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compatible quasiorders

(A, F) universal algebra
compatible (invariant) relation ¢ C A x A:
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compatible quasiorders

(A, F) universal algebra
compatible (invariant) relation ¢ C A x A:
For each f € F (n-ary) we have f > q (f preserves q), i.e.

(a1,b1),...,(an, bn) € g = (f(a1,...,an),f(b1,...,bn)) €q.
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The structure of the lattice Quord (A, f

compatible quasiorders

(A, F) universal algebra
compatible (invariant) relation ¢ C A x A:
For each f € F (n-ary) we have f > g (f preserves q), i.e.

(a1,b1),...,(an, bn) € g = (f(a1,...,an),f(b1,...,bn)) €q.

Lord(A, F) compatible linear orders
Pord(A, F) compatible partial orders (refl., trans., antisymmetric)
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compatible quasiorders

(A, F) universal algebra
compatible (invariant) relation ¢ C A x A:
For each f € F (n-ary) we have f > g (f preserves q), i.e.

(a1,b1),...,(an, bn) € g = (f(a1,...,an),f(b1,...,bn)) €q.

Lord(A, F) compatible linear orders
Pord(A, F) compatible partial orders (refl., trans., antisymmetric)

Generalization of Pord(A, F) and Con(A, F):
Quord(A, F) compatible quasiorders (reflexive, transitive)
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compatible quasiorders

(A, F) universal algebra
compatible (invariant) relation ¢ C A x A:
For each f € F (n-ary) we have f > g (f preserves q), i.e.

(a1,b1),...,(an, bn) € g = (f(a1,...,an),f(b1,...,bn)) €q.

Lord(A, F) compatible linear orders

Pord(A, F) compatible partial orders (refl., trans., antisymmetric)
Generalization of Pord(A, F) and Con(A, F):

Quord(A, F) compatible quasiorders (reflexive, transitive)

Remark
(Quord(A, F), C) is a lattice and it is a complete sublattice of the
lattice (Quord(A), C) of all quasiorders on A.
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compatible quasiorders

(A, F) universal algebra
compatible (invariant) relation ¢ C A x A:
For each f € F (n-ary) we have f > g (f preserves q), i.e.

(a1,b1),...,(an, bn) € g = (f(a1,...,an),f(b1,...,bn)) €q.

Lord(A, F) compatible linear orders
Pord(A, F) compatible partial orders (refl., trans., antisymmetric)

Generalization of Pord(A, F) and Con(A, F):
Quord(A, F) compatible quasiorders (reflexive, transitive)

Remark
(Quord(A, F), C) is a lattice and it is a complete sublattice of the
lattice (Quord(A), C) of all quasiorders on A.

Problem
. . . TECHNISCHE
Describe the quasiorder lattice Quord(A, F). @gggﬁg}m
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Reduction to (mono)unary algebras

H := unary polynomial operations of (A, F) (i.e. H= (FuU C)(M).
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Reduction to (mono)unary algebras

H := unary polynomial operations of (A, F) (i.e. H= (FuU C)1)).
Then

Quord(A, F> = Quord(A, H)
Quord(A ﬂ Quord(A, f).

feH
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Reduction to (mono)unary algebras

H := unary polynomial operations of (A, F) (i.e. H= (FuU C)1)).
Then

Quord(A, > = Quord(A, H)
Quord(A ﬂ Quord(A, f).

feH

Note (A, f) is a monounary algebra (f : A — A).
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linear extensions of partial orders

Recall:
Every partial order has a linear extension

Theorem (Dushnik & Miller)

Every partial order is the intersection of its linear extensions.
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linear extensions of partial orders

Recall:
Every partial order has a linear extension

Theorem (Dushnik & Miller)
Every partial order is the intersection of its linear extensions.

Problem
Is this true also for compatible partial orders and compatible linear
orders? (or to what extent is this true)
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compatible linear orders of (A, f)

(A, f) monounary algebra
When exists a compatible linear order?
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compatible linear orders of (A, f)

(A, f) monounary algebra
When exists a compatible linear order?

Theorem (Szigeti)
Lord(A, f) # 0 < (A, f) acyclic.

Definition
(A, f) is acyclic: <= VYac AVne Ny : f"(a) =a = f(a)=a
(no cycles in the graph of f, except loops)
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Characterization of compatible linear orders

There exists a full description for the compatible linear orders of an
acyclic monounary algebra (A, f):
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Characterization of compatible linear orders

There exists a full description for the compatible linear orders of an
acyclic monounary algebra (A, f):

For simplicity, let the graph * := {(x, f(x)) | x € A} be connected
and let f has a (single) fixed point 1, formally:

Vx,y € AAm e N : f™(x) = f™(y). Then:
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Characterization of compatible linear orders

There exists a full description for the compatible linear orders of an
acyclic monounary algebra (A, f):

For simplicity, let the graph * := {(x, f(x)) | x € A} be connected
and let f has a (single) fixed point 1, formally:

Vx,y € AAm e N : f™(x) = f™(y). Then:

Theorem
Every R € Lord(A, f) is uniquely characterized by a family

(RB)BeA/ ker f Of linear orders on each equivalence class
BeAlkerf:

R=AU{(ab)|Ine NIB € Alkerf: (f'(a), f"(b)) € Rg \ A}.
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Characterization of compatible linear orders

There exists a full description for the compatible linear orders of an
acyclic monounary algebra (A, f):

For simplicity, let the graph * := {(x, f(x)) | x € A} be connected
and let f has a (single) fixed point 1, formally:

Vx,y € AAm e N : f™(x) = f™(y). Then:

Theorem

Every R € Lord(A, f) is uniquely characterized by a family

(RB)BeA/ ker f Of linear orders on each equivalence class
BeAlkerf:

R=AU{(a,b) | Ine N3IB € A/ kerf : (f"(a), f"(b)) € Rg \ A}.
A :={(a,a) | a € A (equality relation)

f1+(x) == f(f"(x)), n € N, f is the identity mapping, f%(x) = x.
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Example

bs
linear order
induced by b, < b} and b; < a; < ap on blocks

TECHNISCHE
@ UNIVERSITAT
DRESDEN



Notions and notations Linear orders The structure of the lattice Quord (A, f
[o]e] 000000080 )

Example

the same f
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Example

the same f

linear order
induced by by < by and b; < ap < a; on blocks
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Types

General assumption from now on:
(A, f) (finite) acyclic, connected and with exactly one fixed point 1.
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Types

General assumption from now on:
(A, f) (finite) acyclic, connected and with exactly one fixed point 1.

Definition
Set of types:

Tr .= {0 € Quord(A, f) | B C ker f}
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Types

General assumption from now on:
(A, f) (finite) acyclic, connected and with exactly one fixed point 1.

Definition
Set of types:

Tr .= {0 € Quord(A,f) | B Ckerf} = {8 € Quord(A) | B C kerf}
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Types

General assumption from now on:
(A, f) (finite) acyclic, connected and with exactly one fixed point 1.

Definition
Set of types:

Tr .= {0 € Quord(A,f) | B Ckerf} = {8 € Quord(A) | B C kerf}

For 8 € Tr we have 5 =|J{fg | B€ A/ kerf}
where g := 3N B? for each block B of ker f.

TECHNISCHE
UNIVERSITAT
DRESDEN



Notions and notations Linear orders The structure of the lattice Quord (A, )
00 ©00000000

Types

General assumption from now on:
(A, f) (finite) acyclic, connected and with exactly one fixed point 1.

Definition
Set of types:

Tr .= {0 € Quord(A,f) | B Ckerf} = {8 € Quord(A) | B C kerf}

For 8 € Tr we have 5 =|J{fg | B€ A/ kerf}
where g := 3N B? for each block B of ker f.
Therefore 77 = H Quord(B).

BcA/ ker f
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Types

General assumption from now on:
(A, f) (finite) acyclic, connected and with exactly one fixed point 1.

Definition
Set of types:

Tr .= {0 € Quord(A,f) | B Ckerf} = {8 € Quord(A) | B C kerf}

For 8 € Tr we have 5 =|J{fg | B€ A/ kerf}
where g := 3N B? for each block B of ker f.
Therefore 77 = H Quord(B).

BcA/ ker f

Definition
Typ of a quasiorder q: q™" := q N ker f.
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Types

General assumption from now on:
(A, f) (finite) acyclic, connected and with exactly one fixed point 1.

Definition
Set of types:

Tr .= {0 € Quord(A,f) | B Ckerf} = {8 € Quord(A) | B C kerf}

For 8 € Tr we have 5 =|J{fg | B€ A/ kerf}
where g := 3N B? for each block B of ker f.
Therefore 77 = H Quord(B).

BcA/ ker f

Definition
Typ of a quasiorder q: q™" := q N ker f.

(Clearly,_qmin € 7¢, note that ker f € Con(A, f) C Quord(A, f>@ﬂﬁ?¢'e".{§ﬁ'i$
B :=q™" is the least quasiorder of type (3. DRESDEN
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The lattice Quord(A, f)
For type 3 € T let Q(3) := {q € Quord(A, f) | g™" = 1.
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The lattice Quord(A, f)
For type 3 € T let Q(3) := {q € Quord(A, f) | g™" = 1.
Theorem

(1) Quord(A,f) =U{Q(B) | B € T¢}. Each set Q(B) is a

semi-interval of the form qi
1

Q(8) = I8 41

iel

B=q" el
(union of intervals in Quord(A, f) all with least element [3).

TECHNISCHE
UNIVERSITAT
DRESDEN



The structure of the lattice Quord (A, f)
O@0000000

The lattice Quord(A, f)
For type 3 € T let Q(3) := {q € Quord(A, f) | g™" = 1.
Theorem

(1) Quord(A,f) =U{Q(B) | B € T¢}. Each set Q(B) is a

semi-interval of the form qi
1

Q1) = JI8. ai
i€l
B=q" el
(union of intervals in Quord(A, f) all with least element [3).

(2) 7r is a sublattice of Quord(A, f) and Tr = H Quord(B).
BeA/ ker f
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The lattice Quord(A, f)
For type 3 € T let Q(3) := {q € Quord(A, f) | g™" = 1.
Theorem

(1) Quord(A,f) =U{Q(B) | B € T¢}. Each set Q(B) is a

semi-interval of the form qi
1

Q1) = JI8. ai
i€l
B=qrneT;

(union of intervals in Quord(A, f) all with least element [3).

(2) 7r is a sublattice of Quord(A, f) and Tr = H Quord(B).
BeA/ ker f
(3) ™Min: Quord(A, f) — Tr : g — q™" is a A-semilattice
. . . . TECHNISCHE
homomorphism (in particular an order-homomorphism) @3&"2'5?54'm
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Special case: partial orders

Lemma
Let B € T be a partial order. Then

A= AU {(a,b) | 3n € N : (F'(a), (b)) € 5\ A}

is a compatible partial order, i.e. 3™ € Pord(A, f).

\D

TECHNISCHE
UNIVERSITAT
DRESDEN



The structure of the lattice Quord (A, f)

Notions and notations
[o]e] 00e000000

Special case: partial orders

Lemma
Let B € T be a partial order. Then

BT = AU{(a,b) | In e N: (f"(a), f"(b)) € 5\ A}
is a compatible partial order, i.e. 3™ € Pord(A,f).

Proposition
Let B € I be a partial order. Then

Q(ﬁ) = [ﬂ7 ﬂmaX]Quord<A,f>

is an interval.
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Linear extensions of compatible partial orders

The analogon to the Theorem of Dushnik & Miller for compatible
orders:
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Linear extensions of compatible partial orders

The analogon to the Theorem of Dushnik & Miller for compatible
orders:

Theorem
Let g € Pord(A, f) be a compatible partial order of type
B =qnNkerf. Then

B =({R € Lord(A, f) | ¢ C R}

is the intersection of all its compatible linear extensions (in
particular there always exists a compatible linear extension).
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Proof

8™ =({R € Lord(A, f) | g C R}

“C": Let (a,b) € M and R compatible linear extension of ¢
(thus also of B C q). By definition of 3™2* there exists n € N,
such that (f"(a), f"(b)) € 5\ A C R\ A. By Lemma below this
implies (a, b) € R; thus g™ C R.
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Proof

8™ =({R € Lord(A, f) | g C R}

“C": Let (a,b) € M and R compatible linear extension of ¢
(thus also of B C q). By definition of 3™2* there exists n € N,
such that (f"(a), f"(b)) € 5\ A C R\ A. By Lemma below this
implies (a, b) € R; thus g™ C R.

Lemma
For R € Lord(A, f) we have: . .
(f'(a),f'(b)) € R\ A < (a,b) € R\ A and f'(a) # f'(b).
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Proof

8™ = N{R € Lord(A, f) | g C R}

“2": On each block B € A/ ker f the restriction

Bg := BN B? = qN B? is the intersection of all linear extensions
(on B) (Dushnik & Miller). Linear extensions on each block
uniquely define a compatible linear extension of 3, thus

({R € Lord(A,f) | g C R} has type (3, i.e. belongs to

Q(B) =[8,8™].
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Proof

B =({R € Lord(A,f) | g C R}

“C": Let (a,b) € M and R compatible linear extension of ¢
(thus also of B C q). By definition of 3™2* there exists n € N,
such that (f"(a), f"(b)) € 5\ A C R\ A. By Lemma below this
implies (a, b) € R; thus g™ C R.

“D": On each block B € A/ ker f the restriction

Bg := BN B? = qgN B? is the intersection of all linear extensions
(on B) (Dushnik & Miller). Linear extensions on each block
uniquely define a compatible linear extension of 3, thus

({R € Lord(A,f) | g C R} has type (3, i.e. belongs to

Q(B) = [8, ™.

Lemma
For R € Lord(A, f) we have: . .
(f'(a),f'(b)) € R\ A < (a,b) € R\ A and f'(a) # f'(b).
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Generalization: linear — quasilinear
In general, gM® := AU{(a,b) | In € N : (f"(a), f"(b)) € 5\ A}

does not belong to Q(/3) because it is not transitive, i.e. not a
quasiorder.
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Generalization: linear — quasilinear

In general, M2 := AU {(a,b) | In € N : (f"(a),f"(b)) € B\ A}
does not belong to Q(/3) because it is not transitive, i.e. not a

quasiorder.
ﬁmax
O

B=gqgiNkerf e T¢
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Generalization: linear — quasilinear

In general, M2 := AU {(a,b) | In € N : (f"(a),f"(b)) € B\ A}
does not belong to Q(/3) because it is not transitive, i.e. not a

quasiorder.
ﬁmax
O

How to describe the maxi-
mal elements g; of the semi-

intervals Q(3)?

B=gqgiNkerf e T¢
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Generalization: linear — quasilinear

In general, M2 := AU {(a,b) | In € N : (f"(a),f"(b)) € B\ A}
does not belong to Q(/3) because it is not transitive, i.e. not a

quasiorder.
ﬁmax
O

How to describe the maxi-
mal elements g; of the semi-
intervals Q(3)?

Answer:

They are the intersection of all
compatible quasilinear exten-
sions.

B=gqgiNkerf e T¢
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Generalization: linear — quasilinear

In general, M2 := AU {(a,b) | In € N : (f"(a),f"(b)) € B\ A}
does not belong to Q(/3) because it is not transitive, i.e. not a

quasiorder.
ﬁmax
O

How to describe the maxi-
mal elements g; of the semi-
intervals Q(3)?

Answer:

They are the intersection of all
compatible quasilinear exten-
sions.

Moreover, F™a* — Uiel q;.

B=gqgiNkerf e T¢
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quasilinear quasiorders

Definition
A quasiorder q is called quasilinear if q/qo given by

([2]qo: [blao) € /qo : <= Fu € [a]g, v € [b]g, : (u,v) € g

is a linear order on the factor set A/qo
(where go = gN g1, note go € Con(A, )).
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quasilinear quasiorders

Definition
A quasiorder q is called quasilinear if q/qo given by

([2]qo: [blao) € /qo : <= Fu € [a]g, v € [b]g, : (u,v) € g

is a linear order on the factor set A/qo
(where go = g N g1, note go € Con(A, f)).
Remark: q € QLord(A, f) is uniquely determined by go and q/qo, i.e. by

a congruence 0 € Con(A, f) and a linear order A € Quord( (A0, F) 7)
(which in turn is given by linear orders on the blocks of ker f)
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quasilinear quasiorders

Definition
A quasiorder q is called quasilinear if q/qo given by

([2]qo: [blao) € /qo : <= Fu € [a]g, v € [b]g, : (u,v) € g

is a linear order on the factor set A/qo
(where go = g N g1, note go € Con(A, f)).
Remark: q € QLord(A, f) is uniquely determined by go and q/qo, i.e. by

a congruence 0 € Con(A, f) and a linear order A € Quord( (A0, F) 7)
(which in turn is given by linear orders on the blocks of ker f)

Theorem

Let 3 be some type and let q be a maximal element in the
semi-interval Q(3). Then q is the intersection of all its quasilinear
extensions:

qg= ﬂ{)\ € Quord(A, f) | g C X quasilinear}. @55?\7'5".{?%5
DRESDEN



Notions and notations Linear orders The structure of the lattice Quord (A, f)
(e} 000000000 000000080

V- or A-irreducible quasiorders

tra

Join in Quord(A, f): g1V g2 = (g1 U q2)
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V- or A-irreducible quasiorders

Jjoin in Quord(A, f): g1V g2 = (g1 U q)™

V-irreducible quasiorders: 1-generated

a(a, b) := (AU{(f"(a), f"(b)) | n € N})
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join in Quord(A, f): q1V g2 = (q1 U q2)""
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V- or A-irreducible quasiorders

Jjoin in Quord(A, f): g1V g2 = (g1 U q)™
V-irreducible quasiorders: 1-generated
a(a, b) := (AU{(f"(a), f"(b)) | n € N})™

meet in Quord(A,f): g1 Ag2=q1 N g2
Problem

Characterize the N-irreducible quasiorders
Characterize the A-irreducible quasilinear quasiorders
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000000080

V- or A-irreducible quasiorders

join in Quord(A, f): q1V g2 = (q1 U q2)""
V-irreducible quasiorders: 1-generated

a(a, b) := (AU{(f"(a), f"(b)) | n € N})

meet in Quord(A,f): g1 Ag2=q1 N g2

Problem
Characterize the N-irreducible quasiorders
Characterize the N-irreducible quasilinear quasiorders

(partial) answer: next talk by Danica Jakubikova-Studenovska
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Thank you for your attention

Thank yoi . your
YO fory rrENTION
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