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Introduction

A=(Af)

a monounary algebra

(07

quasiorder of A
a binary relation on A, which is reflexive, transitive and compatible with f

Quord A
all quasiorders of (A, f)

(Quord A, C)
lattice of all quasiorders of (A4, f)

A ={(a,a):a €A} ... the smallest quasiorder
A? ... the greatest quasiorder
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a monounary algebra
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Introduction

A= (A f)
a monounary algebra
o cc Ais cyclic if f*(c) = c for some k € N,

@ the set of all cyclic elements of some connected component of
(A, f) is a cycle of (A, f).
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each cycle of A has n elements,
3. n is square-free,
4. for each a € A,
the element f(a) is cyclic.
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Motivation

necessary

conditions for
(Quord A, ©) A= (A, f)
complementary lattice
1. each connected component
of A contains a cycle,
2. there is n € N such that
each cycle of A has n elements,
3. n is square-free,
4. for each a € A,
the element f(a) is cyclic.
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suf ficient
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4. for each a € A,
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Motivation

HYPOTHESIS
necessary conditions for
(Quord A, Q) A= LD
suf ficient

complementary lattice +————— 1. each connected component
of A contains a cycle,
2. there is n € N such that
each cycle of A has n elements,
3. n is square-free,
4. for each a € A,

the element f(a) is cyclic.
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Let (B, f) be a subalgebra of the algebra (A, f). Then the lattice
Quord (B, f) is complementary.

If z € A, then there is m € N such that fm1(z) = f(z).

All cycles of (A, f) have the same number of elements.




Assume: (A, f) ... a monounary algebra
Quord (A, f) ... complementary lattice

Let (B, f) be a subalgebra of the algebra (A, f). Then the lattice
Quord (B, f) is complementary.

If z € A, then there is m € N such that fm1(z) = f(z).

All cycles of (A, f) have the same number of elements.

If C is a cycle of (A, f) with n elements, then n =1 orn is a product of
mutually distinct primes (square-free).




Sufficient condition

Assume: (A, f) ... a monounary algebra such that;
@ each connected component of A = (A, f) contains a cycle,
@ there is n € N such that each cycle of A has n elements,
@ n is square-free,

@ for each a € A, the element f(a) is cyclic.
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e For a € Quord (A, f), define a™!:

(bya) € ! <= (a,b) € a.



e For a € Quord (A, f), define a™!:

(bya) € ! <= (a,b) € a.

@ For a € A denote by C(a) the cycle, containing f(a).



Sufficient condition - equivalence relations 7

e For a € Quord (4, f), define o~

(b,a) € o™ ! <= (a,b) € a.

@ For a € A denote by C'(a) the cycle, containing f(a).

@ Relation R: If B, D are cycles of (4, f), then B R D, if there
are k € N, cycles B=Cy,C1,...,Cr = D, elements
co € Cp,c1 € C,...,c; € Ck such that for each
i€{0,1,...,k—1}, (ci,cir1) EaUa™L.
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e For a € Quord (4, f), define o~

(b,a) € o™ ! <= (a,b) € a.

@ For a € A denote by C'(a) the cycle, containing f(a).

@ Relation R: If B, D are cycles of (4, f), then B R D, if there
are k € N, cycles B=Cy,C1,...,Cr = D, elements
co € Co,c1 € C1,...,c € Ck such that for each
i€{0,1,...,k—1}, (ci,cir1) EaUa™L.

@ Fora,be A, set

arb<= C(a) RC().
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Sufficient condition - equivalence relations 7

e For a € Quord (4, f), define o~

(b,a) € o™ ! <= (a,b) € a.

@ For a € A denote by C'(a) the cycle, containing f(a).

@ Relation R: If B, D are cycles of (4, f), then B R D, if there
are k € N, cycles B=Cy,C1,...,Cr = D, elements
co € Co,c1 € C1,...,c € Ck such that for each
i€{0,1,...,k—1}, (ci,cir1) EaUa™L.

@ Fora,be A, set

arb<= C(a) RC().
The relation r is an equivalence on A.

Lemma:
If a,b € A belong to the same connected component, then a 7 b.
(example)
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Alr={A;:je€J}

Let o € Quord (A, f), j € J. Then there exists a complement [3;
of aj = a | Aj in the lattice Quord (4;, f).




Sufficient condition

A/T:{Aj:jGJ}

Theorem

Let o € Quord (A, f), j € J. Then there exists a complement [3;
of aj = o [ Aj in the lattice Quord (A;, f).

Theorem
If « € Quord (A, f) and |A/r| = 1, then the conditions
@ each connected component of (A, f) contains a cycle,
@ there isn € N such that each cycle of (A, f) has n elements,
@ n Is square-free,
e for each a € A, the element f(a) is cyclic

are necessary and sufficient for the existence of a complement of o
in the lattice Quord (A, f).
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Alr={A;:5eJ},|J| =1

Let @ € Quord (A4, f).
e A’: all noncyclic elements x of A such that

(z, f"(x)) ¢ a and (f*(x), ) ¢



Sufficient condition - auxiliary results

Alr={A;:5eJ},|J =1

Let @ € Quord (4, f).
e A’: all noncyclic elements x of A such that
(z, f"(x)) ¢ a and (f"(z),2) ¢ o
e pon A" (a,b) € pifa,be A, f(a) = f(b) and there are
ke N and a= uo,ul, ...,u = b elements of A’ such that
(Vi e {0,...,k—1})(f(a ) fug), (uiuin1) € aUa™t).
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Sufficient condition - auxiliary results

Alr={A;:5eJ},|J =1

Let @ € Quord (4, f).
e A’: all noncyclic elements x of A such that
(@, ["(x)) ¢ ccand (f"(z),2) & a.
e pon A" (a,b) € pifa,be A, f(a) = f(b) and there are
ke N and a= uo,ul, ...,u = b elements of A’ such that
(Vi e {0,...,k—1})(f(a ) fug), (uiuin1) € aUa™t).
The relation p is an equwalence on A’

Lemma:

For each D € A’/p there are P(D) C D and p(D) € P(D) such
that

Q@ (Vz e D\ P(D))(Fy € P(D))((z,y) € o, (y,2) € av);
@ (Vz,y € P(D))((z,y) € a= (y,2) ¢ a).
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B = Bj, Bj € Quord (4, f)

e Step (a). Let x,y belong to the same cycle C, y = f*(z),
alC =04 d/nandlete="1%. Weset (z,y) € 3 if and only
if e/k.

(example)



Sufficient condition - construction

B = B4, B; € Quord (Ay, f)

o Step (a). Let x,y belong to the same cycle C, y = f*(x),
alC =04 d/nandlete="1%. Weset (z,y) € 3 if and only
if e/k.

@ Step (b). Let x € Cy, y € Cy, where C and Cs are distinct
cycles. We put (z,y) € g if and only if there are a € C; and
b € Cy with (b,a) € a, (a,b) ¢ a.

(example)
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Sufficient condition - construction

B = B4, B; € Quord (Ay, f)

o Step (a). Let x,y belong to the same cycle C, y = f*(x),
alC =04 d/nandlete="1%. Weset (z,y) € 3 if and only
if e/k.

@ Step (b). Let x € Cy, y € Cy, where C and Cs are distinct
cycles. We put (z,y) € g if and only if there are a € C; and
b € Cy with (b,a) € a, (a,b) ¢ a.

@ Step (c). Suppose that x,y € P(D) for some D € A’/p.
Then (z,y) € § if and only if and (y, ) € a.

(example)
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Sufficient condition - construction

B = B4, B; € Quord (Ay, f)

o Step (a). Let x,y belong to the same cycle C, y = f*(x),
alC =04 d/nandlete="1%. Weset (z,y) € 3 if and only
if e/k.

@ Step (b). Let x € Cy, y € Cy, where C and Cs are distinct
cycles. We put (z,y) € g if and only if there are a € C; and
b € Cy with (b,a) € a, (a,b) ¢ a.

@ Step (c). Suppose that x,y € P(D) for some D € A’/p.
Then (z,y) € § if and only if and (y, ) € a.

@ Step (d1). Suppose that = belongs to a cycle C, y is
noncyclic, C(y) = C. Further let o [ C =04, d/n, e = 5. If
y ¢ A, then (z,y) € 3 if and only if
(f*(¥)y) ¢ a. (v, () € sz = fF(y),e/k.

(example)

D. Jakubikovd—Studenovska, M. Petrejéikova Complementary quasiorder lattices



Sufficient condition - construction

B = Bj, B; € Quord (4y, f)

@ Step (d'1). Suppose that y belongs to a cycle C, z is
noncyclic, C(x) = C. Further let o [ C =g, d/n, e = 5. If
x ¢ A, then (x,y) € 3 if and only if
(f"(@),2) € a, (z, f(2)) ¢ a,y = fH(2),e/k.

@ Step (d2). Suppose that x belongs to a cycle C, y is
noncyclic, C(y) = C. Further let o [ C =04, d/n, e = 5. If
y € A, then (z,y) € B if and only if there is D € A’/p such
that y € P(D),z = f*(y),e/k and (y,p(D)) € c.

@ Step (d’2). Suppose that y belongs to a cycle C, z is
noncyclic, C(x) = C. Further let o [ C =g, d/n, e = 5. If
x € A, then (z,y) € § if and only if there is D € A’/p such
that 2 € P(D),y = f*(x),e/k and (z,p(D)) € a.

@ Step (e). Suppose that z,y satisfy none of the assumptions of
the previous steps. Then (z,y) € ( if and only if

(o, f"(@)) € 6, (f"(a), ")) € B, (b € 8.
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Assumption and denotation



Sufficient condition - general case

Assumption and denotation

@ (A, f) is a monounary algebra;
e each connected component of (4, f) contains a cycle,
e there is n € N such that each cycle of (A4, f) has n elements,
e n is square-free,
e for each a € A, the element f(a) is cyclic,
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Sufficient condition - general case

Assumption and denotation

@ (A, f) is a monounary algebra;
e each connected component of (4, f) contains a cycle,
e there is n € N such that each cycle of (A4, f) has n elements,
e n is square-free,
e for each a € A, the element f(a) is cyclic,

e a € Quord (4, f),
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Sufficient condition - general case

Assumption and denotation

@ (A, f) is a monounary algebra;
e each connected component of (A, f) contains a cycle,
e there is n € N such that each cycle of (A4, f) has n elements,
e n is square-free,
e for each a € A, the element f(a) is cyclic,

e a € Quord (4, f),
@ 7, an equivalence r on A (as above) depends on «,
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Sufficient condition - general case

Assumption and denotation

@ (A, f) is a monounary algebra;
e each connected component of (A, f) contains a cycle,
e there is n € N such that each cycle of (A4, f) has n elements,
e n is square-free,
e for each a € A, the element f(a) is cyclic,
e a € Quord (4, f),
@ 7, an equivalence r on A (as above) depends on «,
o |J|>1; A/ro ={A;:j € J} and for each i € J:
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Sufficient condition - general case

Assumption and denotation

@ (A, f) is a monounary algebra;
e each connected component of (A, f) contains a cycle,
e there is n € N such that each cycle of (A4, f) has n elements,
e n is square-free,
e for each a € A, the element f(a) is cyclic,
e a € Quord (4, f),
@ 7, an equivalence r on A (as above) depends on «,
o |J|>1; A/ro ={A;:j € J} and for each i € J:

e ¢; a fixed cyclic element of chosen cycle C; in A;;
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Sufficient condition - general case

Assumption and denotation

@ (A, f) is a monounary algebra;
e each connected component of (A, f) contains a cycle,
e there is n € N such that each cycle of (A4, f) has n elements,
e n is square-free,
e for each a € A, the element f(a) is cyclic,
e « € Quord (4, f),
@ 7, an equivalence r on A (as above) depends on «,
o |J|>1; A/ro ={A;:j € J} and for each i € J:
e ¢; a fixed cyclic element of chosen cycle C; in A;;
e a [ C; ... acongruence of the cycle C;,
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Sufficient condition - general case

Assumption and denotation

@ (A, f) is a monounary algebra;
e each connected component of (A, f) contains a cycle,
e there is n € N such that each cycle of (A4, f) has n elements,
e n is square-free,
e for each a € A, the element f(a) is cyclic,
e « € Quord (4, f),
@ 7, an equivalence r on A (as above) depends on «,
o |J|>1; A/ro ={A;:j € J} and for each i € J:
e ¢; a fixed cyclic element of chosen cycle C; in A;;
e a [ C; ... acongruence of the cycle C;,
e d; € N; a [ C; is the smallest congruence containing the pair
(ci, f% (i),
Berman: if n € N, then 6, is a congruence of an n-element cycle (C, f) < if there is
d € N such that d/n. For each z € C, 64 is the smallest congruence containing the
pair (z, f4(x)).
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Notice:

(x, fj(ac)) €a|C; foreachz € C;,j €N < d;/j.



Sufficient condition - general case

Notice:

(z,f(x)) € a | C;, for each x € C;,j €N & d;/j.

o the set of all d; is finite {dy, da,...,ds} and let
(1,2,...,8} C J,

@ d the greatest common divisor of di,ds, ..., ds,
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Sufficient condition - general case

Notice:

(z,f(x)) € a | C;, for each x € C;,j €N & d;/j.

o the set of all d; is finite {dy, da,...,ds} and let
(1,2,...,8} C J,

@ d the greatest common divisor of di,ds, ..., ds,
Notice:

(fi(c), f¥(ci)) € (s, fU(c)), for d, 1,k €N < d/l — k.
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Sufficient condition - general case

Notice:
(z, f/(z)) € a | Oy, foreach x € Cj,j €N & d;/j.
o the set of all d; is finite {dy, da,...,ds} and let
(1,2,...,8} C J,

@ d the greatest common divisor of di,ds, ..., ds,
Notice:

(fi(c), f¥(ci)) € (s, fU(c)), for d, 1,k €N < d/l — k.

Lemma
There exist positive integers qi1,qo, .. .,qs and q such that
dy da ds
1 n=qg — 2. s
+4q q1 d + g2 d + + s d
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Denotation of complement 3



Denotation of complement 3

o v={(f*c), f*(cj)) 1 i,j € L,k €N}, ~eQuord(4,7),



Sufficient condition - general case

Denotation of complement

o v={(f*ci), f¥(cj)) 14,5 € J,k €N}, ~eQuord(4, f),
o o) =0(ci, flc;)) Ve, i€J

o = eyaf o €Quord (4, f) and ror = 7a,
(example)
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Sufficient condition - general case

Denotation of complement

o v={(f*ci), f¥(cj)) :i,j € J,k €N}, veQuord(4, f),
o o) =0(ci, flc;)) Ve, i€J

o = eyaf o €Quord (4, f) and ror = 7a,
(example)

By the previous results there exists

o ﬁ; ... acomplement of Oé; in Quord (AZ, f),
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Sufficient condition - general case

Denotation of complement

® 7= {(fk(cz)afk(cj)) : ivj € J7k € N}, ~v € Quord (4, f),
o of =0(ci, fUci)) Vay, i€
o = Ujes o}, o/ € Quord (A, f) and ryr =70,

(example)
By the previous results there exists
o ﬁ; ... a complement of Oé; in QUOI‘d (AZ, f),
° ﬂ; f Ci = Q(Cz’a f% (Ci)), from construction.
(example)

Lemma

Leti€ J, I,k € N. Then (f'(c;), f*(ci)) € a; v B. if and only if
d,
S/l —k.
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Denotation of complement [



Denotation of complement [

G=7 Vv \/ B
jedJ
B € Quord (A, f).

(example)



Sufficient condition - general case

Denotation of complement

8=~ v \/ 85,
jeJ
B € Quord (A4, f).

(example)

7?03 is a complement of « in Quord (A, f)7?
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Meet

If (x,y) € a A B, then z =y.




Meet

If (x,y) € a A B, then z =y.

Proof:
Let (z,y) €Ea A S, = #y;
— (:c,y) € «, thereis i € J suchthat (z,y) € Oég
(z,y € Ay, (z,y) € o),



Meet

If (x,y) € a A B, then z =y.

Proof:
Let (z,y) €Ea A S, = #y;
— (z,y) € «, thereis © € J suchthat (z,y) € Oéé
(z,y € Ay, (z,y) € o),
= (z,y) €B. B=7V V,e; 5



Meet

If (x,y) € a A B, then z =y.

Proof:

Let (z,y) €Ea A S, = #y;
— (z,y) € «, thereis © € J suchthat (z,y) € Ozg

((E,y S Ai» (:Evy) € ai):
(@ y) €8, B=7 V Vyes B,

\ (x,y) ¢ 6{, ﬁ; is a complement to a;
(o N B, = a; N B}, 4+ assumption z # y),



Meet

If (x,y) € a A B, then z =y.

Proof:
Let (z,y) €Ea A S, = #y;
— (z,y) € «, thereis © € J suchthat (z,y) € Ozg
(m9y S Ai» (:Evy) € ai):
(@ y) € B=7V Ve, B
\ (x,y) ¢ 5{, ﬁ; is a complement to 012
(o N B, = a; N B}, 4+ assumption z # y),
\ there is the shortest chain X = UQ, U1,y ..., Um =Y, m > 1,

ither f k,
either for any (Uk,u];;_lr_]_) c y or (Uk,Uk+]_) c \/JGJ ﬂ;.



Sufficient condition - general case

Meet

Lemma

If (x,y) € a A (3, then z = y.

Proof:
Let (z,y) Ea A B, & # y;
— (.T,y) € «, thereis 7 € J such that (l‘,y) S O[;
(Jf,y S Ai7 (:E? y) S ai)a
= (zy)€B. B=7V Ve, 5
\ ({L‘, y) ¢ ﬁz,7 ﬁ; is a complement to Oég
(ai N B, = ol N 3], + assumption = # y),
\ there is the shortest chain ' = Ug, U1,...,Um =Y, m> 1,

either for any k, /
(uk, up1) €7 or (ug, ukt1) € Ve, 55
Notice: ug,u1,...,um are distinct and if (ug,ur+1) €7,

then (up+1,uk+2) € Ve ﬂ;- (similarly for the second possibility).
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Sufficient condition - general case (meet)

B=vV Vjejﬁ}

For each k thereis iy € J with uy € Aik- From the definition of ﬂ we get:
t t
(uk‘7uk+1) < i = U = f k(cik)7uk‘+1 = f kol (Cik+1)7

ik 7 k15 th = thy1s

(Uks up1) € B = g = igy1,

up = f*(ci)s tpgr = [ (Cipgr) s (Uhs 1) € B = i = 4,

n
E/tk_tk—i-l-
We have either
T = ug 7y U ﬁ; Ug Y U3 ... OF x:u0ﬂ§. u1'yu2ﬁ} us ...
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Assume T = U(Q 5; Ul 7y u2 ,3; U3 ... and that



Sufficient condition - general case (meet)

Assume T = Ug ﬁ; ur vy u2 ﬁ; U3 ... andthat Upy—1 € AZ', m is odd.
There exists a positive integer {f;

tk . <
Uy = Ciy ), f h 0<k=m
k f ( “c)’ or eac (definition of ~)

In view of above,

t1 = to, %/tg — 13, t3 = 14, %/M —t5, oo, tm—2 = Ty—1.

Then
n
E/(tl —to)+(ta—t3)+(ta—t5)+ - -+ (tm—s—tm—2)+(tm—2—tm—1) =

=t — tm—la

hence (ul,um_l) S ﬁl{o and (’U,(),’U,l) S ﬁéo,(um_l,um) S ,820

(z,y) = (uo,um) € B;,, a contradiction.
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Join

aVp=Ax A l




Sufficient condition - general case

Join
Lemma

aVp=AxA.

Proof:
7?7 (z,y) € aV [ for every z,y € A 77 ie.

?? thereare m € NU {0} and a chain of elements * = ug, u1, U2, ...,
Uy, =Y € A such that either (ug,ukt1) €y or (ug, upt1) € a; V 3 for
some j € J is valid for each 0 < k <m 77

Assume that = # y. We will investigate:

Q zeCy=[f(z)
QicJ zyedl;,
Q icJ xe A ye C;, (and symmetric case)

QijedxzecA,ycA;
and we will use the previous cases for the proof of a new one.
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Complementarity - main result

-HYPOTHESIS
THEOREM
necessary, conditions for
(Quord A, C) A=(4,f)
suf ficient

complementary lattice —+——— 1. each connected component
of A contains a cycle,
2. there is n € N such that
each cycle of A has n elements,
3. n is square-free,
4. for each a € A,

the element f(a) is cyclic.
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Complementarity - main result

Theorem
Let (A, f) be a monounary algebra. Then the conditions
@ each connected component of (A, f) contains a cycle,
@ there is n € N such that each cycle of (A, f) has n elements,
@ n Is square-free,
@ for each a € A, the element f(a) is cyclic

are necessary and sufficient for the lattice Quord (A, f) to be
complementary.
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Complementarity - main result

Theorem
Let (A, f) be a monounary algebra. Then the conditions
@ each connected component of (A, f) contains a cycle,
@ there is n € N such that each cycle of (A, f) has n elements,
@ n is square-free,
@ for each a € A, the element f(a) is cyclic

are necessary and sufficient for the lattice Quord (A, f) to be
complementary.

Theorem

Let (A, f) be a monounary algebra. The lattice Quord (A, f) is
Boolean if and only if either |A| < 2 or (A, f) is connected with
a cycle C of (A, f) such that |A| < |C|+ 1 and |C| is square-free.
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The picture of a monounary algebra A = (A, f)

which satisfies conditions:

1. each connected component of A contains a cycle,

2. there is n € N such that each cycle of A has n elements,
3. n is square-free,

4. for each a € A, the element f(a) is cyclic.
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A=(A,f), C,C,C", n=6
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