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History

Basic definitions

State BL-algebras, examples, properties
Strong state BL-algebras
State-morphism BL-algebras

States on state BL-algebras

Special classes of state BL-algebras
- simple, semisimple, perfect, local

Summer School on General Algebra and Ordered Sets 200%: [Stana - September, 5-11, 2009 —p. 2



T. Flaminio, F. Montagna - MV-algebras with an
iInternal state state MV-algebras

algebraization of Lukasiewicz logic with
modality
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T. Flaminio, F. Montagna - MV-algebras with an
iInternal state state MV-algebras

algebraization of Lukasiewicz logic with
modality

A. Di Nola, A. Dvurecenskij -state-morphism
MV-algebras

Internal state as endomorphism
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T. Flaminio, F. Montagna - MV-algebras with an
iInternal state state MV-algebras

algebraization of Lukasiewicz logic with
modality

A. Di Nola, A. Dvurecenskij -state-morphism
MV-algebras

Internal state as endomorphism

J. Rachiinek, D. Salounov&tate pseudo
MV-algebras

a generalization for pseudo MV-algebras
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P. Hajek - algebraic model of fuzzy logic of
continuous t-norms

A BL-algebrais an algebraA, A, vV, ®, —,0,1)
of the type(2, 2, 2,2,0,0) such that
(A, A,V,0,1) is a bounded lattice,
(A, ®, 1) is a commutative monoid,
c<a—biff a®c <0, (adjointnesy
aANb=a® (a— b), (divisibility)

(@ —b) V(b — a) =1, (prelinearity)
forall a,b,cin A.
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A Bosbach stateor astateon A is a function
s : A — |0, 1] with the following properties:
(BS1) s(z) +s(x — y) = s(y) + s(y — o);
(BS2) s(0) =0ands(1) =1, foranyx,yin A.
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A Bosbach stateor astateon A is a function

s : A — |0, 1] with the following properties:
(BS1) s(z) + s(z — y) = s(y) + s(y — ©);
(BS2) s(0) =0ands(1) =1, foranyx,yin A.
A functions : A — [0, 1] is called aRiecan state
If the following conditions hold:

(RS1) if z Ly, thens(x + y) = s(x) + s(y);
(RS2) s(0) =0,

r 1y denotesorthogonal elemenis. e.
r <y .

For two orthogonal elements y we define
r+yi=y —a (=z —y )
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A. Dvurecenskij, J. Rachtuinek
- states and R&an states coincide on BL

r®y:=(x" Oy ),

rToyYy =0y ,

d(z,y) = (z — y) © (y — )

ord(x) - the smallest. such that:" = 0.

If suchn does not exist, then ofd) = oc.
Rad A)

- the intersection of all maximal filters 1A
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Let A be a BL-algebraandlet: A — A be a
mapping with the following properties:

1. o(0) = 0;

2. o(x —y)=o0o(x) = o(x ANy);
.0z Oy =0c(z)Oolx —xOyY);
4. o(o(x) ®o(y)) =o(x) ®o(y);

5. 0(a(x) = a(y)) = o(x) — a(y).

Theno is called astate operatoand(A, o) a
state-morphism BL-algebra
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(A,idy) is a state BL-algebra;
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(A,idy) is a state BL-algebra;

E. Turunen - Consided = {0, a, b, 1} where
0<a<b<l1l. Then(A, AV, ®,—,0,1)isa
BL-algebra with the operations:

0

a

b

1

=YNelN AN IO

0
0
0
0

0
0
a
a

O oo O

R O o O

—|0la|b|1l
O(1|{1/1/1
al/a/ll/1|1
b (O0jlall|l
1|0la/ b1l
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(A,idy) is a state BL-algebra;

E. Turunen - Consided = {0, a, b, 1} where
0<a<b<l1l. Then(A, AV, ®,—,0,1)isa
BL-algebra with the operations:

®|0ja|b|1 —|(0jalb|1l
0/,0/0[{0|0 O(1/1 1|1
al0/l0lala al/a/l/ 1|1
b|Oja|b|b b|0Oa 1|1
1 0jlalb|l 1|0la/ b1l

0(0) =0,0(a) =a,0(b) =1,0(1) =1
(A, o) is a state BL-algebra
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Moreover,o(xz ® y) = o(x) ® o(y) and
ol —y)=o(x) = a(y).
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Moreover,o(xz ® y) = o(x) ® o(y) and
oz —y)=o(x) = oy)
A. Di Nola, A. Dvurecenskij for MV-algebras

Let (A, o) be a state BL-algebra. Let us consider
o1 AXxA—-Ax Aandoy : A x A — A X A,
such thav((a,b)) = (a,a), oo((a,b)) = (b, b).
Then

(A X A,01), (A X A,09) - state BL-algebras.

(AX A,01) = (AX A, o09),
non-linear examples of subdirectly irreducible

state BL-algebras
(if Ais subdirectly irreducible).
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o(z”) =0(x)";
if 2 < ytheno(z) < o(y):

o(z©y) > o(x)O (y)é;

if v ©®y =0thenc(z® o(x) ®o(y);
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o(z”) =0(x)";
if + <ytheno(x) < o(y);

olr ®y) > o(xr)®o(y) and
if t ©y=0theno(x ®y) =0c(x) ® o(y);

clroy) >o(r)eo(y) and
if z < ytheno(z o y) =o(x) © o(y);
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o(z”) =0(x)";
if + <ytheno(x) < o(y);

olr ®y) > o(xr)®o(y) and
if t ©y=0theno(x ®y) =0c(x) ® o(y);

clroy) >o(r)eo(y) and
if z < ytheno(z o y) =o(x) © o(y);

o(x Ny)=o(z) ©o(x —y);
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o(57) = ola)
if z < ytheno(z) < o(y);

o(r©y) > o(r)©o(y) and
if rt ©y=0theno(z®y) =0c(x) ®o(y);

oz ©y)>o(r)©o(y)and
if z < ytheno(z o y) =o(x) © o(y);

oglx Ny)=o0(x) ©o(x —y);

o(x —y) <o(x) —o(y) andifz,y
are comparable thenz — y) = o(x) — o(y);
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o(z = y)©oly — ) <d(o(z),0(y));
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oz —y) oy —x) < dlo(z),0(y));
o(x)®o(y) >o(zdy)andifr &y =1 then
o(z)Do(y) =o(rdy) =1
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)

if ord(z) < oo, theno(x) ¢ Rad(A).
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o(z —y)=o0(r) = oly) &
o(zNy) =o(x) Na(y).
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o(x —y)=o0(x) —oy) =

o(x ANy) =o(x)Ao(y).

The operator preserves the operatien (as
homomorphism) ifl- preserves the operation
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o(x —y)=o0(x) —oy) =

o(x ANy) =o(x)Ao(y).

The operator preserves the operatien (as
homomorphism) ifl- preserves the operation

o preserves— Iff o preserves/.
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o(x —y)=o0(x) —oy) =

o(x ANy) =o(x)Ao(y).

The operator preserves the operatien (as
homomorphism) ifl- preserves the operation

o preserves— Iff o preserves/.
zVy=|[z—y) =yl Ay —z)— 2
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o(x —y)=o0(x) —oy) =

o(x ANy) =o(x)Ao(y).

The operator preserves the operatien (as
homomorphism) ifl- preserves the operation

o preserves— Iff o preserves/.
zVy=|[z—y) =yl Ay —z)— 2
(xVy) my=z—y
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Cignoli, Esteva, Godo, Torrens
- for MV-algebras and linear product
BL-algebras:

r—xOQy=x VY
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Cignoli, Esteva, Godo, Torrens
- for MV-algebras and linear product
BL-algebras:

r—rxOyYy=x VY
Strong state BL-algebraaxiom 3. is replaced by
3. olzoy) =oclxr)®a(z” Vy)
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Cignoli, Esteva, Godo, Torrens
- for MV-algebras and linear product
BL-algebras:

r—rxOyYy=x VY
Strong state BL-algebraaxiom 3. is replaced by
3. olzoy) =oclxr)®a(z” Vy)

every strong state BL-algebra Is a state
BL-algebra

the converse Is not true
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Consider the following state BL-algebra
A=1{0,a,b,c,d, e, 1}, with the order:

1
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The operations are given by the tables:
Olaj/b|c|d

R olalolTc o o

DI T|IOIDLD OV OO

O OO0 O 0 O 0o
VDY OO OO0
O o|I9| 9 0 O
O Y OO O 0
oRNoNNoRNoRN RN NG
R DO QO O O
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Olalbic|d|e|l
cl0|lcll|cjc|l|1
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Then(A, o) is a state BL-algebra, but axiom 3.
fails for the pairdz,y) € {(c,d), (d,c), (d,d)}.

It holdso(x — y) = o(z) — o(y), but
o(x ®y) #o(x)®o(y), e.q. for(d, d).
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(y) and ifz~ < y then
)

and if z andy are
o(x) ©o(y);

S
=
©
QD
Q
Q|
3
~—
>
E’L
D
S\/
|
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o(x ®y) > o(x) ®o(y)andifz~ <y then
o(zOy) =o(z)©a(y);

o(x©y) > o(r)oo(y) andifxr andy are
comparable then(x © y) = o(z) © o(y);

(
Lemma: Let (A, o) be alinearly ordered state
BL-algebra. Then for, y € A we have:
(1) o(z —y) =o(x) = a(y);
Moreover if( A, o) is strong, we have:
(2)o(zOy) =0o(z)©o(y).
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o(z©y) = o(x)
o(x©y) = o(x)
o(z©y) > o(x)
comparable then

® o(y) and ifz~ < y then

© o (y);

S o(y) and ifx andy are
(r0y) =o0(x)©o(y);

Lemma: Let (A, o) be alinearly ordered state

BL-algebra. Then for, y € A we have:

(1) o(z — y) = o(x) = a(y);

Moreover if(A, o) is strong, we have:

(2) o(zOy) =o(z) ©o(y).

State BL-algebras on the subclass of

MV-algebras £~ = x) coincide with state
MV-algebras defined by FIMo.

O

o)

O
X
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Let (A, o) be a state BL-algebra. If the operator
satisfies the following properties:

o(zOy)=o(z)©a(y),
ol —y)=o(x) = ay),
for x,y € A. Theno Is called astate-morphism

operatoron A and( A, o) is astate-morphism
BL-algebra
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Let (A, o) be a state BL-algebra. If the operator
satisfies the following properties:

o(zOy)=o(z)©a(y),
ol —y)=o(x) = ay),
for x,y € A. Theno Is called astate-morphism

operatoron A and( A, o) is astate-morphism
BL-algebra

“Turunen’s example” is a state-morphism
BL-algebra, the 7-element example is not.
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Let (A, o) be a state BL-algebra. If the operator
satisfies the following properties:

o(zOy)=o(z)©a(y),
ol —y)=o(x) = ay),
for x,y € A. Theno Is called astate-morphism

operatoron A and( A, o) is astate-morphism
BL-algebra

“Turunen’s example” is a state-morphism
BL-algebra, the 7-element example is not.

Every linearly ordered strong state BL-algebra is
a state-morphism BL-algebra.
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Let (A, o) be a state BL-algebra, and lebe a

state onA. Thens,(z) := s(o(x)) forzin Ais a
state onA.
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Let (A, o) be a state BL-algebra, and lebe a
state onA. Thens,(z) := s(o(x)) forzin Ais a

state onA.
og-compatible statgf o(z) = o(y) then
s(x) = s(y), for a states.
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Let (A, o) be a state BL-algebra, and lebe a
state onA. Thens,(z) := s(o(x)) forzin Ais a

state onA.
og-compatible statgf o(z) = o(y) then
s(x) = s(y), for a states.

Theorem: Let (A, o) be a state BL-algebra.

"hen there Is a bijective correspondence between

t

ne o-compatible states oA and
the states o (A).
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Def: Let (A, o) be a state BL-algebra (or a
state-morphism BL-algebra). A nonempty set
F C As called astate-filter(or a
state-morphism filtgrof A if F'is a filter of A

such that itz € F, theno(z) € F.
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Def: Let (A, o) be a state BL-algebra (or a
state-morphism BL-algebra). A nonempty set
F C As called astate-filter(or a
state-morphism filtgrof A if F'is a filter of A

such that itz € F, theno(z) € F.

Let (A, o) be a state-morphism BL-algebra. Then
o(Rad(A)) = Rad(c(A)).
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Def: Let (A, o) be a state BL-algebra (or a
state-morphism BL-algebra). A nonempty set
F C As called astate-filter(or a
state-morphism filtgrof A if F'is a filter of A

such that itz € F, theno(z) € F.

Let (A, o) be a state-morphism BL-algebra. Then
o(Rad(A)) = Rad(c(A)).

For state BL-algebras we have
Rad(c(A)) C o(Rad(A)).
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Recall: A BL-algebraA is calledsimpleif A has
two filters.
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Recall: A BL-algebraA is calledsimpleif A has
two filters.

Def: A state BL-algebraA, o) is calledsimpleif
o(A) is simple. We denote by S B L the class of
all simple state BL-algebras.
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Recall: A BL-algebraA is calledsimpleif A has
two filters.

Def: A state BL-algebraA, o) is calledsimpleif

o(A) is simple. We denote by S B L the class of
all simple state BL-algebras.

(A, o) a state BL-algebra. Il is simple as

BL-algebra ther{A, o) is a simple state
BL-algebra.
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Recall: A BL-algebraA is calledsimpleif A has
two filters.

Def: A state BL-algebraA, o) is calledsimpleif

o(A) is simple. We denote by S B L the class of
all simple state BL-algebras.

(A, o) a state BL-algebra. Il is simple as
_-algebra ther{ A, o) is a simple state
_-algebra.

B
B
Thm: Let (A, o) be a state-morphism
B
(1
(2

_-algebra. The following are equivalent:
) (A, o) € SSBL;
) ker( ) is a maximal filter ofA.
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Recall: A is semisimplef Rad(A) = {1}.

Summer School on General Algebra and Ordered Sets 200%: [Stana - September, 5-11, 2009 — p. 23



Recall: A is semisimplef Rad(A) = {1}.

Def. A state BL-algebraA, o) is called
semisimplef Rad(c(A)) = {1}. We denote by
SSSBL the class of all semisimple state
BL-algebras.
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Recall: A is semisimplef Rad(A) = {1}.

Def. A state BL-algebraA, o) is called
semisimplef Rad(c(A)) = {1}. We denote by
SSSBL the class of all semisimple state
BL-algebras.

(A, 0) a state BL-algebra. Il is a semisimple

BL-algebra ther{ A, o) is a semisimple state
BL-algebra.
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Recall: A is semisimplef Rad(A) = {1}.

Def. A state BL-algebraA, o) is called
semisimplef Rad(c(A)) = {1}. We denote by
SSSBL the class of all semisimple state
BL-algebras.

(A, 0) a state BL-algebra. Il is a semisimple

_-algebra then A, o) is a semisimple state
_-algebra.

B
B
Thm: Let (A, o) be a state-morphism
B
(1
(2

_-algebra. The following are equivalent:
) (A, o) € SSSBL;
) Rad( ) C ker(o).
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Recall: A BL-algebra is callegerfectif
r € Rad(A) orx € Rad(A)~, foranyzx € A,
whereRad(A)” ={x~ : x € Rad(A)}.

Summer School on General Algebra and Ordered Sets 200%: [Stana - September, 5-11, 2009 — p. 24



Recall: A BL-algebra is callegerfectif

r € Rad(A) orx € Rad(A)~, foranyzx € A,
whereRad(A)” ={x~ : x € Rad(A)}.

Thm: Let (A, o) be a state BL-algebra. The
following are equivalent:

(1) Ais perfect;

(2) (Vz € A, o(x) € Rad(A) implies

r € Rad(A))ando(A) is perfect.
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Def: Let (A, o) be a state BL-algebra: is called
radical-faithful if, for everyz € A,
o(x) € Rad(A) impliesz € Rad(A).
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Def: Let (A, o) be a state BL-algebra:. is called
radical-faithful if, for everyz € A,

o(x) € Rad(A) impliesz € Rad(A).

Recall: A BL-algebra is calletbcal if it has a
unique maximal filter.
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Def: Let (A, o) be

a state BL-algebrar. is called

radical-faithful if, for everyz € A,

o(x) € Rad(A) im

Recall: A BL-alge
unigue maximal fi

pliesx € Rad(A).
ora IS calletbcal if it has a

ter.

Thm: Let (A, o) be a radical-faithful
state-morphism BL-algebra. The following are

equivalent:

(1) Ais alocal BL-algebra,

(2) o(A) is a local

Summer Scho

BL-algebra.
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Thm: Let (A, o) be a state-morphism
BL-algebra. The following are equivalent:
(1) (A,0) € SSBL;
(2) Ais alocal BL-algebra and

ker(o) = Rad(A).
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Thm: Let (A, o) be a state-morphism
BL-algebra. The following are equivalent:
(1) (A,0) € SSBL;
(2) Ais alocal BL-algebra and

ker(o) = Rad(A).
Let B be a subalgebra of a BL-algeh#aand let
o be a state operator of. If o(B) C B, then
o(B) is a subalgebra ab.
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