ON VECTOR INTEGRAL INEQUALITIES

J4n HALUSKA and Ondrej HUTNIK!

Abstract. The first author introduced an integration theory of vec-
tor functions with respect to an operator-valued measure in complete
bornological locally convex topological vector spaces. In this paper
some important results behind this Dobrakov-type integration tech-
nique in non-metrizable spaces are given.

1 Introduction

A large number of different methods of integration of Banach-space-valued func-
tions have been introduced based on the various possible constructions of the
Lebesgue integral. Among them only the Dobrakov integral, cf. [5] and [6], de-
fined in Banach spaces dealing with an operator-valued measure o-additive in
the strong operator topology, is the complete all pervading generalization of the
abstract Lebesgue integral. For the reader’s convenience let us briefly recall the
definition of the Dobrakov integral.

Let X and Y be two Banach spaces, A be a J-ring of subsets of a non-
void set T, L(X,Y) be the space of all continuous operators L : X — Y,
and m: A — L(X,Y) be an operator-valued measure o-additive in the strong
operator topology of L(X,Y), i.e. m(-)x: A — Y is a Y-valued vector measure
for every x € X. We say that a measurable function f : " — X is integrable in
the sense of Dobrakov if there exists a sequence of simple functions f,, : T' — X,
n € N, converging m-a.e. to f and the integrals [ f, dm are uniformly o-
additive measures on o(A) (i.e. o-algebra generated by A). The integral of the
function f on E € o(A) is defined by the equality

/ fdm = lim f, dm,

E n—eJE

cf. [5], Definition 2. For an excellent review paper on Dobrakov integral see [20].
It is well-known, cf. [5], that the Dobrakov integral yields a greater class of
integrable functions than the also well-known (Lebesgue-type) integral of R. G.
Bartle, cf. [1], considering the same measure and set systems.

There is a natural tendency to generalize integrations from Banach spaces
to "higher floors”. For instance, there is a question how to construct a theory of
integration in locally convex spaces which are non-metrizable. The bornological
character of the bilinear integration theory developed in [22] shows the fitness
of developing a bilinear integration theory in the context of bornological convex
vector spaces.

In general, bornological vector spaces, cf. [23], provide an ideal setting for
many problems in non-commutative geometry and representation theory, but
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they are also quite useful for many other purposes. They give rise to a very nice
theory of smooth representations of locally compact groups, cf. [18], or they
allow to take into account the analytical extra structure on sheaves of smooth
or holomorphic functions, cf. [24]. Bornological spaces of vector-valued functions
were studied in [9] and of null sequences in [3].

In this paper we deal with the complete bornological locally convex topolog-
ical vector spaces (C. B. L. C. S., for short) which include:

(i) all Banach spaces, in general non-separable;
(ii) all Fréchet spaces (i.e. the complete metrizable linear spaces);

(iii) a large number of non-metrizable locally convex spaces, e.g. various
types of nuclear spaces, Schwartz spaces, D F-spaces and L B-spaces, etc.,
cf. [17], many of which have their origin in practical needs of theoretical
physics, see e.g. [19].

In [11]-[13] the first author developed a new technique for C. B. L. C. S.
and operator-valued measure. The specificity of this technique is that we work
with lattices. In places where an object appears in the classical theory, e.g. a
submeasure, a norm, a metric, a unit sphere, an Ly-space, a o-ideal of null sets,
etc., in this theory we work with lattices of submeasures, norms, etc. So, we can
see an interesting union of the measure and integration theory with the lattice
theory in the frame of functional analysis. The sense of this theory is that,
at the present, this is the only integration theory which completely generalizes
the Dobrakov integration to a class of non-metrizable locally convex topological
vector spaces.

Some theorems on integrable functions and convergence theorems for such an
integral are proved in [14]. The construction and existence of product measures
in C. B. L. C. S. in connection with this integration technique is given in [2]. A
Fubini-type theorem is also given therein.

In order to state our results we first give a brief development of a theory of
integration in C. B. L. C. S. in the following section. In the third section we give
some easy, but important results which are useful in this integration technique
in many cases, e.g. when studying classes of integrable functions, convergence
questions, or generalized L,-spaces related to a bornological operator-valued
measure.

2 Preliminaries

In this section we collect the needed definitions and results from [11], [12],
and [13]. The complete description of the theory of C. B. L. C. S. may be found
in [15], [16] and [21].

21 C.B.L.C.S.

Let X,Y be two C. B. L. C. S. over the field K of real R or complex numbers
C, equipped with the bornologies Bx, By, respectively. One of the equivalent
definitions of C. B. L. C. S. is to define these spaces as the inductive limit of
Banach spaces. Remind that a (separable) Banach disk in the space X is a
set U which is closed, absolutely convex and the linear span Xy of which is a



(separable) Banach space. Let us denote by U the set of all Banach disks U in
X such that U € Bx. So, the space X is an inductive limit of Banach spaces
Xy, Uel,ie.
X = injlim Xy,
Ueu

cf. [16], where the family U is directed by inclusion and forms the basis of
bornology Bx (analogously for Y and W). The basis U in the inductive limit
need not be unambiguous and, in particular, it may be chosen such that Xy,
U € U, are separable, cf. [16], § 13.2, Th. 3.

We say that the basis U of bornology Bx has a vacuum vector 2 Uy € U, if
Up C U for every U € U. Let the bases U, W be chosen to consist of all Bx-,
By -bounded Banach disks in X, Y, with vacuum vectors Uy € U, Uy # {0},
and Wy € W, Wy # {0}, respectively.

The convergence on C. B. L. C. S. is called the bornological convergence
which is also a sequential convergence, cf. [8]. We say that a sequence of elements
x, € X, n € N (the set of all natural numbers), converges bornologically with
respect to the bornology Bx with the basis U (shortly, U-converges) to x € X,
if there exists U € U such that for every € > 0 there exists ng € N such that
(xp, —x) € U for every n > ng. We write x = U-lim,_,o X,. To be more precise
we will sometimes call this U-convergence of elements from X to show explicitly
which U € U we have in the mind.

Remark 2.1 A classical bornology consists of all sets which are bounded in
the von Neumann sense, i.e. for a locally convex topological vector space X
equipped with a family of seminorms @, the set B is bounded (or belongs to
the von Neumann bornology) if and only if for every ¢ € @ there exists a
constant Cy such that ¢(x) < Cy for every x € B. In this case the bornological
convergence implies the topological convergence. On the other hand, we can
introduce the von Neumann bornology on an arbitrary complete locally convex
space X and the topological completeness of X implies the completeness in the
sense of bornology, cf. [21].

Note that each vector space X (or Y) over the field K can be equipped with
various bornological bases of Banach disks (defining this way various C. B. L.
C. S.), moreover, with the property such that Uy N Uy # {0} for every Uy € U,
U elU.

2.2 Operator structures

On U the lattice operations are defined as follows: for U;,Us € U we have
Ui AUy = Uy NUs, and Uy VU, = acs(U; UUs), where acs denotes the topological
closure of the absolutely convex span of the set. Analogously for W. For
(Ul, Wl), (UQ, WQ) €U x W, we write (Ul, W1) < (UQ, WQ) if and only if Uy C
Us, and Wy D Wa.

We use @ to denote the class of all functions U — W with order < defined as
follows: for ¢, ¥ € ® we write ¢ < 1 whenever o(U) C ¥(U) for every U € U.

Denote by L(X,Y) the space of all continuous linear operators L : X —
Y. We suppose L(X,Y) C ®. The bornologies Bx, By are supposed to
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be stronger than the corresponding von Neumann bornologies, i.e. the vector
operations on the space L(X,Y) are compatible with the topologies, and the
bornological convergence implies the topological convergence. Note that in the
terminology [21] the space L(X,Y) (as an inductive limit of seminormed spaces)
is a bornological convex vector space. For a more detailed explanation of the
topological and bornological methods of functional analysis in connection with
operators, cf. [25].

2.3 Set structures

Let T # () be a set. Denote by A C 27 a §-ring of subsets of T. If A is a
system of subsets of the set T, then o(A) denotes the o-algebra generated by
the system A. Denote by 3 = o(A). We use xg to denote the characteristic
function of the set E. By py : X — [0, 00] we denote the Minkowski functional
of the set U € U, ie. py(x) = infxerv |A| (if U does not absorb x € X, we
put py(x) = oo). Similarly, py denotes the Minkowski functional of the set
Wew.

For every (U, W) € U x W denote by myw : £ — [0,00] a (U, W)-semi-
variation of a charge (= finitely additive measure) m : A — L(X,Y) given
by

I
my w(E) = sup pw <Z m(EN Ei)xi> , EFeyx,
i=1

where the supremum is taken over all finite sets {x; € U,i = 1,2,...,I} and
all disjoint sets {E; € A; ¢ = 1,2,...,I}. It is well-known that myw is a
submeasure on X, i.e. a monotone, subadditive set function with gy w (0) = 0
for every (U, W) € U x W. Denote by my, v = {my,w; (U, W) €U x W}, and
by Ayw C A the largest d-ring of sets E € A, such that my w (F) < .

For every (U, W) € U x W, denote by |m|yw : £ — [0, 00] a scalar (U, W)-
semivariation of a charge m : A — L(X,Y) defined as

I

> Am(ENE;)

i=1

|m] , EFeX,

uw

vw (E) = sup

where || L||y,w = supycy pw (L(x)) and the supremum is taken over all finite sets
of scalars {\; € K; |N| < 1,4 =1,2,...,I} and all disjoint sets {E; € A; ¢ =
1,2,...,I}. The scalar (U, W)-semivariation ||m|/yw is also a submeasure on
Y. Denote by ||mlyw = {|ml|vw; (U, W) € U x W}.

For every (U, W) € U x W, denote by varyw(m,-) : ¥ — [0,00] a (U, W)-
variation of a charge m : A — L(X,Y) given as

I
vary,w(m, E) = supz |lm(ENE)|lvw, EecX,
i=1
where the supremum is taken over all finite collections of disjoint sets E; € A,

i=1,2,...,1. The (U, W)-variation vary y (m,-) is also a submeasure on .
Clearly, for every set £ € ¥ the inequality

[mllyw(E) <y w(E) < varyw(m, E)

holds. It is also not hard to find examples showing the existence of such a
measure m and a set E € 3 with myw (E) < oo but vary w(m, E) = co.



2.4 Basic convergences of functions

For (U,W) € U x W, let Gy w be a lattice of submeasures Syw : & — [0, o0,
where lattice operations are defined as

BUQ,WQ A BUS,WS = ﬂUz/\Ug,WQVW;w
BUQ,WQ vV BUS,WS = ﬂUz\/Ug,WQ/\ng

for (UQ,WQ), (Ug,Wg) eU x W, (eg ﬁuyv = l’iluyv, or ||1’I’1||u,w)

Denote by O(Buw) = {N € %; Buw(N) =0, (U,W) € U x W}. The set
N € ¥ is called Gy w-null if there exists a couple (U, W) € U x W, such that
Buw (N) = 0. We say that an assertion holds Gy w-almost everywhere, shortly
Bu w-a.e., if it holds everywhere except in a G y-null set. A set E € ¥ is said
to be of finite submeasure By if there exists a couple (U, W) € U x W, such
that ﬁU,W(E) < 00.

The following definitions introduce the analogies of the notions of conver-
gence almost everywhere and convergence almost uniform in the case of operator
valued charges in C. B. L. C. S.

Definition 2.2 Let E € ¥ and R € U,(U,W) € U x W. We say that a
sequence f, : T — X, n € N, of functions (R, E)-converges By w-a.e. to a
function f : T — X if lim, o pr(£,(t) — £(t)) = 0 for every ¢t € E\ N, where
N € O(Buw)-

We say that a sequence f,, : T — X, n € N, of functions (U, E)-converges
Bu,w-a.e. to a function f : T — X if there exist R € U, (U,W) € U x W, such
that the sequence f,,, n € N, of functions (R, E)-converges Sy w-a.e. to f. We
write £ = U-lim,, .o £, Bu,w-a.e.

If E =T, then we will simply say that the sequence R-converges Sy, w-a.e.,
resp. U-converges (4 y-a.e.

Definition 2.3 Let E € Xand R € U, (U, W) € UxW. We say that a sequence
f, : T — X, n € N, of functions (R, E)-converges uniformly to a function
f:7 — X, iflim,— ||f, — f||g,r =0, where ||f|| g r = sup,cxpr(f(t)).

We say that a sequence f,, : T — X, n € N, of functions (R, E)-converges
Bu,w-almost uniformly to a function f : T — X if for every € > 0 there exists
a set N € X, such that Syw (N) < e and the sequence f,, n € N, of functions
(R, E'\ N)-converges uniformly to f.

We say that a sequence f,, : T — X, n € N, of functions (U, E)-converges
Bu,w-almost uniformly to a function f : T — X, if there exist R € U, (U, W) €
U x W, such that the sequence f,,, n € N, of functions (R, E)-converges Sy, w-
almost uniformly to f.

If E =T, then we will simply say that the sequence of functions R-converges
uniformly, resp. R-converges [y w-almost uniformly, resp. U-converges Gy w-
almost uniformly.

For a more detailed explanation of described convergences of functions in C.
B. L. C. S., cf. [12].
2.5 Measure structures

The Dobrakov integral is defined in Banach spaces. Since X and Y are inductive
limits of Banach spaces, the question is whether an integral in C. B. L. C. S. may



be defined as a finite sum of Dobrakov integrals in various Banach spaces the
choice of which may depend on the function which we integrate. A suitable class
of operator measures in C. B. L. C. S. which allow such a generalization is a class
of all o-additive bornological measures. The basic idea consists in additional
condition about o-finiteness of measure which enables the generalization of the
whole Dobrakov integration to C. B. L. C. S.

Let (UW) € U x W. We say that a charge m is of o-finite (U, W)-
semivariation if there exist sets E, € Ayw, n € N, such that T' = Uzozl E,.
For ¢ € ®, we say that a charge m is of o, -finite (U,W)-semivariation if for
every U € U, the charge m is of o-finite (U, ¢(U))-semivariation.

Definition 2.4 We say that a charge m is of o-finite (U, W)-semivariation if
there exists a function ¢ € ® such that m is of o,-finite (U, W)-semivariation.

In what follows we suppose the charge m is of o-finite (4, W)-semivariation.
To be more exact we will sometimes specify that a charge m is of o -finite
(U, W)-semivariation to indicate that ¢ is that function in Definition 2.4 which
provides the o-finiteness of the (U, W)-semivariation of m.

Let W € W. We say that a charge p : ¥ — Y is a (W, 0)-additive vector
measure, if p is a Yy -valued (countable additive) vector measure.

Definition 2.5 We say that a charge p : ¥ — Y is a (W, 0)-additive vector
measure, if there exists W € W such that p is a (W, o)-additive vector measure.

Note that if W € W and p: ¥ — Y is a (W, 0)-additive vector measure,
then p is a (W7, 0)-additive vector measure whenever W C Wy, Wy € W.

Let W e Wand let v, : ¥ — Y, n € N, be a sequence of (W, o)-additive
vector measures. If for every ¢ > 0, E € ¥ with pw (v, (E)) < 00, and E; € X,
E,NE; =0,i+#j,14,j €N, there exists Jy € N such that for every J > Jp,

Pw <yn< U Eﬂ?E)) <e
i=J+1

uniformly for every n € N, then we say that the sequence of measures v,, n € N,
is uniformly (W, o)-additive on X.

Note that if a sequence v,,, n € N, of measures is uniformly (W, o)-additive
on X for W € W, then the sequence v,, n € N, of measures is uniformly
(W1, 0)-additive on ¥ whenever Wy D W, W; € W.

Definition 2.6 We say that the family of measures v, : ¥ — Y, n € N, is
uniformly (W, o)-additive on 3, if there exists W € W such that the family of
measures vy,, n € N, is uniformly (W, o)-additive on X.

The following definition generalizes the notion of the o-additivity of an op-
erator valued measure in the strong operator topology in Banach spaces, cf. [5],
to C. B. L. C. S.

Definition 2.7 Let ¢ € ®. We say that a charge m : A — L(X,Y) is a
o,-additive measure if m is of o -finite (U, W)-semivariation, and for every
A€ Ay py, the charge m(AN-)x : ¥ — Y is a (p(U), 0)-additive measure for
every x € Xy, U € U. We say that a charge m : A — L(X,Y) is a o-additive
(bornological) measure if there exists ¢ € @, such that m is a o,-additive
measure.



In what follows a charge m is supposed to be a o-additive bornological
measure. Note that if ¢ < ¥, p, € @, and a charge m : A — L(X,Y) is a
o,-additive measure, then m is a oy-additive measure.

2.6 A generalized Dobrakov integral in C. B. L. C. S.

We use Ma s to denote the space of all (A,U)-measurable functions, i.e. the
largest vector space of functions f : T' — X with the property: there exists R €
U, such that for every U € U, U D R, and ¢ > 0 the set {t € T; py(f(t)) > 0} €
Y. In what follows we deal only with functions which are (A,)-measurable.

Definition 2.8 A function f : T — X is called A-simple if £(T") is a finite set
and f~1(x) € A for every x € X\ {0}. Let S denote the space of all A-simple
functions.

For (U,W) € U x W, a function f : T — X is said to be Ay w-simple if
f= 21'121 X;XE;, where x; € Xy, E; € Ay w, such that E; N Ej =0, for i # j,
1,7 =1,2,...,1. The space of all Ay -simple functions is denoted by Sy w .

A function f € S is said to be Ay w-simple if there exists a couple (U, W) €
U x W, such that f € Sy . The space of all Ay y-simple functions is denoted

by Su_]w.

For every E € ¥ and f € Syw, (U, W) € U x W, we define the integral by
the formula [, fdm = Zle m(E N E;)x;, where f = Zle XiXE;, Xi € Xy,
E, € Ayw, EiNE; =0,i# j,i,j =1,2,...,I. Note that for the function
f € Syw the integral [ fdm is a (W, ¢)-additive measure on X.

The following result is a version of the classical Vitali-Hahn-Saks-Nikodym
theorem in our setting, cf. [4].

Theorem 2.9 Let v, : ¥ — Y, n € N, be (W, 0)-additive measures and let
W-limy, 00 Yn(E) = Y(E) exist in'Y for each E € . Then v,, n € N, are uni-
formly (W, o)-additive measures on 2, and consequently, v is a (W, o)-additive
measure on .

The following theorem gives a construction of the integral.

Theorem 2.10 [cf. [13], Theorem 3.8] Let m be a o-additive measure and f €
Mau. If there exists a sequence £, € Syw, n € N, of functions, such that

(a) Z/{-hmn_,oo fn =f I’i’lu,w—a,.e.,

(b) the integrals [ f,dm, n € N, are uniformly (W, c)-additive measures on

7

then the limit v(E,f) = W-lim, fE f, dm exists uniformly in E € 3.

Definition 2.11 A function f € My is said to be Ay yy-integrable if there
exists a sequence f,, € Sy w, n € N, of functions, such that

(a) u'hmn—>oo fn =f l’i’lu,w—a.e.,

(b) [ fndm, n € N, are uniformly (W, 0)-additive measures on 3.



Let Zyw, A denote the family of all Ay yy-integrable functions. Then the inte-
gral of the function f € 7y A on a set I € ¥ is defined by the equality

YE:/ fdm = W- lim f,, dm.
E

n—oo E

Some basic properties of the above defined integral are summarized in the
following theorems, cf. [13].

Theorem 2.12 [cf. [13], Theorem 4.2] Let v(E,f) = [ fdm, F € ¥ and
feTuwa. Thenv(-,f): X =Y is a (W, o)-additive measure.

Theorem 2.13 [cf. [13], Theorem 4.3] A function f € Ma 1 is Ay w-integrable
if and only if there exists a sequence f,, € Syw, n € N, of functions such that

(a) (U, E)-converges iy, w-a.e. to £, and
(b) the limit W-limy, oo [, £, dm = v(E) exists

for every E € X. In this case fEfdm = W-lim,—co fE f, dm for every set
E € ¥ and this limit is uniform on X.

Combining Theorems 2.10 and 2.13 for Ay yy-simple functions yields

Theorem 2.14 Let f,,, n € N, be a sequence of Ay w-simple functions U-
converging My w-a.e. to f € Ma . Then the following statements are equiva-
lent:

(i) for every set E € % there exists a limit

W- lim f,dm =v(F) €Y;

n—oo E

(ii) the integrals [ £, dm, n € N, are uniformly (W, o)-additive measures on
DI

(ii) the limit W-lim,, .o [}, £, dm = v(E) exists in Y uniformly with respect
to B e X.

Moreover, v is a (W, o)-additive measure on X.

Proof. Since ffn dm, n € N are (W, 0)-additive measures on X, then by
Theorem 2.9 (i)=-(ii). By Theorem 2.10 (ii)=-(iii) and obviously (iii)=-(i). The
last assertion follows directly from Theorem 2.9. a

An example of a Dobrakov-type integral in C. B. L. C. S. is given in [14].

3 Vector integral inequalities

In this section we present some useful inequalities which are important tools
and play a key role in this integration technique in C. B. L. C. S. In order to
state our results, we need the following notions and notations from [10]: for a
function f : T — X denote N(f) = {t € T; f(t) # 0}. Recall also that for
(U, W) € U x W a scalar function f : T — K is said to be measurable in the
sense of Halmos if N(£) N £71(B) € o(Ay,w) for each Borel set B € K.



Proposition 3.1 Let (U, W) €U x W and £ be a Ay yw-measurable function.
Then there exists a sequence f,, n = 1,2,..., of Ay w-simple functions U-
converging on the whole T to f such that

pu(£.(t)) < pu(f(t)),

for eacht € T andn € N.

Proof. Let k,, n = 1,2,..., be a sequence of Ay w-simple functions U-
converging on the whole T to f. Then py (ky(+)) converges to py (f(+)) in T and
pu(f(+)) is a measurable function (in the sense of Halmos [10]). Therefore, by
Theorem 20.B therein, there exists a non-decreasing sequence h,,, n =1,2,.. .,
of non-negative o(Ay,w )-simple functions such that h,(t) < py(f(t)) for t €
T. Since N(f) € o(Ay,w), there exists A, € Ayw, n = 1,2,..., such that
A, /' N(f). Then g, = h,x4,, n =1,2,..., are Ay y-simple functions and
gn(t) < pu(f(t)) for t € T. Putting

kn (t)gn(t)
£.(t) =4 Pl '€ N(£) N N(ky), 7
0, otherwise
the sequence f,,, n = 1,2, ..., satisfies the conditions of the proposition. O

Let us recall two basic results of our interest from [5], Lemma 1, and [13],
Lemma 3.7, collected in the following lemma.

Lemma 3.2 Let (UW)eUxW. Iff € Syw and E € o(Ayw), then

ﬁ’lUﬁw(E) = sup {pw </ fdm) ; fe SU,W, ||f||EU < 1}
E

and

E

For (U,W) € U x W denote by Zy,w the set of all Dobrakov’s integrable
functions with respect to Banach spaces Xy, Y. Our aim is to prove that
the assertion of Lemma 3.2 holds also when replacing Ay y-simple by Ay y-
integrable functions.

Lemma 3.3 Let (U, W) €U xW. Then

my,w(E) = sup {PW (/ fdm) s feTuw, |flleu < 1}
B

for every set E € ¥. Hence for every f € Tyw and every set E € ¥ the
inequality

pw (/E fdm) < IEll.0 - s (E) (1)

holds.



Proof. The fact that the supremum does not increase when replacing Ay -
simple functions by Ay w-integrable functions is obvious from the definition of
(U, W)-semivariation my .

Let us consider E € ¥ and f € Zyw with [[f||gv < 1. Since f is Ay -
measurable, then by Proposition 3.1 there exists a sequence f,, n = 1,2,...,
of Ay w-simple functions U-converging on the whole T" to f such that for each
teT, pu(f,(t) < pu(f(t)) for each n € N. Using notation of Theorem 1 in [5]
put

F= G {t e T; pu(fa(t)) > o}.

Then there is a set N € o(Ay,w), N C F, and a nondecreasing sequence of sets
Fj,k S AU,W7 7,k € N, with Ujoil Uzozl Fj,k = F\N, such that fE foxydm =0
for every E € 3 and n € N, and, moreover, the sequence f,, n = 1,2,...,
uniformly U-converges to the function f on every set Fj;, j,k € N. Put G =
F\ N. Consequently, for each n and each couple (j, k) we have

pw(/fdm)gpw / fdm | + pw / (f —f,)dm
E EN(G\F}.x) ENF;
+ pw (/ f, dm) .
ENF;

Let & > 0 be chosen arbitrarily. Since the integral [ f dm is a uniformly (W, o)-
additive measure on ¥, then

pw / fdm | <=
EN(G\Fj.1) 2

for sufficiently large j = jo and k = k. Since the sequence f,, n = 1,2,.. .,
uniformly U-converges to f on each Fj, j,k € N, then by Lemma 3.2

PW / f,, dm — f, dm
Eﬁijk Eij,k

and hence the sequence fEmF_ . f,dm, n = 1,2,..., is uniformly Cauchy (in
Js
Y ) with respect to E € . Thus

IN

£ — £l 7y v - B0 w (Fj k),

/ fdm = W- lim f. dm.
Eij,k

r—00 ENFj .

Consequently,

pw ([ @-tydm) = tmpw ([ @) dm
ENFj 1 T ENF; g,

< lim [, — fu |5, 0 - tww (Fk)
T—00

A

~ &
£ = £all 0 - 0w (Fjik) < 5

for sufficiently large n = ng. The fact that f,, is Ay w-simple with ||£,, | z,v < 1
completes the proof. O
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The inequality (1) plays a fundamental role showing the importance of the
(U, W)-semivariation my w in this integration theory. We only demonstrate its
using when proving the following basic result on integrable functions. Recall
that a charge m : A — L(X,Y) is of continuous (U, W')-semivariation on Ay w
if B, € Ayw, n=1,2,...such that E,, \, 0 implies my w (E,) — 0. Further
theorems on integrable functions and convergence theorems are proved in [14].

Theorem 3.4 Let (U, W) € UxW and let a charge m be of continuous (U, W)-
semivariation on Ayw. If A € Ayw and f is a U-bounded Ay, w-measurable
function on T, then fxa € Zy,w.

Proof. Let us consider a sequence f,,, n = 1,2, ..., of Ay y-simple functions,
such that the sequence f, x4, n =1,2, ..., U-converges on the whole space T' to
the function fxa and [|f,||4,0 < ||f|la,v for every n € N. Then the inequality

W (/ anA dm) < ||f||A,U : l’ilU7w(AﬂE), neN FeX Ae AU,W;
E

and the fact that m is of continuous (U, W)-semivariation on Ay w imply the
uniform (W, o)-additivity of the integrals [ f,x4 dm, n € N, on X. This proves
the theorem. O

Note that without the assumption m is of continuous (U, W)-semivariation
on Ay w the preceding theorem does not hold even in the case when a charge
m: A — L(X,Y) is o-additive in the equibornology of the space L(X,Y), i.e.,
if for every (U, W) € U x W the restriction my w (E)x = m(E)x, E € Ayw,
of a charge m to the set system Ay is a o-additive vector measure in the
uniform topology of the space L(Xy, Yw), cf. [14].

Similarly as Theorem 3.4 we may prove

Theorem 3.5 Let (U,W) € U x W. Let f be a Ay w-measurable function and

/ pu(f) dvary w(m, ) < oo,
F

where ' = {t € T; pu(f(t)) > 0}. Then f is a Ay w-integrable function and
the inequality

vary,w </fdm,E> < / pu(f) dvary w(m, E)
. E

holds for every set E € 3.

Note that there are functions f such that varyw ([ fdm, E) = 0 for every
set E € ¥, but in the same time it may happen [, py (f) dvary,w (m,-) = co.

Let Z be a complete bornological locally convex topological vector space with
the bornology Bz equipped with the basis of Banach disks V. Let (U, W, V) €
UxWxV, KeL(Y,Z)and m : A — L(X,Y) be a o-additive bornological
measure. Then clearly the set function Km : A — L(X,Z) given by Km(FE) =
K[m(E)] for E € A, is a o-additive bornological measure. Since

(Km)y,y (B) < | Kllw,y - thyw(E)

11



for every set E € 3, then every Ay w-simple function f is also Ay y-simple
(with respect to the measure Km) and there holds

K</Efdm> :/Efd(Km)

for every set £ € ¥. From this fact, using Theorem 2.13 we get directly that
every Ay w-integrable function f is also Ay y-integrable (with respect to the
measure Km) and for every set E € ¥ there holds

K</Efdm> :/Efd(Km).

Let v : A — Y be a vector measure. For every W € W, denote by 7y :
¥ — [0, 00] a W-supremation of v given by

Yw (E) = sup{pw (v(F)); FC E,F € A}, EcX.

We put Jyy,(T) = sup{7y (E); E € £}. Recall that if v : ¥ — Y is a (W, 0)-
additive measure on ¥, then according to [4] (Proposition 1.1.11 and Theo-
rem 1.2.4) the set function 7y, is a (W-bounded) continuous submeasure on ¥,
see also [20], Theorem 3.

For every W € W, denote by |ulw : ¥ — [0,00] a W-semivariation of a
charge p: ¥ — Y given by

I
lulw (E) = sup pw (Z Aip(E N Ei)) , EeX,

=1

where the supremum is taken over all finite sets of scalars {\; € K; |\;| < 1,i =
1,2,...,I} and all disjoint sets {F; € A; i =1,2,...,I}. The W-semivariation
||w is a submeasure on X.

Now, the result of Lemma 3.3 may be extended as follows:

Lemma 3.6 Let (UW)eU xW and £ € Tyw. Then there exist a sequence
£, n=1,2,... of Ayw-simple functions and a set M € ¥, M € O(ty,w),
such that

(i) the sequence £, U-converges on T \ M to f;
(i1) pu(£.(t)) < pu(f(t)) fort € T\ M; and

(i) W-lim, o [, fodm = [, fdm for E € X, the limit being uniform with
respect to |/ € X.

Consequently,

ﬁ’lUﬁw(E) = sup {pW (/ fdm) ; fe IU,W7 HfHE,U < 1}
E

for every set E € ¥ and hence for every f € Iyw and every set E € X the
inequality (1) holds.

12



Proof.  From Proposition 3.1 and Definition 2.11 there exist two sequences
k, and h,, n = 1,2,..., of Ay w-simple functions and a set M € X, M €
O(my w), such that k,, U-converges on T\ M to f with pU(k (t)) < pu(f(t)) for
allt € T\ M, and h,, U-converges on T'\ M to f such that v,(-) = [ h,, dm, n =
1,2,..., are uniformly (W, o)-additive measures on ¥ with W- hmnéOO vn(E) =
f fdm for E €.

Put 7,(-) = [ kydm for n = 1,2, ... and v(E) = [, fdm for E € . Let

- U {t €T\ M; pu(hy) +pu(kn) > 0}’

and define

¥2n(1+an<T>+1+ﬁW,n<T>)’ bes

Since vy, Nn, = 1,2, ..., are (W, 0)-additive measures on X, then Jy,,,, Ty,
are (W-bounded) continuous submeasures on ¥ for all n € N. Clearly, Aw
is a (W-bounded) submeasure on X. To show continuity, for a given ¢ > 0
choose ng such that QTU < £ and consider sets E. € X, 7 = 1,2,..., such that
E, \, 0. From continuity of YW Twm, @ = 1,2,...,n0, there exists rg such
that (Y., (Er) + Ny (Er)) < 5 forr > rg and n = 1, 2,...,ng, which implies
Aw (Er) < e. Thus Ay is a continuous submeasure on X.

Consider the sequence KX = {hjy, ki, hy,ks,..., h,, k,,...}. Clearly, K is
a sequence of Ay w-simple functions U-converging to £ in 7'\ M. Then by
Egoroff-Luzin theorem, cf. [20], Theorem 5, there exist a set N € F'No(Ayw)
with A (N) = 0 and a sequence of sets Fj € Apyw, j,k = 1,2,..., with
U;Z1 UrZy Fjie = F'\ N, such that K uniformly U-converges to f on each Fjy,
J,k € N. Thus we may choose a subsequence n; x, j,k € N, such that for every
couple (j, k) there is

P = K 0 - Bow (Fje) < o5
Put £ = kn,, XN + kn, . XF,, for every (j,k). Then £, j,k € N, is a se-
quence of Ay w-simple functions U-converging to the function f in 7'\ M with
pulE (1)) < pu(E(8)) for t € T\ M.

Let G = F\N. Since M € O(ty,w ), then by Lemma 3.2 we get Jy,,,(M) =
Twn (M) = 0 for all n € N and hence Ay (M) = 0. Moreover, as A\w (M) =
Aw(N)=0,and n,(ENN)=n,(ENM) =7 (ENN) =~ (ENM) =0 for
all n € N, then clearly, f; x(t) =0 for t € EN (G \ Fj ). Therefore

/ijkdm < pw Z/ —h,,,)dm

EﬁFJ k

J
+ pw /
g EN(G\F},k

+ pw <V(E) - /E hnMdm>.

13
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Using Lemma 3.2 and the definition of W-variation we get

J J
pw V(E)*/E fidm | < |kn,, —hy 5,0 tow(Fje)
E“ -
j=1 j=1

J

+ ) g lw (G Fyg)

+ pw (V(E) = Yn, ()

Let € > 0 be chosen arbitrarily and choose ko such that ﬁ < £,J=
1,2,...,J. Since v(E) = W-limy_.c0 Vn, , () uniformly with respect to E € ¥
for every j =1,2,...,J, we may choose k1 > kg such that

3 .
pw (V(E)*ank(E)) <§a J=12,...,4J,

for all k > ky and for all £ € ¥. Thus choosing k£ > k; we have

A € .
. =By 7y - ow (Fip) < 30 G=1,2,....7, (2)
and .
pw ((B) 7, (B) < 5, =12 )
for all £ € X. Since v, n = 1,2,..., are uniformly (W, o)-additive measures on
3, then its W-semivariations |y,|w (-), n = 1,2,. .., are uniformly continuous on

¥, and since (G\ F}j ;) \, 0, then there exists ko > kq such that |y, |w (G\ Fj ) <
% for all £ > ko and for all n € N. Thus, in particular,

|’y"j,k|W(G\F’,k)< s j=12,...,J, (4)

Wl ™

for k > ko. Consequently, from (2), (3) and (4) we have

J
W Z/(E) — / ij,k dm | <e
B

for k > ko and E € X. Since € is an arbitrary positive number, F is an arbitrary
element in ¥ and Y is a complete space, the existence and the uniformity in
E € XY of the limit W-limg_, o fE fi dm = v(F) is proved. The remaining parts
are immediate from (i), (ii), (iii) and the definition of my w . O

A possible way how to improve the inequality (1) given in Lemma 3.6 is to
consider the notion of LlUVW—gauge of a Ay w-measurable function which is a
generalization of the classical Li-norm and also of the notion of the (U, W)-
semivariation myw (see Corollary 3.17 and Remark 3.10, respectively), simi-
larly as in [6].

Definition 3.7 Let (U, W) € U x W. Let g be a Ay w-measurable function
and E € 3. Then the Lllj,W—gauge of the function g on the set E, denoted

14



by myw(g, F), is a non-negative not necessarily finite number defined by the

equality
my,w (g, ) = sup {PW (/ fdm) } ;
E

where the supremum is taken over all £ € Sy such that py (£(t)) < pu(g(t))
for each t € E. The L}J’W-gauge of the function g is then defined by

y,w (g, ") = sup hy,w(g, E).
Ees
From this definition we immediately get the following theorem summarizing
basic properties of Lg; yp-gauge tyw (-, -).

Theorem 3.8 Let (U, W) e U xW. Let g be a Ay w-measurable function and
let E €Y. Then

(a) myw(g,-) is a monotone and countadbly subadditive set function on X
with l’ilU7w(g, @) =0,

(b)) myw(a-g,E)=|a| - myw(g, E) for each scalar o;
(¢) infieppu(g(t) - muw(E) < tmuw(g, E) < |gllpv - tow(E);

(d) if h is a Ay w-measurable function with py(h(t)) < py(g(t)) myw-a.e.
on E; then 1’hU,W(ha E) S 1'i'lU,W(ga E):

(e) myw(g, E) = myw(g, {t € E; pu(g(t)) >0});
(f) myw(g, E) =0 if and only if my,w ({t € E; py(g(t)) > 0}) =0.

Observe that according to (a) my w(g,-) is a o-subadditive submeasure on
3. Also, the assertion (f) of the previous theorem implies

Corollary 3.9 Let (UW) € U x W and g be a Ay,w-measurable function.
Then myw (g, T) =0 if and only if g = 0 My w-a.c.

Remark 3.10 From assertion (c¢) of Theorem 3.8 it is obvious that if py (x) = 1,
then my w(E) = myw(x - xg, E) for each set E € ¥. Therefore the L%J,W'
gauge my,w (-, ) generalizes the notion of the (U, W)-semivariation g,y .

From the assertion of the remark we get the following form of the Cebysev’s
inequality in our setting.

Theorem 3.11 Let (U, W) € U x W and g be a Ayw-measurable function.
Let E € X and o > 0. Then

) < my,w (g, B)

g w ({t € E; pu(g(t)) > a} o

Proof. Let F = {t € E; py(g(t)) > a}. Then clearly F' € ¥. By (a) and (c)
of Theorem 3.8 we get

a-myw(F) < inf py(g(t)) - myw(F) <myw(g, F) <myw(g, E).

T teF

Hence we have the result. O
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Corollary 3.12 Let (U, W) € U x W, g be a Ayw-measurable function and
Ec¥ Ifmpyw(g, E) < oo, then g is finite my w-a.e. in E. Consequently, if
my w(g,T) < oo, then g is finite my w-a.e. inT.

Proof.  Put F' = {t € E; py(g(t)) = oo} and F,, = {t € E; py(g(t)) = n},
n=1,2,.... Then F C F,, and F, F,, € ¥ for each n € N. By (a) of Theorem 3.8
and by Theorem 3.11 we have

myw(g, F)

myw(F) < myw(F,) < "

Assuming that myw (g, E) < oo the last term tends to 0 as n — oo. Hence g
is finite My w-a.e. in E. The last assertion follows from the fact my w (g, T) =

myw (g, N(g))- O

Consequently, we may state the following lemma which is a generalization
of Lemma 3.3. It may be proved in the same way. Observe that by (c) of
Theorem 3.8 the obtained inequality (5) is much better than (1).

Lemma 3.13 Let (U, W) € U x W, g be a Ayw-measurable function and let
EeX. Then

s (g, F) = sup {PW ( / fdm) £ € Tuw, pu(E) < pulg(t), t € E} .

Hence for every f € Ty w and every set E € ¥ the inequality

E
holds.
Using these results we may prove the triangle inequality:

Theorem 3.14 Let (U, W) € U x W, let £, g be Ay w-measurable functions
and E € Y. Then

1'i'lU,W(f + g, E) S 1’i'lU,W(fa E) + 1'i’lU,W(ga E)
Proof. By assertion (e) of Theorem 3.8 we have

y,w(f + g, F) = myw(f +g,E),
where E' = {t € E, py(f(t)) + pu(g(t)) > 0}. Let h be a Ay w-simple function
such that py (h(t)) < pu(f(t) + g(t)) for each t € E’. Then for each ¢t € £’
h(t) = h(t) - pu(£(t)) h(t) - pu(g(t))
pu(f(t)) +pu(g(t))  pu(f(t) +pul(gt)
il

Since by Theorem 3.2 in
using Lemma 3.13 we get

w (/E hd“‘) = pw (fE m?}(f?» HEU((?@) dm)
h
pw (/E pu<g(<t§)>> +;U(<t:< )] dm>

< myw(f, B) + myw(g, E),

4] both summands are Ay -integrable functions,
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which completes the proof. O

Consequently, we have
1'i'lU,W(f + g, T) = Ssup 1'i’lU,W(f + g, E)
Eex
< sup my,w (£, E) + sup tay,w (g, E)
Eex E€xs

- 1’i'lU,W(fa T) + 1’hU,W(ga T)

This implies that {g; g is a Ay w-measurable function: thy,w (g, T) < co} is a
pseudo-normed space. Hence, my w(g,T) may be called as an Lbyw—pseudo—
norm of g.

From the definition of Lbyw—gauge it is clear that it depends only on py(g)
and E. Hence the results about L}J’W-gauges for vector-valued functions remain
valid for scalar functions. The next result is a version of the Fatou lemma.
Observe that this theorem has no meaning for vector-valued functions in general.

Theorem 3.15 Let (U W) e U xW. Ifm : A — L(X,Y) is a o-additive
bornological measure and £, : T — [0,00), n = 1,2,..., are Ay,w-measurable
functions, then

ﬁlUyw(hIn inf fn, E) S lim inf If’lU1W (fn, E)

for each E € X.

Proof.  The assertion of theorem immediately follows from Theorem 4 in [6]
and the classical Fatou lemma, cf. [10]. O

As a natural generalization of Theorem 3.4 in this setting we get the following
theorem. It may be proved in just the same way as Theorem 3.4.

Theorem 3.16 Let (U, W) € U x W. Let g be a Ayw-measurable function
and let its L[1J7W—gauge my w(g,-) be continuous on X. Then g € Ty w.

Note that for (U, W) € U x W the inequality
s (8, 5) < [ po () dvarw (m, ) (©)
E

holds in general and it may happens that [, py(g)dvaryw(m,-) = co and
iy w(g, E) < oo. If [py(g)dvaryw(m,:) < oo, then clearly the Ly -
gauge my,w (g, ) is continuous on ¥ and, in that case, my w(g,T) < co. From
this a natural question arises when the equality in (6) holds. This is answered
in the following result from which it is clear that the L[1J7W—gauge my w(-,-)
generalizes the classical Li-norm. It is a corollary of Lemma 1 in [7].

Corollary 3.17 Let (U,W) €U xW. If Yy is the space of scalars of Xy, or
m is a scalar measure such that m(E)x = m(F) - x, then

o (g, E) = /E pu(g) dvaryw(m, )

for each Ay w-measurable function g and for each set E € ¥.
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