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PBL ... propositional calculus of the pseudo-basic (fuzzy) logic (Héjek)
connectives: &, —,~, A, V,

truth constant: 0

deduction rules (two modus ponens and implications):

0, p—YP
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axioms:

(A1)

(¥ —x) = ((p = ) = (¢ = X)),

(¥ ~ x) ~ ((swﬂb)w (e ~ x));

(A2)
(A3)
(A4)
(e A
(A5)

(p &) —
(p &) —
(<p/\¢)<—>((<p—>w) p) = (¥ — ) &),
P) e (p & (p ~ P)) o (P & (P ~ ¢));
(= (¥ = x) < (¢ &Y) = x)

(o~ (¥~ x)) < (Y &p)~ Xx)

(A6)

((p = %) = x) = (¥ — ») = x) = x),

((p ~ P) ~» x) ~ (¥ ~ ) ~ x) ~ x)i

(A7)
(A8)
(pV

(_J—>(,D;

(e V) = (((p ~ ) = ) A (Y ~ ) = ¢)),

V) = (0= ¥) ~ V) A (Y = @) ~ @)).
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MPBL ... monadic pseudo-basic propositional logic
contains PBL with axioms:

(M1) ¢ — Jp, @~ Jp;
(M2) Vo — ¢, Vo~ ¢;
(M3) V(o — ) = Fp — T, Y(p ~ ) = Tp ~ I,

(M4) V(3p — ) = 3p — Vb, V(Ip ~ ) = Fp ~ Vi);

(M5) V(e v 39p) = Voo v T;

(M6) 30 = 0;

(M7) IV = Vo,

(M8) W = ¢;

(M9) 3(3p&Tt) = Fp&T.

deduction rules: (MP—), (MP~~), (Imp—), (Imp~) and necessitation

(Nec) %

v
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First-order language L based on {&, —, ~, A, V, 0, 3, V}
Monadic propositional logic L, based on {&,—, ~, A, V, 0, 3, V}.

x ... a fixed variable in L.

For any propositional variable p in L, choose a monadic predicate Fp(x)
in L. Then it is possible to identify formulas of L., and monadic formulas
of L containing x. The mapping A : Form(L;,) — Form(L):

(1) A(p) = Fp(x), p ... any propositional variable,
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monadic Boolean algebras (Halmos)
monadic Heyting algebras (Monteiro, Varsavsky, Bezhanisvili, Harding, ...)

monadic MV-algebras (Rutledge, Grigolia, Di Nola, Belluce, Lettieri,
Georgescu, lorgulescu, Leustean)

monadic GMV-algebras (Rachtinek, Salounova)
monadic BL-algebras (Grigolia)
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Pseudo-BL-algebra (psBL-algebra) A= (A; ®,V, A, —,~,0,1), type
(2,2,2,2,2,0,0,) (Di Nola, Georgescu, lorgulescu)
Axioms:
(i)  (A; ®,1) is a monoid (need not be commutative).
i) (A V,A,0,1) is a bounded lattice.
i) xoOy<ziffx<y—ziffy <x~zforanyx,y, z€A.
V) (x—=y)Ox=xAy=y0O(y~ x).
v) (x=y)Vy—x)=1=(x~y)V(y~x).
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Monadic pseudo-BL-algebra (MpsBL-algebra)

A= (A O,V,A,—,~,0,1,3,V) = (A; 3,V),

type (2,2,2,2,2,0,0,1,1)

A= (A ®,V,\,—,~,0,1) is a pseudo-BL-algebra and for each x,y € A:

(vi) x—3Ix=1, x~ Ix=1;
(vii) ¥x—x=1, ¥x~x=1,
(viii) V(x — Jy) =3x — Ty, VY(x ~ Jy) =3Ix ~ Jy;
(ix) V(3Ix - y)=3Ix = Vy, ¥Y(Ix~ y)=3Ix ~ Vy;
(x)  V(xVv3y)=VxV3Iy;
(xi)  3Vx =Vx;

(xii)  VVx = Vx;

(xiii) 3(Fx © Jy) = Ix © Jy;
(xiv) 3I(x©x)=3Ix ® 3x.
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Theorem

If A= (A; 3,V) is an MpsBL-algebra, then (x~ := x — 0,x™~ :=0):

(1) (3x)™ =V(x7), (3x)™ =V(x7) ;

(2) (3x)" =(V(x7))™. ()" =(V(x7)

(3) B(x7))™ =V(x"7), (3(x7))” =V(x~7);

(4) (V(x77)) T =V(xTT), V(X)) = V(xTT);

(5) Bx")) ™~ =(3)"" =2 3(x7), Bx"7) = (3)™ =3(x"7).

~

psBL-algebra A ... good if x™~ = x™~~, for every x € A.

Theorem

If (A;3,V) is an MpsBL-algebra such that the psBL-algebra A is good,
then for every x € A:

(6) (V(x7))™ = (")
(7) B(x7))™ = B(x)) -

v

Ji¥i Rachiinek (CR) Quantifiers on pseudo-BL-algebras Stard Lesna 2009 9 /22



(A;3,V) ... MpsBL-algebra
Agy i ={x €A :x=3x} ={xe€ A : x=Vx}.

Theorem
If (A;3,V) is a MpsBL-algebra, then Agy is a subalgebra of A.

A= (A &,0,7,7,0,1) ... GMV-algebra
X—y=x ®y=(x0y")"

X~y i=y@x™=(y  0x)”

xVy =x®(yoOx7), xANy =(x"dy)Ox
(A; ®,V,A,—,~,0,1) is a good psBL-algebra.

A= (A O,V,A,—,~,0,1) ... a good psBL-algebra

x@y:=Kx 0y )T=x"0y")"
X i =x—0,x":=x~0
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A ... GMV-algebra,3: A— A
(A,EI) .. monadic GMV-algebra if
(E1) x < 3x;
(E2) I(x Vy) = 3Ix Vv Iy;
(E3) 3((3x)7) = (3x)~, A(3x)™) = (3x)™;
(E4) 3(3x @ Jy) = Ix @ Jy;
(E5) I(x ® x) = Ix @ 3x;
(E6) I(x & x) = Ix & 3Ix.
— @) = @) J
Theorem
Let (A; ®,V, A, —,~,0,1,3,V) be a good MpsBL-algebra such that
(A, @,0,7,7,0,1) is a GMV-algebra. Then
(A, @,0,7,7,0,1,3) = (A; 3) is a monadic GMV-algebra. )
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A ... Heyting algebra, 3: A — A V:A— A
(A;3,V) ... monadic Heyting algebra if

(H1) vx < x;

(H2) x < 3x

(H3) V(x A y) = Vx AVy;

(H4) 3(xVy) =3x Vv Iy

(H5) V1 =1,

(H6) 30 = 0;

(H7) V3x = Vx;

(H8) 3vx = Vx;

(H9) 3(3x A y) = 3x Ady. )
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Heyting algebra + BlL-algebra = Godel algebra

Theorem

Let (A;3,V) be a MpsBL-algebra such that A is a Godel algebra. Then
(A; 3,V) is a monadic Heyting (Godel) algebra.
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M ... psBL-algebra, X # () ... a set
X .. direct power of M, psBL-algebra
MX contains a subalgebra isomorphic to M.

p € MX, R(p) := {p(x): x € X}

A ... a subalgebra of MX
A ... a functional MpsBL-algebra if

(i) for every p € A there exist

supRp) \/R ,|npr) /\R(p

(i) for every p € A, the constant functions 3p and Vp defined by

p(x) = \/ R(p), ¥p(x) := \ R(p)

for any x € X, belong to A.
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Theorem

If M is a psBL-algebra, X # () and A C MX is a functional
MpsBL-algebra, then (A; 3,V) is a MpsBL-algebra.
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A ... psBL-algebra
h#FCA.. filter of Aif

(
(

i)x,ye F—=x0oy€eF,
i)xeF,ye Mx<y=—y€cF.

D C A ... deductive system of A if

filters = deductive systems
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F(A) ... complete lattice of all filters of A

(A;3,V) ... MpsBL-algebra, F € F(A)
F ... monadic filter (m-filter) of (A;3,V) if x € F = Vx € F. J

F(A;3,V) ... complete lattice of all m-filters of (A; 3,V)

Theorem

If (A;3,V) is a MpsBL-algebra, then the lattice F(A; 3,V) is isomorphic to
the lattice F(Agy) of all filters of the psBL-algebra Azy.
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F ... filter of a psBL-algebra A
F ... normalifx -y € Fiff x~y € F, forany x,y € A

(A;3,VY) ... MpsBL-algebra, 0 ... congruence on A
6 ... m-congruence on (A;3,V) if (x,y) € § = (Vx,Vy) € 6 for any
x,y € A

Theorem
For any MpsBL-algebra there is a one-to-one correspondence between its
m-congruences and normal m-filters.
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A ... psBL-algebra, F ... filter of A
F ... primeifxVy=1impliesxe€ ForyeF

F ... normal filter, F ... prime iff A/F is a psBL-chain

A psBL-algebra A ... representable if A is a subdirect product of
psBL-chains, iff there is a system S of normal prime filters such that

NS = {1 )

Theorem

Let (A;3,V) be a MpsBL-algebra satisfying the identity

V(x Vy)=VxVVy. Then (A; 3,V) is a subdirect product of linearly
ordered MpsBL-algebras if and only if A is a reprentable psBL-algebra.
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A ... psBL-algebra, B ... subalgebra of A

B ... relatively complete if for each a € A, the set {b€ B: a < b} has a
least element A _,g b, and the set {b € B: b < a} has a greatest

element \/,- . b.

B ... relatively complete subalgebra of A
B ... m-relatively complete if for every a € A and x € B such that
x> a®athereisv € Bsuchthatv>aand vov < x.

Theorem
If (A;3,V) is a MpsBL-algebra, then Asy is an m-relatively complete
subalgebra of A.

Theorem

There is a 1-1 correspondence between MpsBL-algebras and pairs (A, B),
where B is an m-relatively complete subalgebra of A.

v
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A ... psBL-algebra, B ... subalgebra of A, h: B— A
dp: A— B ... a left adjoint mapping to h if
Jp(a) < x <= a < h(x),

for every a € A, x € B.

dp(a® a) = p(a) ® Ip(a), for every a € A, then 3 ... a left m-adjoint
mapping to h.

A right adjoint mapping Vj, to h ... dual to left adjoint mapping

Vh(a ® a) = Vp(a) © Vp(a) for every a € A ... a right m-adjoint mapping
to h.
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Theorem

There is a 1-1 correspondence between pairs (A, B), where B is an
m-relatively complete subalgebra of a psBL-algebra A, and pairs (A, B),
where B is a subalgebra of a psBL-algebra A such that the canonical
embedding h: B — A has a left and a right m-adjoint mapping.

Theorem
There are 1-1 correspondences among

1. MpsBL-algebras;

2. pairs (A, B), where B is an m-relatively complete subalgebra of a
psBL-algebra A;

3. pairs (A, B), where B is a subalgebra of a psBL-algebra A such that
canonical embedding h: B — A has a left and a right m-adjoint mappi

the
ng.
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