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Štef́anikova 49, SK-81473 Bratislava, Slovakia

lavinia ciungu@math.pub.ro,

{dvurecenskij, hycko}@mat.savba.sk

Summer School on General Algebra and Ordered Sets 2009 - Stará Lesná - September, 5–11, 2009 – p. 1



Outline
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- simple, semisimple, perfect, local
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History
• T. Flaminio, F. Montagna - MV-algebras with an

internal state -state MV-algebras
• algebraization of Łukasiewicz logic with

modality
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History
• T. Flaminio, F. Montagna - MV-algebras with an

internal state -state MV-algebras
• algebraization of Łukasiewicz logic with

modality
• A. Di Nola, A. Dvurěcenskij -state-morphism

MV-algebras
• internal state as endomorphism

• J. Rachůnek, D. Šalounová -state pseudo
MV-algebras

• a generalization for pseudo MV-algebras
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Basic definitions - BL algebras
• P. Hájek - algebraic model of fuzzy logic of

continuous t-norms
• A BL-algebrais an algebra(A,∧,∨,⊙,→, 0, 1)

of the type(2, 2, 2, 2, 0, 0) such that
• (A,∧,∨, 0, 1) is a bounded lattice,
• (A,⊙, 1) is a commutative monoid,
• c ≤ a → b iff a ⊙ c ≤ b, (adjointness)
• a ∧ b = a ⊙ (a → b), (divisibility)
• (a → b) ∨ (b → a) = 1, (prelinearity)

for all a, b, c in A.
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Basic definitions - states
• A Bosbach state, or astateonA is a function

s : A → [0, 1] with the following properties:
(BS1) s(x) + s(x → y) = s(y) + s(y → x);
(BS2) s(0) = 0 ands(1) = 1, for anyx, y in A.
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Basic definitions - states
• A Bosbach state, or astateonA is a function

s : A → [0, 1] with the following properties:
(BS1) s(x) + s(x → y) = s(y) + s(y → x);
(BS2) s(0) = 0 ands(1) = 1, for anyx, y in A.

• A functions : A → [0, 1] is called aRiěcan state
if the following conditions hold:
(RS1) if x⊥y, thens(x + y) = s(x) + s(y);
(RS2) s(0) = 0,

• x⊥y denotesorthogonal elements, i. e.
x−− ≤ y−.

• For two orthogonal elementsx, y we define
x + y := y− → x−−(= x− → y−−).
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Basic definitions
• A. Dvurěcenskij, J. Rachůnek

- states and Riěcan states coincide on BL
• x ⊕ y := (x− ⊙ y−)−,

• x ⊖ y := x ⊙ y−,
• d(x, y) = (x → y) ⊙ (y → x)

• ord(x) - the smallestn such thatxn = 0.
If suchn does not exist, then ord(x) = ∞.

• Rad(A)
- the intersection of all maximal filters inA

Summer School on General Algebra and Ordered Sets 2009 - Stará Lesná - September, 5–11, 2009 – p. 6



State BL-algebras
Let A be a BL-algebra and letσ : A → A be a
mapping with the following properties:

1. σ(0) = 0;

2. σ(x → y) = σ(x) → σ(x ∧ y);

3. σ(x ⊙ y) = σ(x) ⊙ σ(x → x ⊙ y);

4. σ(σ(x) ⊙ σ(y)) = σ(x) ⊙ σ(y);

5. σ(σ(x) → σ(y)) = σ(x) → σ(y).

Thenσ is called astate operatorand(A, σ) a
state-morphism BL-algebra.
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State BL-algebras - examples
• (A, idA) is a state BL-algebra;
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State BL-algebras - examples
• (A, idA) is a state BL-algebra;
• E. Turunen - ConsiderA = {0, a, b, 1} where

0 < a < b < 1. Then(A,∧,∨,⊙,→, 0, 1) is a
BL-algebra with the operations:

⊙ 0 a b 1
0 0 0 0 0
a 0 0 a a
b 0 a b b
1 0 a b 1

→ 0 a b 1
0 1 1 1 1
a a 1 1 1
b 0 a 1 1
1 0 a b 1
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State BL-algebras - examples
• (A, idA) is a state BL-algebra;
• E. Turunen - ConsiderA = {0, a, b, 1} where

0 < a < b < 1. Then(A,∧,∨,⊙,→, 0, 1) is a
BL-algebra with the operations:

⊙ 0 a b 1
0 0 0 0 0
a 0 0 a a
b 0 a b b
1 0 a b 1

→ 0 a b 1
0 1 1 1 1
a a 1 1 1
b 0 a 1 1
1 0 a b 1

• σ(0) = 0, σ(a) = a, σ(b) = 1, σ(1) = 1
• (A, σ) is a state BL-algebra
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State BL-algebras - examples
• Moreover,σ(x ⊙ y) = σ(x) ⊙ σ(y) and
• σ(x → y) = σ(x) → σ(y).
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State BL-algebras - examples
• Moreover,σ(x ⊙ y) = σ(x) ⊙ σ(y) and
• σ(x → y) = σ(x) → σ(y).

• A. Di Nola, A. Dvurěcenskij for MV-algebras
• Let (A, σ) be a state BL-algebra. Let us consider

σ1 : A × A → A × A andσ2 : A × A → A × A,
such thatσ1((a, b)) = (a, a), σ2((a, b)) = (b, b).
Then
• (A × A, σ1), (A × A, σ2) - state BL-algebras.
• (A × A, σ1) ∼= (A × A, σ2),
• non-linear examples of subdirectly irreducible

state BL-algebras
(if A is subdirectly irreducible).
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State BL-algebras - properties
• σ(1) = 1;

• σ(x−) = σ(x)−;

• if x ≤ y thenσ(x) ≤ σ(y);
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• σ(1) = 1;

• σ(x−) = σ(x)−;

• if x ≤ y thenσ(x) ≤ σ(y);

• σ(x ⊙ y) ≥ σ(x) ⊙ σ(y) and
if x ⊙ y = 0 thenσ(x ⊙ y) = σ(x) ⊙ σ(y);
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State BL-algebras - properties
• σ(1) = 1;

• σ(x−) = σ(x)−;

• if x ≤ y thenσ(x) ≤ σ(y);

• σ(x ⊙ y) ≥ σ(x) ⊙ σ(y) and
if x ⊙ y = 0 thenσ(x ⊙ y) = σ(x) ⊙ σ(y);

• σ(x ⊖ y) ≥ σ(x) ⊖ σ(y) and
if x ≤ y thenσ(x ⊖ y) = σ(x) ⊖ σ(y);

• σ(x ∧ y) = σ(x) ⊙ σ(x → y);
• σ(x → y) ≤ σ(x) → σ(y) and ifx, y

are comparable thenσ(x → y) = σ(x) → σ(y);
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Properties
• σ(x → y) ⊙ σ(y → x) ≤ d(σ(x), σ(y));
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Properties
• σ(x → y) ⊙ σ(y → x) ≤ d(σ(x), σ(y));

• σ(x) ⊕ σ(y) ≥ σ(x ⊕ y) and ifx ⊕ y = 1 then
σ(x) ⊕ σ(y) = σ(x ⊕ y) = 1;
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Properties
• σ(x → y) ⊙ σ(y → x) ≤ d(σ(x), σ(y));

• σ(x) ⊕ σ(y) ≥ σ(x ⊕ y) and ifx ⊕ y = 1 then
σ(x) ⊕ σ(y) = σ(x ⊕ y) = 1;

• σ(σ(x)) = σ(x);

• σ(A) is a BL-subalgebra ofA;

• σ(A) = {x ∈ A : x = σ(x)};

• if ord(x) < ∞, thenσ(x) /∈ Rad(A).
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Properties
• σ(x → y) = σ(x) → σ(y) ⇔

σ(x ∧ y) = σ(x) ∧ σ(y).
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Properties
• σ(x → y) = σ(x) → σ(y) ⇔

σ(x ∧ y) = σ(x) ∧ σ(y).
• The operatorσ preserves the operation→ (as

homomorphism) iffσ preserves the operation∧.
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Properties
• σ(x → y) = σ(x) → σ(y) ⇔

σ(x ∧ y) = σ(x) ∧ σ(y).
• The operatorσ preserves the operation→ (as

homomorphism) iffσ preserves the operation∧.
• σ preserves→ iff σ preserves∨.
• x ∨ y = [(x → y) → y] ∧ [(y → x) → x]
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Properties
• σ(x → y) = σ(x) → σ(y) ⇔

σ(x ∧ y) = σ(x) ∧ σ(y).
• The operatorσ preserves the operation→ (as

homomorphism) iffσ preserves the operation∧.
• σ preserves→ iff σ preserves∨.
• x ∨ y = [(x → y) → y] ∧ [(y → x) → x]

• (x ∨ y) → y = x → y
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Strong state BL-algebras
• Cignoli, Esteva, Godo, Torrens

- for MV-algebras and linear product
BL-algebras:

x → x ⊙ y = x− ∨ y
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Strong state BL-algebras
• Cignoli, Esteva, Godo, Torrens

- for MV-algebras and linear product
BL-algebras:

x → x ⊙ y = x− ∨ y

• Strong state BL-algebra- axiom 3. is replaced by
3’. σ(x ⊙ y) = σ(x) ⊙ σ(x− ∨ y)
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Strong state BL-algebras
• Cignoli, Esteva, Godo, Torrens

- for MV-algebras and linear product
BL-algebras:

x → x ⊙ y = x− ∨ y

• Strong state BL-algebra- axiom 3. is replaced by
3’. σ(x ⊙ y) = σ(x) ⊙ σ(x− ∨ y)

• every strong state BL-algebra is a state
BL-algebra

• the converse is not true
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Counterexample
Consider the following state BL-algebra
A = {0, a, b, c, d, e, 1}, with the order:

0

a

bc

e
d

1
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Counterexample
The operations are given by the tables:

⊙ 0 a b c d e 1
0 0 0 0 0 0 0 0
a 0 0 a 0 0 a a
b 0 a b a a b b
c 0 0 a 0 c a c
d 0 0 a c d c d
e 0 a b a c b e
1 0 a b c d e 1
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Counterexample
→ 0 a b c d e 1
0 1 1 1 1 1 1 1
a d 1 1 1 1 1 1
b 0 d 1 d d 1 1
c c e e 1 1 1 1
d a b b e 1 e 1
e 0 c e d d 1 1
1 0 a b c d e 1
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Counterexample
→ 0 a b c d e 1
0 1 1 1 1 1 1 1
a d 1 1 1 1 1 1
b 0 d 1 d d 1 1
c c e e 1 1 1 1
d a b b e 1 e 1
e 0 c e d d 1 1
1 0 a b c d e 1

0 a b c d e 1
σ 0 c 1 c c 1 1
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Counterexample
• Then(A, σ) is a state BL-algebra, but axiom 3’.

fails for the pairs(x, y) ∈ {(c, d), (d, c), (d, d)}.
• It holdsσ(x → y) = σ(x) → σ(y), but

σ(x ⊙ y) 6= σ(x) ⊙ σ(y), e.g. for(d, d).
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Properties - (strong) state BL
• σ(x ⊙ y) ≥ σ(x) ⊙ σ(y) and ifx− ≤ y then

σ(x ⊙ y) = σ(x) ⊙ σ(y);

• σ(x ⊖ y) ≥ σ(x) ⊖ σ(y) and ifx andy are
comparable thenσ(x ⊖ y) = σ(x) ⊖ σ(y);
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• σ(x ⊙ y) ≥ σ(x) ⊙ σ(y) and ifx− ≤ y then

σ(x ⊙ y) = σ(x) ⊙ σ(y);

• σ(x ⊖ y) ≥ σ(x) ⊖ σ(y) and ifx andy are
comparable thenσ(x ⊖ y) = σ(x) ⊖ σ(y);

• Lemma: Let (A, σ) be a linearly ordered state
BL-algebra. Then forx, y ∈ A we have:
(1) σ(x → y) = σ(x) → σ(y);
Moreover if(A, σ) is strong, we have:
(2) σ(x ⊙ y) = σ(x) ⊙ σ(y).
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Properties - (strong) state BL
• σ(x ⊙ y) ≥ σ(x) ⊙ σ(y) and ifx− ≤ y then

σ(x ⊙ y) = σ(x) ⊙ σ(y);

• σ(x ⊖ y) ≥ σ(x) ⊖ σ(y) and ifx andy are
comparable thenσ(x ⊖ y) = σ(x) ⊖ σ(y);

• Lemma: Let (A, σ) be a linearly ordered state
BL-algebra. Then forx, y ∈ A we have:
(1) σ(x → y) = σ(x) → σ(y);
Moreover if(A, σ) is strong, we have:
(2) σ(x ⊙ y) = σ(x) ⊙ σ(y).

• State BL-algebras on the subclass of
MV-algebras (x−− = x) coincide with state
MV-algebras defined by FlMo.
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State-morphism BL-algebras
• Let (A, σ) be a state BL-algebra. If the operatorσ

satisfies the following properties:
• σ(x ⊙ y) = σ(x) ⊙ σ(y),
• σ(x → y) = σ(x) → σ(y),

for x, y ∈ A. Thenσ is called astate-morphism
operatoronA and(A, σ) is astate-morphism
BL-algebra.
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• Let (A, σ) be a state BL-algebra. If the operatorσ

satisfies the following properties:
• σ(x ⊙ y) = σ(x) ⊙ σ(y),
• σ(x → y) = σ(x) → σ(y),

for x, y ∈ A. Thenσ is called astate-morphism
operatoronA and(A, σ) is astate-morphism
BL-algebra.

• “Turunen’s example” is a state-morphism
BL-algebra, the 7-element example is not.
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State-morphism BL-algebras
• Let (A, σ) be a state BL-algebra. If the operatorσ

satisfies the following properties:
• σ(x ⊙ y) = σ(x) ⊙ σ(y),
• σ(x → y) = σ(x) → σ(y),

for x, y ∈ A. Thenσ is called astate-morphism
operatoronA and(A, σ) is astate-morphism
BL-algebra.

• “Turunen’s example” is a state-morphism
BL-algebra, the 7-element example is not.

• Every linearly ordered strong state BL-algebra is
a state-morphism BL-algebra.

Summer School on General Algebra and Ordered Sets 2009 - Stará Lesná - September, 5–11, 2009 – p. 19



States
• Let (A, σ) be a state BL-algebra, and lets be a

state onA. Thensσ(x) := s(σ(x)) for x in A is a
state onA.
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States
• Let (A, σ) be a state BL-algebra, and lets be a

state onA. Thensσ(x) := s(σ(x)) for x in A is a
state onA.

• σ-compatible state, if σ(x) = σ(y) then
s(x) = s(y), for a states.

• Theorem: Let (A, σ) be a state BL-algebra.
Then there is a bijective correspondence between
theσ-compatible states onA and

the states onσ(A).
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Special classes
• Def: Let (A, σ) be a state BL-algebra (or a

state-morphism BL-algebra). A nonempty set
F ⊆ A is called astate-filter(or a
state-morphism filter) of A if F is a filter ofA
such that ifx ∈ F, thenσ(x) ∈ F.
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state-morphism BL-algebra). A nonempty set
F ⊆ A is called astate-filter(or a
state-morphism filter) of A if F is a filter ofA
such that ifx ∈ F, thenσ(x) ∈ F.

• Let (A, σ) be a state-morphism BL-algebra. Then
σ(Rad(A)) = Rad(σ(A)).

Summer School on General Algebra and Ordered Sets 2009 - Stará Lesná - September, 5–11, 2009 – p. 21



Special classes
• Def: Let (A, σ) be a state BL-algebra (or a

state-morphism BL-algebra). A nonempty set
F ⊆ A is called astate-filter(or a
state-morphism filter) of A if F is a filter ofA
such that ifx ∈ F, thenσ(x) ∈ F.

• Let (A, σ) be a state-morphism BL-algebra. Then
σ(Rad(A)) = Rad(σ(A)).

• For state BL-algebras we have
Rad(σ(A)) ⊆ σ(Rad(A)).
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Subclasses - simple
• Recall: A BL-algebraA is calledsimpleif A has

two filters.
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Subclasses - simple
• Recall: A BL-algebraA is calledsimpleif A has

two filters.
• Def: A state BL-algebra(A, σ) is calledsimpleif

σ(A) is simple. We denote bySSBL the class of
all simple state BL-algebras.
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two filters.
• Def: A state BL-algebra(A, σ) is calledsimpleif

σ(A) is simple. We denote bySSBL the class of
all simple state BL-algebras.

• (A, σ) a state BL-algebra. IfA is simple as
BL-algebra then(A, σ) is a simple state
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Subclasses - simple
• Recall: A BL-algebraA is calledsimpleif A has

two filters.
• Def: A state BL-algebra(A, σ) is calledsimpleif

σ(A) is simple. We denote bySSBL the class of
all simple state BL-algebras.

• (A, σ) a state BL-algebra. IfA is simple as
BL-algebra then(A, σ) is a simple state
BL-algebra.

• Thm: Let (A, σ) be a state-morphism
BL-algebra. The following are equivalent:
(1) (A, σ) ∈ SSBL;
(2) ker(σ) is a maximal filter ofA.
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Subclasses - semisimple
• Recall:A is semisimpleif Rad(A) = {1}.
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• Recall:A is semisimpleif Rad(A) = {1}.

• Def: A state BL-algebra(A, σ) is called
semisimpleif Rad(σ(A)) = {1}. We denote by
SSSBL the class of all semisimple state
BL-algebras.
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• Recall:A is semisimpleif Rad(A) = {1}.

• Def: A state BL-algebra(A, σ) is called
semisimpleif Rad(σ(A)) = {1}. We denote by
SSSBL the class of all semisimple state
BL-algebras.
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Subclasses - semisimple
• Recall:A is semisimpleif Rad(A) = {1}.

• Def: A state BL-algebra(A, σ) is called
semisimpleif Rad(σ(A)) = {1}. We denote by
SSSBL the class of all semisimple state
BL-algebras.

• (A, σ) a state BL-algebra. IfA is a semisimple
BL-algebra then(A, σ) is a semisimple state
BL-algebra.

• Thm: Let (A, σ) be a state-morphism
BL-algebra. The following are equivalent:
(1) (A, σ) ∈ SSSBL;
(2) Rad(A) ⊆ ker(σ).
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Subclasses - perfect
• Recall: A BL-algebra is calledperfectif

x ∈ Rad(A) or x ∈ Rad(A)−, for anyx ∈ A,
whereRad(A)− = {x− : x ∈ Rad(A)}.
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Subclasses - perfect
• Recall: A BL-algebra is calledperfectif

x ∈ Rad(A) or x ∈ Rad(A)−, for anyx ∈ A,
whereRad(A)− = {x− : x ∈ Rad(A)}.

• Thm: Let (A, σ) be a state BL-algebra. The
following are equivalent:
(1) A is perfect;
(2) (∀x ∈ A, σ(x) ∈ Rad(A) implies
x ∈ Rad(A)) andσ(A) is perfect.
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Subclasses - local
• Def: Let (A, σ) be a state BL-algebra.σ is called

radical-faithful if, for everyx ∈ A,
σ(x) ∈ Rad(A) impliesx ∈ Rad(A).
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Subclasses - local
• Def: Let (A, σ) be a state BL-algebra.σ is called

radical-faithful if, for everyx ∈ A,
σ(x) ∈ Rad(A) impliesx ∈ Rad(A).

• Recall: A BL-algebra is calledlocal if it has a
unique maximal filter.

Summer School on General Algebra and Ordered Sets 2009 - Stará Lesná - September, 5–11, 2009 – p. 25



Subclasses - local
• Def: Let (A, σ) be a state BL-algebra.σ is called

radical-faithful if, for everyx ∈ A,
σ(x) ∈ Rad(A) impliesx ∈ Rad(A).

• Recall: A BL-algebra is calledlocal if it has a
unique maximal filter.

• Thm: Let (A, σ) be a radical-faithful
state-morphism BL-algebra. The following are
equivalent:
(1) A is a local BL-algebra;
(2) σ(A) is a local BL-algebra.
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Subclasses - local
• Thm: Let (A, σ) be a state-morphism

BL-algebra. The following are equivalent:
(1) (A, σ) ∈ SSBL;
(2) A is a local BL-algebra and

ker(σ) = Rad(A).
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Subclasses - local
• Thm: Let (A, σ) be a state-morphism

BL-algebra. The following are equivalent:
(1) (A, σ) ∈ SSBL;
(2) A is a local BL-algebra and

ker(σ) = Rad(A).
• Let B be a subalgebra of a BL-algebraA and let

σ be a state operator ofA. If σ(B) ⊆ B, then
σ(B) is a subalgebra ofB.
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References
CEGT R. Cignoli, F. Esteva, L. Godo, A. Torrens,Basic

Fuzzy Logic is the logic of continuous t-norms
and their residua, Soft Computing4 (2000),
106–112.

DiDv A. Di Nola, A. Dvurěcenskij,State-morphism
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