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In 1960, E. Marczewski proposed the concept of weak
homomorphisms for non-indexed algebras and in 1980, K.Glazek
proposed this concept for indexed algebras.

Let A= (A; (f2)ic/) and B = (B; (ng)J-EJ) be algebras of types 71

1

and 7. A mapping ¢ : A — B is said to be a weak homomorphism
from A to B if for each n;-ary fundamental operation fl-A there
exists an nj-ary term operation s£ of algebra B such that

p(fA(a1,- . an)) = sB(e(a1), .. -, ¢(an))

for all a1,...,an € A and for each nj-ary fundamental operation
gjﬁ there exists an nj-ary term operation tA of algebra A such that

P21, an)) = g7 (p(a1), -, (an))

for all a1,...,a, € A.
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Let F: Set — Set be a functor. An F-algebra A is a pair of a set
A and a mapping aa : F(A) — A.

Every algebra of type 7 can be regarded as an F-algebra where this
functor F is called an algebra functor with respect to a type 7 be
defined as follow:

An algebra functor with respect to a type 7 = (n;);¢; is a functor
F7™ : Set — Set which is defined by:

for each set X , F7(X) =>_ X" = J{(i,x) | x € X"}
i€l icl
for each mapping ¢ : X = Y, F7(p) : D X" — > Y™
i€l iel

by (i’ (le s 7X’7i)) — (iv (90(X1)7 .- ')@(Xni)))'
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By the definition of algebra functor, we know that

For each algebra A = (A, (f,-A),-e/) of type 7, there is an F7-algebra
A = (A;ap) where as: FT(A) — A by

aa(i,(at,...,an)) = f,-A(al, ..., ap,) for all
(i7 (317 e '7ani)) € FT(A)

For each F7-algebra A = (A; aa), there is an algebra
A= (A, (f%)jcs) of type T where for each i € I, f2: A" — A by
fl.A(al, ...yan) = aa(i,(a1,...,an)) forall a1,...,an € A.

Moreover, the category AlgT with objects as algebras and

morphisms as homomorphism and the category Set™ with objects
as F7-algebra and morphisms as homomorphisms are isomorphic.
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F.M.Schneider generalized concept of K.Glazek to weak
homomorphisms for F-algebras.

F-algebra can be regarded as an (Fi, F2)-system where F; = F

and F; is an identity functor. We will generalize Schneider’s idea
to weak homomorphisms for (F1, F2)-systems.
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1. (F1, F2)-Systems

2. Weak Homomorphisms for (F, F,)-Systems
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1. (Fy, F;)-Systems

Definition 1.1

Let Fi, F> : Set — Set be functors. An (Fy, Fp)-system A is a
pair of a set A and a mapping aa : F1(A) — F2(A).

In case F is the identity functor, (F1, F2)-system A is said to be
an fp-coalgebra.

In case F; is the identity functor, (F1, F2)-system A is said to be
an Fp-algebra.
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Definition 1.2

Let A = (A aa) and B = (B; ag) be (F1, F2)-systems. A mapping
¢ : A — B is called a homomorphism from A to B, written as

p: A— B, if
Fa(p) o apa = ap o Fi(yp).
Fi()
Fi(A) 1 ~F1(B)
aa =) ap
Fa(A) Fa() F2(B)
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Theorem 1.3[2], [3]
Let A= (A;aa),B=(B;ag) and C = (C; ac) be (F1, F2)-
systems and let ¢ : A — B and ¢ : B — C be homomorphisms.
Then
1) The identity mapping ida : A — A is a homomorphism from
A to A.
2) The composition function ¢ o) : A — C is a homomorphism
from A to C.

The class of all (Fi, F2)-systems together with homomorphisms
forms a category, written as Set(f, F,).
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Theorem 1.4[3](The Factorization Theorem)

Let A = (A;ap) and B = (B; ag) be (F1, F2)-systems and

let © : A — B be a homomorphism. If ¢ = o7 is a factorization
where 7: A — @ and ¥ : @ — B, then there is a unique mapping
aqg : F1(Q) — F2(Q) such that 7 and ¢ are homomorphisms.

Fi(n) A()
Fi(A)y "F(Q) Fi(B)
|
aa (=) | @Q (=) as
I
3
Y
F2(A) ) ~F2(Q) ) ~F2(B)
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Definition 1.5

Let A = (A;a) be an (F1, Fp)-system. A subset S of A is said to
be open in A if there is a mapping as : F1(S) — F2(S) such that
the embedding gé: S < A'is a homomorphism, and S = (S; as)
is called an (Fy, F,)-subsystem of A, written as S < A.

Fi(C2)
Fi(S) ==t Fi(A)
as =) A
FAS) iy R
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Proposition 1.6[3]

Let A= (A;aa) and B = (B; ag) be (F1, F2)-systems and let

¢ A — B be a homomorphism.

(1) If S C Ais open in A, then ¢[S] is open in B.

(2) If R C B is open in B and F, preserves pullbacks, then ¢ [R]
is open in A.
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On the category Set, we know that for each mapping ¢ : A — B,
Kery together with canonical projections 71,7 : Kerp — A forms
a pullback of ¢ and ¢.

Kergo = L

L

Definition 1.7

A functor F : Set — Set weakly preserves kernels if for each
mapping ¢ : A— B, F(Keryp) together with F(71), F(m2) where
w1, - Kergp — A are canonical projections, forms a pullback of

F(¢) and F(p).
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Proposition 1.8

Let A = (A aa) and B = (B; ag) be (F1, F2)-systems.
If ¢ is a homomorphism from A to B

and F, weakly preserves kernels and preserves products,
then Kery is open in A x A.
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Proposition 1.9
Let A = (A;an) be an (Fi, F2)-system and let ¢ : A — B be a
mapping.
If (1) ¢ is surjective and

(2) A x A exists and Kery is open in A x A and

(3) F1 weakly preserves kernels,
then there is a unique mapping ag : F1(B) — F»(B) such that ¢
is a homomorphism from A to B = (B; ag).

| A

Proposition 1.10
Let B = (B;ag) be an (F1, F2)-system and let ¢ : A — B be a
mapping.
If (1) ¢ is injective and

(2) ¢[A] is open in B,
then there is a unique mapping aa : F1(A) — F2(A) such that ¢ is
a homomorphism from A = (A; aa) to B.

v
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Let A = (A;a) be an (F1, F;)-system and let / be an arbitrary
set. If F> preserves products, then the direct power A’ exists and
its universe is the direct power A’ of the universe of A in the
category Set.

Let Sub(A) denote the set of all open sets in A.

Definition 1.11

Let A1 = (A; 0412) and Az4 = (A; 0434) be an (Fl, Fg)—system and
an (Fs, F4)-system, respectively. We say that the structural
mappings a12 and asg are algebraically equivalent, written as
Q12 = g, if Sub(Al,) = Sub(AL,) for all set /.
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Proposition 1.12

Let A1 = (A; 0412) and Bip = (B; ,812) be (Fl, Fg)—systems,
let Azq = (A; a3q) and Bsa = (B; B34) be (F3, F4)-systems,
let © be a homomorphism from A1, to Bio

and a homomorphism from As4 to Bss, and
let F» and F4 preserve products and pullbacks.
(1) If S12 = (34 and o is injective, then ap = asa.
(2) If a2 = aza and o is surjective, then Bi2 = [34.

A1 = (A a12) B2 = (B; p12)

Azq = (A; azs) Bsq = (B; B34)
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2. Weak Homomorphisms for (Fy, F;)-Systems

Definition 2.1
Let A1 = (A; 0412) be an (Fl, Fz)—system and let Bzg = (B; 634)
be an (F3, F4)-system. A mapping ¢ : A — B is called a weak
homomorphism from A;, to B3, if for each factorization
p=1om where m: A—» Q and ¢ : Q — B, there are mappings
Y12 : Fl(Q) — F2(Q) and Y34 : F3(Q) — F4(Q) such that

(i) 712 =734 ,and

(i) m is a homomorphism from Aj; to Q12 = (Q; 712) ,and

(iii) ¥ is a homomorphism from Q34 = (Q; ¥34) to Baa.

By The Factorization Theorem, every homomorphism is a weak
homomorphism. Then identity mapping is a weak homomorphism.
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Proposition 2.2

Let Ajx = (A; a12) and Bsg = (B; 834) be (F1, F2)-system and
(F3, F4)-system, respectively and let ¢ : A — B be a mapping.
If F, and F, preserve products and pullbacks, and
there is a factorization ¢ =1 o7 where 7 : A - @ and
¥+ Q — B such that there are mappings 712 : F1(Q) — F2(Q)
and 34 : F3(Q) — F4(Q) such that satisfy conditions (i), (ii)
and (iii) in definition 2.1,
then ¢ is a weak homomorphism from A;js to Bsg.
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Theorem 2.3
Let A1 = (A; 0612), Bszg = (B; 0434) and Csg = (C, a56) be
(F1, F2)-system, (Fs3, F4)-system and (Fs, Fg)-system, respectively.
If (1) F1 weakly preserves kernels and

(2) F2, Fa and Fg preserve products and pullbacks and

(3) 1 is a weak homomorphisms from Az to B3s4 and

(4) @2 is a weak homomorphisms from B34 to Csg,
then the composition ¢ 0 1 : A — C is a weak homomorphism
from Aj2 to Cse.
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Let 1 be the class of all Set-endofunctors which weakly perserve
kernels.

Let o be the class of all Set-endofunctors which perserve
products and pullbacks.

Then the class of all (Fy, F2)-systems where F1 € K1 and F, € Ky,
together with weak homomorphisms forms a category, written as

Set(]chlcz).
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Proposition 2.4

Let A12 = (A; a12) be an (F1, F2)-system and let B3s = (B; aza)

be an (F3, Fa)-system and let ¢ : Ajp — B3s be a weak

homomorphism.

(1) If S C Ais open in Az, then ¢[S] is open in Bs.

(2) If R C B is open in B34 and Fp, F4 preserves pullbacks, then
o~ 1[R] is open in Ajpp.
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Proposition 2.5

Let Ao = (A; 0412), Bszg = (B; 0434) and Csg = (C, a56) be an
(F1, F2)-system, an (F3, F4)-system and an (Fs, Fg)-system,
respectively and let ¢ : A — B, : B — C be mappings.
If (1) F3 weakly preserves kernels,

(2) F2, F4 preserve products and pullbacks,
(3) Yo : A1p — Cse is a weak homomorphism,
(4) ¢ : A1a — Bsg is a surjective weak homomorphism,
then v : B3g — Cs¢ is a weak homomorphism.

Proposition 2.6

Let A1p = (A; 0612), Bszg = (B; 0434) and Csg = (C, a56) be an
(F1, F2)-system, an (F3, F4)-system and an (Fs, Fg)-system,
respectively and let ¢ : A — B, : B — C be mappings.
If (1) F4, Fe preserve products and pullbacks,

(2) Yo : A2 — Cse is a weak homomorphism,

(3) ¥ : B3s — Csg is an injective weak homomorphism,
then ¢ : A2 — Bsg is a weak homomorphism.
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Proposition 2.7
Let Ao = (A; Oz12), B3s = (B;a34) and Csg = (C; a56) be an
(F1, F2)-system, an (F3, F4)-system and an (Fs, Fg)-system,
respectively.
If (1) F3 weakly preserves kernels, and
(2) Fy, F4 preserve products and pullbacks, and
(3) ¢ : Aj2 — Bsg is a surjective weak homomorphism, and
(4) v : A12 — Cse is a weak homomorphism,
then there exists a unique weak homomorphism ¥ : B34 — Csg
such that ¥ o ¢ =« iff Kerp C Kery.
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Definition 2.8

Let A be an (F1, F2)-system. A binary relation § C A x A is said
to be a congruence on A if there exist an (F1, F2)-system B and a
homomorphism ¢ : A — B such that § = Kerp.
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Proposition 2.9

Let A2 = (A; a12) be an (F1, F2)-system and let B3s = (B; ai3a)
be an (Fs, Fa)-system. If ¢ : Ajo — Bza is a weak homomorphism,
then Kery is a congruence on Aj».

Proposition 2.10

If A= (A;aa)is an (F1, F2)-system and 6 is a congruence on A,
then there is a unique mapping ay : F1(A|g) — F2(Alp) such that
the natural mapping 79 : A — Alg is a weak homomorphism.
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Let A12 = (A; a12) be an (Fi, F2)-system and let B3y = (B; a3a)
be an (Fs, F4)-system. If ¢ : A1 — Bsg is a surjective weak
homomorphism, then A12|ker, Weak isomorphic to Bas.
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