Iff Othengpof—>0

(c) If ox f ity 0, then f Lo.

® () IQN

(d) If pxf N0, then N 0.

PROOF. (a) For every e > 0 and 2 € X, {k € w: [f, (@) > e} = '({n €
w : |fa(x)] > €}). Therefore {n € w : |fn(x)] > €} € ¢~ (I) if and only if

{kew:|fom(x) >t el
(b) Let € € “[0,00) be such that 7 0 and {new:|fu(x) >en} €
o (I) for all x € X. Then o f "N ) because for every x € X, {k € w:
_ I
[fote) (@) Z ep } = ¢ ({n € w i [fu(@)] Z n}) €1 and, by (a), poe = 0.
(c) Denote by = {n € w: (¢p* f),(x) > ¢}. For every ¢ € (0,1) and
re€X,ifb,. €7 (I), then {k € w: |fp(z)| > e} C o (bse) € L.

(d) Let & € “[0, 00) be such that ¢ % 0 and b, = {n € w : ((p*f) (x)

enf € () forallz € X. Denote a ={n€w:e, >1};a € ¢~ (I). By (a),

cpoego. Now, f@Obecause for every x € X, {k € w: |fr(z)] > epu} €
{kew:epmy =1 or min{|fe(z)|,1} > epm} S o (aUb,) € 1.

V

O

Lemma 1.3. Let I be an ideal on w, let ¢ € “w be such that rng(p) € I,
and let f € “(XR).
(a) f ) 0 if and only if o f Lo.

¢ (DQN

(b) If f Othengo*fﬂo.

If mg(p) € I*, then:

(c) chf@;({) 0 if and only if f Lo.

“(DQN

@ Ifeof” 0, then f =5 0.
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PROOF. (a) For every © € X and € € (0,1), {n € w: (p* f)p(x) > 2} C

e{kew: |fu(@)| =€}) S{n e w: (px fla(z) = e}
(b) Let ¢ € “[0,00) be such that ¢ % 0 and b, = {k € w : |fr(z)] >

ert €~ (I)forallz € X. By (a), ((¢*€)n+2 ) new Lo. Now, @ * f Ny
because for every z € X, {n € w: (p* fp(x) > (p*xe)y + 27"} C p(b,) € I.
(c)=(d) Let f;,(x) = min{|fn(2)[,1}. Then {n € w:px* (po fln # f1} C
w \ rng(y) € I and consequently, <p x (pof) Loe Vi Loe f L0 and
px(pof) BNy o Ji— Ny e f N0. Therefore it is enough to substitute
o f for f into (a) and (b) and then replace ¢ * (p o f) by f. O
We will need the following two reductions between the functions a € “w
and the sequences of reals £ = (& : k € w) € “R, namely
o:%w —%0,1] and 7:“R—“w
defined by
or(a) = o(a)(k) =27,
7(&)(k) =min{n € w: |&|+27% > 27"}

The functions oy : “w — R, k € w, are continuous.
If £ and 7 are sequences of reals (or natural numbers), then we denote

1€ <nll={kew:&k) <nk)} ={kew: & <m}.

In the same way we define [|£ < 7| and [|£ = 7]
Lemma 1.4. Let I be an ideal on w and let o, p € “w and £ € “R.

(1) o(a) L0 if and only if a € F(I).
2) 7(&) € F(I) if and only if € Lo.
3) {kew: | = o@D C I7(6) < all.
4) {k e w:or(a) = [&l} 2 [la < 7(E)]]-
5) {k €w:[€oml = ar(a)} CllpoT(l) <all.

(6) {k €w:opm(a) =&} 2 llpoa <@l
PrOOF. (1) and (2) hold by definitions; (3) and (4) are special cases of (5)
and (6).

(5) {k € w: |eom| > or(a)} C {k € w: [goum| + 2790 > 270} =

{kew: () (p(k) < alk)} = [por(§) <al.
(6) {k €w:opm(@) > &} D2 {kcw: 272 > g+ 27k = (ke w:

a(p(k)) <7(€)(k)} = [poa <. H

(
(
(
(



374 M. REPICKY

2 (B,7)-space and w(f3,)-space

It is only in this section that the symbols § and = denote convergences and
semi-convergences of sequences of functions: By a semi-convergence on XR
we mean an asymmetric binary relation 3 between sequences of functions
f={fn:n€w)e€“*R) and functions p € ¥R, we write f LA o, satisfying
the following conditions (Sp)—(S2):

(So) If f, = 0 for all n € w, then f 2 0.
(S1) IffﬁwpandweXR, then (fn—i-z/):nEw)ggo—i—w.

(S2) If £ 2 0 and |gn| < |f,| for all n € w, then g 2 0.
We say that the semi-convergence (3 is nice, if (S3) holds:

(Ss) Iffg()andce“’Rissuchthatcm(),then <fn+cn:n€w)g0.

Due to (S7), a semi-convergence [ is determined by the relation f 2.

Every convergence we consider is a nice semi-convergence. Natural re-
quirements for a convergence are, for example, uniqueness of limits, additiv-
ity, scalar multiplication, and so on. We shall use the phrases “#-convergence”
and “B-converges to” also in the case that § is a semi-convergence and not
a convergence because the prefix ‘semi-’ is clearly expressed by the prefix ‘3- .

Let C(X) be the family of continuous real-valued functions on X. Follow-
ing [2] but in accordance with the denotation in the paper [4] we define:

Definition 2.1. Let 8 and « be arbitrary semi-convergences.
(i) X is a fy-space, if for every f € “C(X), f 20 implies f = 0.

(ii) X is a w0vy-space (the letter ‘w’ means ‘weak’), if for every f € “C(X)
such that f 2,0 there is ¢ € “w such that g o f 5 0.

We will write a (8,7)-space and a w(f,v)-space because 8 and ~ may be
represented by strings of several letters.

The prefixes (3,v) and w(3,~) are considered to be properties of spaces.
Therefore, for example, the formula (3,7) = (8,+') means “every (8, v)-space
isa (0',7")-space”. Sometimes, for the sake of brevity, we will say “a space X
is (8,7)” meaning that “a space X is a (8, )-space”.
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The investigation of such properties has a quite long history. For ex-
ample, a QN-space and a wQN-space in [3] are a (Fin, FinQN)-space and
a w(Fin, FinQN)-space, respectively, where Fin and FinQN stand for I-con-
vergence and IQN-convergence, respectively, with I = Fin. An (I, JQN)-space
and a w(I, JQN)-space have the same meaning as an (I, J)QN-space and an
(I, J)wQN-space in [2].

Some of the known definitions of ‘weak (I, JQN)’ (see [6] and [11]) require
to choose a strictly increasing subsequence of f. The definition of w(g3,~)
(like the definition of (I, J)wQN in [2]) has no such restriction. This allows
to extend the definition to convergences of sequences with arbitrary countable
set of indices. In fact, the set of indices for v may differ from the set of indices
for 8 in the property w(3,v) (not in the property (3,7)).

A property w(/3,v) equals to the property (5, wy) where w~ is the semi-con-
vergence defined by f 3 0 < (Jp € “w) po f - 0 (in most cases wv is not
nice). Ideal convergences can be weakened to semi-convergences in several
ways (e.g., by choosing a restriction of an ideal, a subideal, a super-ideal, or
in some sense a simpler ideal, etc., instead of choosing a subsequence). The
following semi-convergence v(<kI) seems to be the most suitable weakening
of «(I)-convergence for v(I) = I and ~(I) = IQN different from w~(I):

Definition 2.2. Let v(I) be a semi-convergence depending on an ideal I. For
f €“(*R) we define f Ve g o @FJ<xI) f W,

Lemma 2.3. If v(I) is a nice semi-convergence for all ideals I, then v(<kI)
is mice, too. In particular, <xI and <gIQN are nice semi-convergences. []

Moreover,

FEoe @i Fh0, I Noe @r<ac D) F %0,

I-convergence = <kl-convergence

r f

IQN-convergence = <k IQN-convergence.

The property of an (I, <xJQN)-space can be considered to be an alter-
native definition of a ‘weak (I, JQN)-space’. It is between (I, JQN) and
w(I, JQN) (see Lemma 2.9).

The next lemma describes some cases in which the sequence ¢ of indices
in Definition 2.1 (ii) tends to infinity according to an ideal convergence:

Lemma 2.4 ([2]). Let 8 be nice, J be an ideal on w, f € “C(X), and f 2.
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(1) Let the y-convergence imply the J-convergence (e.g., v =J, v = JQN).
If X is w(f,7), then there is ¢ € F(J) such that g o f 0.

(2) Let the vy(I)-convergence imply the I-convergence for all ideals I (e.g.,
~(I) =1, ~v(I) =IQN). If X is w(8,v(<kJ)), then there are an ideal

I < J and ¢ € F(I) such thatgoOfv(—{) 0.

PROOF. Let hy,(z) = |fo(z)] +27™. If oo h 50, then € F(I). O
The following two lemmas exclude trivial properties.

Lemma 2.5. For ideals I and J on w the following conditions are equivalent.
1

2) Ewvery space is an (I, J)-space.

3) Ewvery space is an (IQN, JQN)-space.

5) There is a nonempty (I, J)-space.

6) There is a nonempty (IQN, JQN)-space.

(1)
(2)
(3)
(4) Bvery space is an (IQN,.J)-space.
(5)
(6)
(7)

There is a nonempty (IQN, J)-space.

PrOOF. Obviously, (1) = (2) = (5) = (7), (1) = (3) = (6) = (7), and
(1) = (4) = (7).

(7) = (1) Let X # 0. Given a € I assign a sequence f* € “C(X) defined
by f&(z) =1,ifn € a, and f2(z) =0,if n € w\ a. For every a € I, f* — )
and, if f¢ 5 0, then a € J. O

Lemma 2.6. For any ideals I and J on w there is no nonempty space which

is either (<kI,JQN), or (<kI,J), or (SkIQN,JQN), or (<xIQN,J).

PROOF. It is enough to prove that there is no nonempty (<kxIQN, J)-space
because the other properties imply this property. Fix a € [w]“\ J* and let ¢ €
“w be a one-to-one function with rng(p) = a and I' = ¢~ (Fin) = FinV (w\a).
Then I’ <k I because I' C ¢ (I). Therefore, if X is a (<xIQN, J)-space,
then X is an (I'QN, J)-space. By Lemma 2.5 (7), X = 0 because I’ ¢ J (in
fact, w\ a € I'\ J). O

Lemma 2.7. If § is nice, then (3, <xFinQN) < w(s, FinQN).



SPACES NOT DISTINGUISHING IDEAL CONVERGENCES OF FUNCTIONS 377

PRrROOF. J <k Fin if and only if there is a € [w]* such that J C Fin V (w \ a)

(if J C ¢~ (Fin), then ¢ € F(Fin) and let a = rng(s)). Assume that f 2.

(=) By applying (8, <xFinQN) we find J C FinV(w\a) such that f TN,

Let ¢ be a one-to-one enumeration of a. Then f o ¢ FinQN 0 because fla is
[a]<“QN-converging to 0 and f o ¢ is an enumeration of fa.

(<) By Lemma 2.4 (1), by applying w(3, FinQN) we can find ¢ € F(Fin)
such that f o FQN ) Then every subsequence of f o ¢ FinQN-converges
to 0 and hence we can choose ¢ strictly increasing. Denote a = rng(y) and

J = FinV{(w\a). Then J <k Fin and f T 0. This verifies (8, <xFinQN). O
A similar result for J-pointwise convergence holds for all ideals J:
Lemma 2.8. Let I and J be ideals on w, B be nice, and ~y arbitrary.

a) w(B,J) e w(B,<kJ) e (8,<kJ).

(a) w(B,
(c) w(l,7) & w(<kl,7).
(d) w(IQN,7) & w(<kIQN,7).

PRrROOF. The following implications are trivial: (a) w(5,J) = w(8, <xJ) and
(8, <kJ) = w(B,<xJ); (b) w(B, JQN) = w(B, <k JQN); (c) w(<kI,7) =
w(I,7); (d) w(<kIQN,v) = w(IQN,~). We prove the inverse implications.
Let X be arbitrary space and let f € “C(X).

(a) w(f,<kJ) = w(8,J) and w(f, <xJ) = (6,<kJ). Assume that by
applying w(5,<kJ) and due to Lemma 2.4 we have found K <k J and

¢ € F(K) such that g o f £0. Let 1 € “w be such that K C ¢~ (J). Then

of Y2 0 and by Lemma 1.2 (a) (both directions), (¢ o ) o f 2,0 and

(o)) 0, where (Yo )~ (J) <k J.
(b) w(B, <k JQN) = w(8, JQN). Assume that by applying w(3, <x JQN)
we have K <k J and ¢ € “w such that @ o f K0, Let 1 € F(J) be such

that K C ¢~ (J). Then<pof RN, By Lemma 1.2 (b), (¢pop)o f@O

(¢)—(d) w(I,v) = w(<kl,v) and w(IQN,v) = w(<kIQN,7v). Assume
that f = 0 (or f =<9 ).
f e (DAN 0). Then by Lemma 1.2 (a) (or Lemma 1.2 (b)), p o f Lo (or
pof oy 0). Now, applying w(I,v) (or w(IQN,~)) we find ¢ € “w such that
(op)of 0. O

f

Hence for some ¢ € F(I), f O (or
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There are together 2 x 16 properties of the form (5,v) and w(8,~) for
/6 € {IQN7 I7 SKIQN; SKI} and v e {JQNa Ja SKJQN, SKJ}:

— (IQN, JQN) — (IQN, J) ® (IQN, <k JQN) s (IQN, <k.J)

@ (I, JQN) - (L, J) @ (I, <xJQN) 9 (I,<xJ)

— (SkIQN, JQN)  — (<xIQN,J) @ (SkIQN, <k JQN) s (SxIQN,<kJ)
— (<xI, JQN) — (kI J) ® (<xI,<kJQN) o (Skl, <xJ)

® w(IQN, JQN) w(IQN, J) 6 w(IQN,<xJQN) s w(IQN,<kJ)

@ w(I, JQN) ® w(I,J) 7 w(l, <k JQN) o w(l,<xJ)

6 W(SKIQN, JQN) 8 W(SKIQN7 J) 6 W(SKIQN, SKJQN) 8 W(SKIQN7 SKJ)
7 W(SKI, JQN) 9 W(SKI,J) 7 W(SKI,SKJQN) 9 W(SKI, SKJ)

The properties (IQN, JQN), (IQN, J), (I, J) are trivial by Lemma 2.5 and the
properties (<kIQN, JQN), (SkIQN, J), (<xI,JQN), (<kI,J) are trivial by
Lemma 2.6. This is indicated by the minus signs —. Due to Lemma 2.8 the
remaining 25 properties in the table are divided into the following 9 equivalence
classes. The numbers 1-9 indicate the equivalence classes and the circled
numbers indicate the representatives that we will use from now on.

1. (I,JQN).

2. (IQN, <k JQN).

3. (I, <k JQN)

4. (SkIQN, <gJQN).
5. (<kl, <kJQN).

6. w(IQN, JQN) < w(IQN, <k JQN)
< w(<gIQN, JQN) & w(<gIQN, <xJQN). Lemma 2.8 (b), (d).

7. w(I,JQN) & w(I,<g JQN) & w(<gI, JQN) & w(<gI, <g JQN).
Lemma 2.8 (b), (c).

8. w(IQN,J) & w(IQN, <k J) < (IQN, <kJ)
Lemma 2.8 (a), (d).

9. w(l,J) & w(l,<gJ) & (I,<xJ)
sw(<gl,J) e w(<kl, <kJ) & (gl <xJ). Lemma 2.8 (a), (c).

As a consequence we get the following implications between the properties:



SPACES NOT DISTINGUISHING IDEAL CONVERGENCES OF FUNCTIONS 379

Lemma 2.9. Let I, J, and K C J be any ideals on w. Then

(SkIQN, <kJQN) = (IQN, <k JQN) = w(IQN, JQN) = w(IQN, J)

f f f f
(<kl,<kJQN) = (I,<xJQN) = w([,JQN) = w(I,J)
f
(I,.JQN) f
f

(I,JKQN) = w(I,JKQN)

PRrROOF. By 6., (IQN, <xJQN) = w(IQN, <xJQN) < w(IQN, JQN) and,
by 7., (I,<kxJQN) = w(I[,<gJQN) & w(I,JQN). The other implications
are obvious. O

In next section we find combinatorial characterizations of cardinal invari-
ants non(P) for all properties P in Lemma 2.9. Not all these properties can
be distinguished through this invariant since it is the same for 5 of them, see
Theorem 3.11. We do not know whether all these properties are provably or
consistently different at least for some pairs of ideals. By next lemma, for
every property within Lemma 2.9 weaker than (<kI,<gJQN) there exists
a nonempty space with this property. For the remaining 3 properties the
existence of a nonempty space requires I C J.

Lemma 2.10. For arbitrary ideals I and J on w the following conditions hold:
(1) (Ve € F(I))(F¢ € F(Fin)) ¢ o p € F(Fin) and ¢ € F(¢— (Fin)).
(2) There is a nonempty (<klI, <x JQN)-space.

PROOF. (1) Let ¢ € F(I). For every n € w define 1(n) = min(¢~({k}))
where k is the nth member of rng(y), and hence (1) o ¢)(n) = ¢(¥(n)) =
k if and only if k is the nth member of rng(y). Therefore the functions
1o ¢ and 9 are one-to-one. For every k € w, ¢ ({k}) € ¢~ (Fin) because
e ({R)) = (o) ({E}) € W]t

(2) We prove that the singleton space X = 1 is (<xI,<gJQN). Let
f € “R ~“C(X) be arbitrary such that f =N 0 for some I’ <k I. Then, by
Lemma 1.4 (2), 7(f) € F(I'), by (1) there is ¢y € F(Fin) such that 7(f) €

F (¢~ (Fin)), and by Lemma 1.4 (2), f vIER ), Now, f VTERAN () pecause

|X] =1 and ¢ (Fin) <k J. O

Lemma 2.11 ([2]). There is a nonempty (I, JQN)-space if and only if I C J.
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PROOF. A singleton is an (I, JQN)-space, if I C J. Conversely, an (I, JQN)-
space is an (I, J)-space and, by Lemma 2.5, it exists only if I C J. O

A base of an ideal I is a set B C I such that (Vz € I)(3b € B) x Cb.

Theorem 2.12. Let J, K, and I C JN K be ideals on w and X be a class of
spaces. Then:

(a) nony((I, JKQN)-space) > ws.
(b) If I has a countable base, then nony((I, JKQN)-space) > b.

PRrOOF. Let X be a space, countable in case (a), and of cardinality < b in
case (b). Let f € “C(X) be such that f L, 0. We prove that f "N, For
every 7 € X and k € wlet by = {n € w: fo(x) > 27%} € I. There is an
increasing sequence of sets {a, : n € w} C I such that (J,,,, an = w and for
every € X and k € w there is n € w such that b, C a, (case (a) | X| <w
and let a,, = n U “a finite union of b, ’s”; case (b) let {a,, : n € w} be a base
of I). For every x € X let ¢, € “w be such that (Vk € w) by x C ay,, (x). Since
|X| < b there is an increasing function ¢ € “w such that (Vo € X)(3k, € w)
(Vk > kz) po(k) < (k). Define e, = 27%,if n € ay(t1) \ ap). Clearly,

€ 4, 0. For every x € X and k > k;, Apk) 2 g, (k) = bz 1 and therefore

{new: ful@) 2 en} C apprn) UlUgsp, {1 € doesn) \ aper)  fulw) 2275} €
Ay (k,) U Ukaz (szc \(I@(k)) = Qy(k,) € I. 0

Hence, if I C J, then non((Z, JQN)-space) > ws. In fact, non(P) > w; also
for all properties P within Lemma 2.9 that are weaker than (<kI, <gJQN)
for any ideals I and J on countable sets (see Remark 3.7). By Theorem 3.6
and Theorem 3.11 the subscripts X can be omitted at non(P).

3 Cardinal invariants

An ideal J on w is said to be a P(I)-ideal for an ideal I, if for every sequence
of sets {a, : n € w} C J there is ¢ € J* such that a,, Nc € I for all n € w.
Sequences of sets in this definition can be equivalently replaced by partitions
of w and partitions {a, : n € w} C J can be expressed by functions o € F(J)
defined by a(k) = n for k € ayn; ie., a, = ||a = n| for all n € w. Therefore
J is a P(I)-ideal if and only if (Va € F'(J))(3c € J*)(Vn € w) |la =n|Nc e 1.
We need similar properties.

Definition 3.1. Let I, J, K be ideals on w.
J is a weak P(I)-ideal, if (Va € F(J))(3c € JT)(Vn € w) |la =n|[Nce .
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J is a W(I)-ideal, if (Vo € F(J))(Vp € F(J))(3c € J*)(Vn € w)
o(la=n|ne) el

(
K is a weak P(I,J)-ideal, if (Va € F(K))(3c € J")(Vn € w) |la =n|NnceI.

K is a W(I, J)-ideal, if (Vo € F(K))(Vp € F(J))(3c € J7)(Vn € w)
p(lla=nlNne)el

Hence, J is a weak P(I)-ideal < J is a weak P(I,J)-ideal; J is a W (I)-
ideal & J is a W(I, J)-ideal. A weak P(Fin)-ideal is called a weak P-ideal.

The property of a P(I)-ideal was introduced by Filipéw and Staniszewski
in [8] as a generalization of the property of a P-ideal; it can be found un-
der a different name in [12]. The property of a weak P([)-ideal was intro-
duced by Supina [15] as a generalization of a weak P-ideal; he collected sev-
eral characterizations of a weak P-ideal. A weak P(I,J)-ideal, a W (I)-ideal,
and a W(I,J)-ideal are new properties. However, the property of a weak
P(I,.J)-ideal is related to the property W (I, J, K) of Staniszewski [14] where
W (J,K,I) < for every partition {a, : n € w} C K of w there exists ¢ € JT
such that agNec € J and apy1Ne €1 foralln € w. If K C J, then W(J, K, I)
holds if and only if K is a P(I, J)-ideal (consider a,, = || = n|| and note that
c\ ap € J* whenever ¢c € J* and ap € K C J).

Clearly, Fin is a W (Fin)-ideal. Every W (I, J)-ideal is a weak P (I, J)-ideal
and every P(Fin, J)-ideal is a W (Fin, J)-ideal. K isa W (I, J)-ideal if and only
if K is a weak P(¢~ (1), J)-ideal for every ¢ € F(J) such that rng(p) ¢ I
(and I C o~ (J); use c= ¢ Hz) forx € I\ ¢~ (J)).

Lemma 3.2. (a) If I ¢ J, then J is a weak P(I)-ideal and every ideal is
a weak P(I,J)-ideal. (b) If I £x J, then J is a W(I)-ideal and every ideal is
a W(I,J)-ideal.

PRrROOF. (a) The definition of a weak P(I, J)-ideal is fulfilled by any ¢ € '\ J.

(b) If K is not a W (I, J)-ideal and « € F(K) and ¢ € F(J) witness this,
then I C ¢~ (J): For x € I, ¢~ '(x) € J because for ¢ = ¢~!(z) and every
new, o(la=n|Nc) Cplc)=x¢cl. O

Ezample 3.3. (1) Let an ideal I be “sufficiently” thinner than a maximal ideal.
There are ideals J; 2 Jy 2 I such that Jy is a weak P(I)-ideal that is not
a P(I)-ideal and every ideal J D Jy is not a weak P([)-ideal.

(2a) For every ideal I # Fin there is an ideal J such that I ¢ J and I is
not a W (I, J)-ideal; I is trivially a weak P(I,J)-ideal because I ¢ J.

(2b) There is an ideal I that is not a W ([I)-ideal; I is trivially a P(I)-ideal.
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PROOF. (1) Let {a,, : n € w} C I'" be a partition of w, Jy = {z Cw: (In € w)
t\Uj_jar € I}, and J;y = {z Cw: (V°n € w) zNay € IT}. Jy is a weak
P(I)-ideal because ag € J* and (Vz € Jy) ap Nz € I. Jy is not a P(I)-ideal
because there is no x € Jy such that a,, \ € I for all n > 1. An ideal J D J;
is not a weak P(I)-ideal because a,, € J; and if z C w is such that a, Nz € I
for all n € w, then xz € J; C J.

(2a) Let {ay, : n € w} C IN[w] be a partition of w, let {kym : m € w}
be the increasing enumeration of a,,, and let b,, = {knm : n € w}. Define
a,p € “w so that |ja = n|| = a, and |j¢ = m| = by, for all n,m € w; then
ac F(I). Let J=J(I)={x Cw: (Yn €w) p(Jla =n||Nz) € I}. Then
J is an ideal on w (w ¢ J because p(|la=n|)=w ¢ ) and p € F(J). I L J
because a,, € I\ J. By definition of .J it follows that I is not a W (I, J)-ideal.

(2b) Let I be the union of the increasing sequence of ideals {I, : n € w}
defined by induction: Iy is the ideal generated by the partition {a, : n € w}
from (2a) and I,,11 = J(I) V Ip; I+ is well defined (i.e., w ¢ I,,41) because
an, ¢ J(I,) for all n € w. I is not a W(I)-ideal because I 2 J(I). O

Next Theorem 3.4 (a) is similar to [9, Theorem 1.2]; Corollary 3.8 (a) is
similar to [9, Theorem 5.1]; and Corollary 3.8 (b) is similar to [11, Proposi-

tion 2] because [|8 < afl = Uy, (la = nl 1 Uy, 18 = &I)-

Theorem 3.4. Let I, J, and K C J be ideals on w.

(a) The following conditions are equivalent:
(1) K is not a weak P(I,J)-ideal.
(2) (3o € F(K))(¥6 € F(I)) |8 <ol € J.
(3) (30 € F(K)(¥8 € F(I)) |8 < af € J.
(4) Buery space is an (I, JKQN)-space.

(

5) F(I) as a subset of the Baire space is an (I, JKQN)-space.

)
)
)
)
)
(b) The following conditions are equivalent:
(1) K is not a W(I, J)-ideal.
(2) (3 € F(K))(Ep € F(I)(V3 € F(D) lpof < al € J.
(3) (Ja € F(K))(3p € F(I)(B € F(I) lpof < al € J.
(4) Bvery space is a w(I, JKQN)-space.
(5)

5) F(I) as a subset of the Baire space is a w(I, JKQN)-space.
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(¢c) The following conditions are equivalent:
1) (3J' <gk J onw) J' is not a weak P(I)-ideal.

(3 <px J onw)(Ba e F(J)(VB e F(I)) |B<al € J.
(

3J' <grk J onw)(Fa € F(J")(VB € F(I)) |8 < af € J.

(1)

@)

(3)

(4) Ewvery space is an (I, <g JQN)-space.

(5) F(I) as a subset of the Baire space is an (I, <xJQN)-space.
(d) The following conditions are equivalent:

(1

)
(2) (VI' <gpx I on w)(3J' <gk J onw)(3a € F(J)) (V8 € F(I'))
1B<alet.

(VI' <gk I on w)(AJ' <rk J on w) J' is not a weak P(I')-ideal.

(3) (VI' <gpk I onw)(3J' <grk J on w)(Fa € F(J")) (VS € F(I'))
18 <ol eJ.

(4) Ewvery space is a (<klI, <xJQN)-space.
(5) VI' <k I onw) F(I') C%w is a (<xI, <xJQN)-space.

The quantifiers (VI <gx I) and (3J" <gk J) in cases (c) and (d) of
Theorem 3.4 can be equivalently replaced by (VI <k I) and (3J' <k J),
respectively, because < = C o <grk and the properties following these quan-
tifiers are monotone with respect to the inclusion of ideals.

PRrOOF. (a) (1) = (2) If a € F(K) witnesses that K is not weak P(I,J), then
for every B € F(I), |8 < af € J because |[a=n||N||8<a| C||f<n| el
for all n € w.

(2) = (1) Assume that o € F(K) witnesses (2) and let ¢ C w be arbitrary
such that ||a = n||Ne € I for all n € w. Define § € “w by (k) = a(k),
if £ € ¢, and B(k) = k, otherwise. Then § € F(I) because || = n|] C
(la =nljNnc)u{n} € I for all n € w and ¢ € J because ¢ C |3 < af € J.
Therefore K is not weak P(I,.J).

(2) = (3) holds because |5 < af C ||5 < af|.

(3) = (2) Let @(n) = max{a(n) — 1,0}. If « € F(K) and ||8 < «| € J,
then @ € F(K) and || < & C ||B < af| U |la=0| € J because K C J.

(4) = (5) is trivial.

(2) = (4) We apply Lemma 1.4 (1)—(3). Let X be arbitrary space, let
f € “C(X) be such that f 5 0, and let &€& = (fu(z) : k € w) for z € X.



384 M. REPICKY

Then 7(£%) € F(I) because &* Lo Ifae F(K) fulfills (2) for all 8 of the
form 7(£%), then o(w) £ 0 and for every z € X, {kew: & > orla)} C

I7(£%) < «| € J. Therefore f TEON ) and X is an (I, JKQN)-space.

(5) = (3) We use Lemma 1.4 (1), (2), (4). Let X = F(I). Define f €
“C(X) by fr(B8) = ox(B). Since X is an (I, JKQN)-space and f EN 0, there
is an € € “[0,00) with € Ko witnessing the JKQN-convergence of f. Then
7(e) € F(K) and for every € X, [|B<7(e)|| C{k € w: fr(B) > er} € J.

(b) (1) = (2) If (o, ) € F(K) x F(J) witnesses that K is not W(I,J),
then for every 4 € F(I), ¢ 0 < afl = Uye,(la = nll N (18 < nl)) € J
because ¢(|la=n|| N (|3 <n|)) C||B < n| €I for all n € w.

(2) = (1) Let @ € F(K) and ¢ € F(J) witness (2) and let ¢ C w be
arbitrary such that ¢(|la = n||N¢) € I for all n € w. Define § € “w by
B(im) = min{n € w:m € p(|la = n||Na)}, if m € p(c), and B(m) = m,
otherwise. Then 8 € F(I) because || =n| C ¢(]la =n||Nc)U{n} € I for all
n € w. Then ¢ € J because ¢ C{k € w: f(p(k)) < alk)} =|pof < al € J.
Therefore K is not W (I, J).

(2) < (3) holds by same arguments like in (a) and (4) = (5) is trivial.

(2) = (4) We use Lemma 1.4 (1), (2), (5). Let X be arbitrary space, let
f € “C(X) be such that f L 0, and let & = (fi(z) : k € w) for x € X.
Then 7(£%) € F(I) because &* Lo Ifae F(K) fulfills (2) for all 8 of the
form 7(&%), then o(a) £ 0 and for every z € X, {kew: [l = orla)} C

lpoT(£®) < al € J. Therefore po f TESY 0 and X is an w(l, JKQN)-space.

(5) = (3) We use Lemma 1.4 (1), (2), (6). Let X = F(I) and define
fe“C(X) by fu(B) = or(B). Since X is an w(I, JKQN)-space and f Lo,
there are ¢ € F(J) and € € “[0, 00) K-converging to 0 witnessing the JKQN-
convergence of ¢ o f to 0. Then 7(¢) € F(K) and for every § € X, |[po 8 <
O C ke w: foa(B) 2 e} € J.

(¢)—~(d) In both cases, (1) & (2) & (3) easily follow from (al) & (a2) <
(a3) with K = J = J" and (4) = (5) is trivial. Therefore it is enough to prove
(2) = (4) and (5) = (3). We prove it in case (d); (c) is the same.

(d2) = (d4) We use Lemma 1.4 (1)—(3). Let X be arbitrary space and let
f €“C(X) be such that f =x] 0; i.e., there is I’ <grk I such that f L, 0. For
every ¢ € X let £ = fi(z) for x € X. Then 7(£*) € F(I’) because £* Lo 1
J' <gk J and a € F(J’) fulfill (d2) for all § of the form 7(£*), then o(«) Lo

and for every x € X, {k € w: [fr(z)| > on(a)} C ||7(£7) < af € J'. Therefore

£ 0 and £ 7N 0 and hence X is a (<xI, <k JQN)-space.
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(d5) = (d3) We use Lemma 1.4 (1), (2), (4). Let I' <gk I be an ideal
on w, let X = F(I') and let f € “C(X) be defined by fr(8) = ox(8). Since

X is an (I’, <g JQN)-space and f ER 0, there are J' <grk J and ¢ € “[0,00)
J'-converging to 0 witnessing the J'QN-convergence of f. Then 7(¢) € F(J')
and for every € X, [|B<7(e)|| C{k cw: fu(B) > er} € J. O

Corollary 3.5. For any ideals I and J on w,

I £x J=Jisa W(I)-ideal = (VJ' <gk J) J' is weak P(I)-ideal
= J is a weak P(I)-ideal.

PrOOF. The first implication follows by Lemma 3.2. The other implications
are consequences of characterizations of properties of ideals in Theorem 3.4 for
K = J because by Lemma 2.9, (I, JQN) = (I, <x JQN) = w(I, JQN). O

Theorem 3.6. Let I, J, and K C J be ideals on w. For reasonable classes
of spaces the following holds:
(a) If K is a weak P(I,J)-ideal, then
non((I, JKQN)-space) = min{|X|: X C F(I) and
(Vo€ F(K))(3B € X) B <ol ¢ J} <

otherwise, every space is an (I, JKQN)-space.
(b) If K is a W(I,J)-ideal, then

non(w(I, JKQN)-space) = min{|X| : X C F(I) and
(Va e F(K))(Ve € F(J))(3F € X) [[pof <al ¢ J} <¢

otherwise, every space is a w(I, JKQN)-space.
(c) If every ideal <k-below J is a weak P(I)-ideal, then

non((I, <xJQN)-space) = min{|X| : X C F(I) and (VJ' <rk J on w)
(Vae F(J')(EFBeX) [[B<al ¢ J} <,
otherwise, every space is an (I, <x JKQN)-space.
(d) If there is an ideal I' <k I on w such that every ideal J' <y J on w is
a weak P(I')-ideal, then
non((<kI, <k JQN)-space) = min{non((I’, <k JQN)-space) : I' <px I} <,

otherwise, every space is a (<kl, <xJKQN)-space.
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PRrROOF. (a)—(c) The equivalences (2) < (3) < (4) < (5) in assertions (a)—(c)
of Theorem 3.4 hold by same proofs when reduced to spaces and subsets
of F(I) of a given cardinality. For example, in case (a), for every (finite or
infinite) cardinal number x the following conditions are equivalent:

(2) (VX € [F(I)]=")(Fa € F(K)) (VB € X) B < al € J.
(3) (VX € [F(I)]=")(Fa € F(K)) (VB € X) |8 < al € J.
(4) Every space of cardinality < & is an (I, JKQN)-space.
(5) (VX € [F(I)]<%) X is an (I, JKQN)-space.

(d) Denote £ = min{non((I’,<xJQN)-space) : I' <z I}. For every
ideal I' <gk I, a (<kI, <k JQN)-space is an (I’, <x JQN)-space and hence
non((<kI, <gJQN)-space) < k. Let X be arbitrary space with |X| < &k

and let f € “C(X) be such that f =x{ 0; i.e., there is I’ <rk I such that

f L. 0. Then f <IN 0 bhecause |X] < non((I’, <k JQN)-space). Therefore
non((<kI, <x JQN)-space) > k. O

Remark 3.7. By [13, Theorem 4.3], non((I, <xJQN)-space) > w; for any
ideals I and J. Then by Theorem 3.6 (d), non((<kI, <k JQN)-space) > wy
and hence non(P) > w; for all properties P within Lemma 2.9 that are weaker
than (SKI; SKJQN)

For K = J the assertions (a) and (b) of Theorem 3.6 take this form:

Corollary 3.8. Let I and J be ideals on w. For all reasonable classes of
spaces the following holds:
(a) If J is a weak P(I)-ideal, then
non((I, JQN)-space) = min{| X | : X C F(I) and
NVae F(J)3peX) ||f<all¢J} <k,
otherwise, every space is an (I, JQN)-space.
(b) If J is a W(I)-ideal, then
non(w(I, JQN)-space) = min{| X | : X C F(I) and
(Vo€ F(K))(Vo € F(J))(3B € X) lpoB <al ¢ ]} <k,
otherwise, every space is a w(I, JQN)-space. O

In next theorem an ideal I on w is considered to be a subset of the Cantor
space P(w) and C(I) is the family of continuous real-valued functions on I.
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Theorem 3.9. For ideals I and J on w the following conditions are equivalent:
(1) T <k J.
(2) FEvery space is w(I,J).
(3) Ewvery space is (SxIQN, <g JQN).
(4) Fuvery space is (IQN, <x JQN).
(5) Fwvery space is w(IQN, JQN).
(6) Fuvery space is w(IQN, J).
(2) I as a subset of the Cantor space is w(I,J).
(3) I as a subset of the Cantor space is (<xIQN, <k JQN).
(4) I as a subset of the Cantor space is (IQN, <x JQN).
(5) I as a subset of the Cantor space is w(IQN, JQN).
(6) I as a subset of the Cantor space is w(IQN, J).
PROOF. The implications (3) = (4) = (5) = (6), (3) = (4) = (5) = (6),
2

=
(2) = (6), (2) = (6) hold by Lemma 2.9 and the implications (2) = (2)

(3) = (3), (6) = (6) are trivial. We prove (1) = (2), (1) = (3), (6) = (1).

(1) = (2) Assume that I <k J, i.e., there ¢ € “w such that I C ¢~ (J).
Let X be arbitrary space and let f € “(XR). If f EX 0, then f ) 0 and by
Lemma 1.2 (a), po f 2. 0. Therefore X is a w(I,J)-space.

(1) = (3) Let I <k J. If I <k I, then I" <k J and every space is an
(I'QN, I'QN)-space. Therefore every space is a (<xIQN, <k JQN)-space.

(6) = (1) Let f € “C(I) be defined by

)

1, if
fal@)=<" ' nEQ?, for x € I.
0, otherwise,

Then f 9N 0 because {new:|fulx))] 22"} =xelforall z € I. Let

@ € “w be such that o f -, 0. Then for every z € I, o }z) = {k € w:
foe) () > 1} € J. Therefore I C 7~ (J) and hence I <k J. O
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For ideals I and J on w we define

¢ y=min{|X|: X CTand Vpe F(J)) X\ ¢ (J)#0}, ifI <Lk J,
3% =min{|X]|: X C T and (Vp € F(Fin)) X \ ¢~ (J) #0}, if I €kxp J.

If I <k J, then we let £; ; = oo; if I <kp J, then we let E?J = 00. Hence,
E[’J<OO<:>E[7]§C<:>I$KJandE?J <oo(:){’77J§c<:>I$K J. These
invariants are studied by Supina [16] in connection with sequence selection
properties of topological spaces under names pk (I, J) and pxg(l,J).

Following [10] we define cov*(I) = min{X C I : X generates a tall ideal},
if I is a tall ideal, and cov*(I) = oo, if the ideal I is not tall. Kwela [11] proved
that a topological space of cardinality < cov*(I) is a w(Fin, IQN)-space if and
only if it is a wQN-space.

Lemma 3.10. Let I and J be ideals on w.
(a) p<cov*(l) = 8 pin = Erpin < €7 5 < Er
(b) ¢y =min{|X|: X CI and (Vp € “w) X \ ¢ (J) # 0}.
(c) If J is a P-ideal, then €] ; =ty ;.

PROOF. (a) The minimal size of a set X C I generating a tall ideal is > p
and therefore p < cov*(I). If X C T does not generate a tall ideal, then
there is a one-to-one function ¢ such that X C ¢~ (Fin). This proves that
cov*(I) < € gy < Erpin. The inequalities €7 py, < €7 ; < €7 ;7 are obvious. If
X C I and there is ¢ such that X C ¢~ (Fin) C {a C w : aNrng(y) € Fin}
and hence X does not generate a tall ideal. This proves € pin < cov*(I).

(b) By (a), t1,; > w1 and ¢ € F(J) if and only if Fin C ¢ (J).

(c) Let X C I be arbitrary such that |X| < &7 ; and let ¢ € “w be such
that X UFin C ¢ (J). Then ¢ € F(J) and since J is a P-ideal, there is
a set ¢ € J such that ||¢ = n|| \ ¢ € Fin for all n € w. Define ¢ € F(Fin)
by ¥(k) = @(k), if k € w\ ¢, and (k) =k, if k € c. Then ¢~ (J) C ¢~ (J)
because ¢~ (a) C ¢~ !(a) Uc for all @ C w. This proves that & ; < &, O

Theorem 3.11. For all ideals I and J on w and all reasonable classes of
spaces,

non(w(I, J)-space) = non(w(IQN, J)-space) = non(w(IQN, JQN)-space)
= non((IQN, <xJQN)-space) = non((<xIQN, <k JQN)-space) = ¢1 ;.
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Proor. If I <k J, then by Theorem 3.9 and by definition of ¢; ; all terms
have value co and so the equalities hold. Let I £k J. By Lemma 2.9,

w(l, J) = w(IQN,J),
(<xkIQN, <k JQN) = (IQN, <gJQN) = w(IQN, JQN) = w(IQN, J).

Therefore it is enough to prove the inequalities

¢, ;7 < non(w(I, J)-space),

IQN, J)- <.
tr 7 < non((<kIQN, <k JQN)-space), non(w(/Q J-space) < br

Let X be arbitrary space of cardinality < ¢; ; and let f € “C(X) be

arbitrary such that (a) f L 0: or M) f SkIQN

(a) The convergence f L, 0 is witnessed by a family Iy C I of cardinality
< |X|-w < t15. Let ¥ € “w be such that Iy UFin C ¢~ (J) and denote

I'=1Invy~(J). Then I' <g J and f = 0. By Theorem 3.9, X is a w(I’, J)-

space and therefore there is ¢ € “w such that o f 2.

(b) If f <kIQN 0, then f 7 DN for some n € F(I) and this convergence

is witnessed by a family Iy C n~(I) of cardinality < €7 ;. Let ¢ € “w be
such that {n~'(a) : a € Iy} UFin C ¥~ (J) and denote I' = I N~ (J).

Then I’ <k J and f <IN 0 because Iy C n—(I'). By Theorem 3.9, X is

a (<gI'QN, <k JQN)-space and therefore there is J' <k J such that f A 0.

(c) Assume that a set X C I as a subset of the Cantor space P(w) is
a w(IQN, J)-space. Let f € “C(X) be defined by f.(z) =1,ifn € z, f,(x) =
0, if n € w\ x (see the proof of Theorem 3.9). Then f N0 because {new:
fa(x) > 27"} =z € I. Since X is a w(IQN, J)-space there is ¢ € F(J) such
that ¢ o f -5 0. Then for every = € X, e Hz)={kew: fou(z)>1}eJ
and hence X C ¢ (J). This proves non(w(IQN, J)-space) < £5 ;. O

Theorem 3.12. For all ideals I C J on w and all reasonable classes X,

add((J, JQN)-space) = non((J, JQN)-space)
< addx ((I, JQN)-space) < non((I, JQN)-space).

Proor. By Corollary 3.8, nony ((I, JQN)-space) = non((I, JQN)-space) for
all X. Let X' be fixed. Assume that £ < non((J, JQN)-space), X = {J,_, X¢
is in X, f € “C(X), and sequences ¢ € “[0, ), & < K, that J-converge to 0
control the JQN-convergence of f on X¢. Define g, : £ — X by g, (&) = 5.



390 M. REPICKY

Since g 2.0 on k, it follows that g L0 on & and some & € “[0,00) that
J-converges to 0 controls this convergence. Every x € X belongs to some X¢
and for any such z and £ we have

new:|fulx) >0} C{ncw: |ful@) >8I U{ncw: g. (&) >d,} € J.
This proves non((.J, JQN)-space) < addx((I, JQN)-space). The inequality

addx ((I, JQN)-space) < non((I, JQN)-space) is obvious and for I = J we get
the equality. 0

Question 3.13. Is addx ((I, JQN)-space) the same for all reasonable classes X',
if I £ J?

4 Reductions of the properties with respect to <k

In this section we present results on monotonicity of the investigated properties
of spaces with respect to the Katétov partial quasi-ordering. As a consequence
we show that in some cases non-tall ideals can be equivalently replaced by Fin.

Lemma 4.1. Let I and J be ideals on w and p € “w.
(a) If ¢ € F(I) and rng(p) € J*, then (I,o= (J)QN) = (¢~ (1), JQN).
(b) If ¢ € F(Fin) and rng(p) € I't, then (I, (J)QN) = (¢~ (1), JQN).
(c) If ¢ is injective, then (¢~ (1), (J)QN) = (I, JQN).
(d) If mg(p) € I*, then (¢ (I), o= (J)QN) = (1, JQN).
(e) If ¢ € F(Fin) and rng(p) € I*, then (¢~ (I),¢ (J)QN) < (I, JQN).

PRrROOF. (a) Let X be an (I, (J)QN)-space and let f € “C'(X) be arbitrary

such that f Wy, By Lemma 1.2 (a), o f 1,0, and then pof AN

Since rng(y) € JT, by Lemma 1.3 (d), f TN

(b) Let X be an (1,9 (J)QN)-space and let f € “C(X) be such that
f 74 0. Then p* f € “C(X) because ¢ is finite-to-one. By Lemma 1.3 (a),

ox*f EN 0, therefore ¢ * f e LOON 0, and then, by Lemma 1.2 (d), f TN,

(c) This is a consequence of (b) because ¢~ (¢~ (I)) = I, if ¢ is injective.
(d)—(e) By Lemma 2.11 we can assume that I C J. Hence rng(p) € I* C

J*. Let X be an (o (I), ¢ (J)QN)-space. If f L0, then by Lemma 1.3 (c),

pof ) 0, then po f o LIQN 0, and by Lemma 1.3 (d), f JQN 0. This

finishes the proof of (d). The implication < in (e) follows by (b) because
0 (e (J)) = J due to rng(p) € J*. O
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Proposition 4.2. Let I and J be ideals on w.
(a) (I, JQN) = (VI' C I)(VJ' 2 J) (I', JJQN).
(b) (I,JQN) = (IV{(w\b),JV (w\b)QN) & (I1b, JIbQN) for b e J+.
(¢) (I,JQN) & (I V {a), JQN) for all a € J.
(d) (Fin, JQN) = (VJ' 2k J on w) (Fin, J'QN).

PROOF. To prove (a) and (b) verify definition of (I, JQN). In case (b) replace
fn, n € w\b, by zero functions. (c) is a consequence of (a) and (b) for b = w\a.

(d) Let J’ be an ideal on w such that J C ¢ (J') for a finite-to-one function
¢ € Yw. If X is a (Fin, JQN)-space, then X is a (Fin, 7 (J')QN)-space, and
by Lemma 4.1 (b), X is a a (Fin, J'QN)-space because ¢ (Fin) = Fin. O

A variant of assertion (d) for the invariant non((Fin JQN)-space) has a bit
stronger form (see [13, the inequality Brin,; < Brin,ss in Lemma 2.7 (d) and
Theorem 2.2 (a)]): If J <k J', then

non((Fin, JQN)-space) < non((Fin, J'QN)-space).

Obviously, (I,<kxJQN) = (I,<kJ'QN) for all J' >k J. By Proposi-
tion 4.3 (a) below it seems that the notion of a w(I, JQN)-space has stronger
closure properties than the notion of an (I, <x JQN)-space.

Proposition 4.3. Let I and J be ideals on w.
(a) w(I,JQN) = (VI' <x I)(V.J >k J) w(I’,J'QN).
(b) W(IQN, JQN) = (VI' <x I)(V.J' >k J) w(I'QN, J'QN).
(¢) w(I,J) = (VI' < D)(VJ' 2k J) w(I',.J").
(d) w(

PRrROOF. (a)—(d) The implications follow by Lemma 2.8. For example, by (c)
and (b) of Lemma 2.8 we have w(I, JQN) = (VI' <x I) w(I’, JQN) because
w(l,JQN) & w(<k!I,JQN) = w(I’,JQN); and w(I,JQN) = (VJ' >k J)
w(I, J'QN) because w(I, JQN) = w(I,<xJ'QN) < w(I, J'QN). O

IQN, J) = (VI' <x I)(VJ' >k J) w(I'QN, J").

Corollary 4.4. Let I and J be ideals on w and let a € [T and b e JT.

w(l,JQN) = w(I,J V (w\ b)QN) = w(I, J[bQN),
w(lla, JQN) = w(I V (w\ a), JQN) = w(I, JQN).

Similar implications hold for w(IQN, JQN), w(I,J), w(IQN, J).
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PRrROOF. This is a consequence of Proposition 4.3 because I <kp IV{(w\a) <kp
Ila. In fact, I <gp IV (w\ a) holds due to the inclusion I C IV (w \ a) and
IV {(w\ a) <kp Ila is witnessed by the identity function i : ¢ — w. O

Statements (al) and (cl) of the next corollary are proved in [2, Theo-
rem 3.3].

Corollary 4.5. Let I and J be ideals on w.

(a) (1
2
3
4

5

If J is not tall, then (Fin, JQN) < QN.

If J is not tall, then (I, <gxJQN) < w(I,FinQN).

If J is not tall, then (IQN, <k JQN) < w(IQN, FinQN).

If J is not tall, then (<kI,<kxJQN) < w(I,FinQN).
(
(
(

<
If J is not tall, then (<xIQN, <kxJQN) < w(IQN, FinQN).

1
2

If I is not tall, then (<xI,<kJQN) < (<kFin, <x JQN).

(
(
(
(
(
(
(2) If I is not tall, then (<KIQN,<kxJQN) & (<kFinQN, <xJQN).
(

)
)
)
)
)
)
)
)

1) If J is not tall, then w(I, JQN) < w(I,FinQN);
if T is not tall, then w(I, JQN) < w(Fin, JQN).
(2) If J is not tall, then w(IQN, JQN) & w(IQN,FinQN);
if I is not tall, then w(IQN, JQN) & w(FinQN, JQN).
(3) If J is not tall, then w(I,J) < w(I,Fin);
if I is not tall, then w(I,J) < w(Fin, J).
(4) If J is not tall, then w(IQN, J) < w(IQN, Fin);
If I is not tall, then w(IQN, J) < w(FinQN, J).
(d) If I is not tall, then every space is (SxIQN, <gJQN), (IQN, <xJQN),
w(I, J), w(IQN, JQN), and w(IQN,.J).
PrROOF. (a)—(c) If an ideal K = J or K = I is not tall, then there is a € [w]*
such that K C Fin V (w \ a). Then (i) K <kp Fin <kgp K because K C
¢ (Fin) for a one-to-one function ¢ € “w with rng(p) = a; and (ii) K’ <k
K & K’ <k Fin. The instances of K can be replaced by Fin, in (al), by (i)
and Proposition 4.2 (a) and (d); in (c1)—(c4), by (i) and Proposition 4.3; in
(b1)—(b2) by (ii). In (a2)—(ab), in addition to replacing all instances of a non-
tall ideal J by Fin due to (ii) we use the following equivalences (applications

of Lemma 2.3 and Lemma 2.7 and two equivalences related to the equivalence
classes 7 and 6 in Section 2):
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a2) (I, <xFinQN) < w(I,FinQN).

a3) (IQN, <xFinQN) < w(IQN, FinQN).

ad) (<kI, <kFinQN) < w(<x I, FinQN) < w(I, FinQN).

a5) (<kIQN, <xFinQN) < w(<kIQN,FinQN) & w(IQN, FinQN).

(d) If I is not tall, I <k J for every ideal J because I <k Fin <k J and
hence by Theorem 3.9 every space satisfies the properties in (d). O]

(
(
(
(
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