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Omnipresent in computer science
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Graph structures
Data bases
Semantics of programs

Rewriting systems

Transduction = a binary relation

in which an input and an output are implicitly understood
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Which issues arise
from nondeterminism?

How can we handle them, in some special cases?
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Automata with outputs: 1-way transducers

*
A = Example:

\ ereplace a by b
u e replace b by aa veN*
H e ignore other letters

input tape

a b r a C a d a b r a

b a a b b b a a b
output tape




Examples

with =~ = A fixed

IDENTITY : v+ u

v

v

ERASE: u+ ¢

v

L-ROTATE : ou > uo, foreach o € X = A

v

R-ROTATE : uo — ou, foreachoc € > = A

v

SUBWORD : {(u, v) | v is a not-necessarily connected subword of u}
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» functions C relations
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Nondeterminism versus determinism

» functions C relations
e.g., no deterministic transducer realize subword

» sequential functions C rational functions
e.g., no deterministic transducer realize right-rotate

» [Griffith’68]  equivalence, inclusion, intersection emptiness. . .
are undecidable problems for nondeterministic transducers

~
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Two-wayness

A transducer is defined by:

» an automaton with transition set §

» a production function from § to A*

Two-way transducers:

endmarkers
X1 .
by T e I
< A* read-only
\ / lvﬂ;e—only

al<+—,w
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Examples

Two-wayness extends expressiveness of transducers. . .

» SQUARE : U+ uu

» MIRROR : u— U (u denotes the reverse of u)
» SORT : u s aVlpluls ... Zlul

» POWERS : {(u, uk) | k e N}

29



“Regular” transductions

The class of functions realized by two-way transducers is robust

» closure under composition [Chytil& Jakl'77, Dartois et al.'17]

» decidable equivalence [Gurari'80]

» alternative characterizations:

» reversible = deterministic = functional [Dartois et al.'17,
Engelfriet&Hoogeboom'01]

» MSO word transductions [Engelfriet&Hoogeboom'01]
> copyless register automata [Alur&Cerny'10]
» “regular combinators” [Alur et al.'14,

Baudru&Reynier'18, Dave et al.'18]
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Expressiveness of transducers

deterministic functional
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deterministic functional unrestricted

2DFT = 2fNFT

regular

one-way
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realized by 2NFT?



What are the transductions
realized by 2NFT?

2. Algebraic descriptions of transduction classes
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Rational operations

» set union RiUR>
» componentwise concatenation
Rl . R2 = {(U1U2, V1V2) ‘ (Ul, Vl) S Rl and (Uz. V2) € R2}

» Kleene star R* ={(u1-- uk,v1---vi) | Vi, (uj,vi) € R}
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Rational operations

» set union RiUR>
» componentwise concatenation
Rl . R2 = {(U1U2, V1V2) | (Ul, V1) S Rl and (U2. V2) € Rz}

» Kleene star R* ={(u1-- uk,v1---vi) | Vi, (uj,vi) € R}

Definition (RAT) The class of rational relations is the smallest class

» including finite relations
» closed under rational operations

Theorem: [Elgot & Mezei'65] one-way

INFT = rational —4— ]
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Which operations capture behaviors of 2NFTs?

machine one-way

algebra
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Which operations capture behaviors of 2NFTs?

machine one-way two-way
‘ R ————
algebra [ RAT ] ?
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Abilities of two-way transducers

copy the input word ———— rewind the input tape

T

accept and halt with nondeterminism
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Abilities of two-way transducers

SQUARE, POWERS ¢ RAT
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Hadamard operations

» set union RiUR»
» Hadamard product
RioOR, = {(u, V1V2) ‘ (U, V1) € Ry and (U, V2) € Rg}

» Hadamard star R® = {(u,vi---w) | Vi, (u,vi) € R}
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Hadamard operations

» set union RiUR>
» Hadamard product
RioOR, = {(u, V1V2) | (U, V1) € Ry and (U, V2) € RQ}

» Hadamard star R® = {(u,vi---w) | Vi, (u,vi) € R}

Tz ®

» simulate T;

> rewind the input tape e.g., SQUARE = IDENTITY ©® IDENTITY

» simulate 7>
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Hadamard operations

» set union RiUR»
» Hadamard product
RioOR, = {(u, V1V2) ‘ (U, V1) € Ry and (U, V2) € RQ}

» Hadamard star R® = {(u,vi---w) | Vi, (u,vi) € R}

=1

> repeat
» simulate 77
» rewind the input tape
» or accept nondeterministically

e.g., POWERS = IDENTITY®
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Hadamard operations

» set union RiUR»
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Mirror operations

» mirror

X
I
——

(g,v) | (u,v) € R}
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Mirror operations

» mirror
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Mirror operations

» mirror R={(u,v) | (u,v) € R}
%
> =<
P S
s) T

=D
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Mirror operations

> mirror R={(d,v) ]| (u,v) € R}

Definition (MHAD) class of mirror-Hadamard relations: smallest class

» including rational relations
» closed under Hadamard operations and mirror
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transducer one-way rotating sweeping two-way
a,—| b | | . ;:
T i
general RaT HaD
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transducer one-way rotating sweeping two-way

general ‘[ RaT j‘[ HaD ]‘[ MHAD j‘ !

Study of particular cases

3. Unary cases
#r=1 and/or #A =1
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Contribution of mirror

Proposition: If #> =1 or #A =1 then HAD = MHAD
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Contribution of mirror

Proposition: If #5 =1 or #A = 1 then HAD = MHAD

transducer one-way rotating sweeping two-way
Err T rrTrrrr Err T rrTrrrr Err T rrrrrr R I ) Y B

a,—| b !!.ni'

‘WW‘ B
Y

general W MHAD

input unary RAT ‘ ?
HaD

output unary ‘ ?
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Contribution of mirror
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Contribution of mirror

Proposition: If #> =1 or #A =1 then HAD = MHAD

transducer one-way rotating sweeping two-way
Err T rrrrrr Err T rrTrrrr Err T rrTrrrr R I Y B
a,—| b -..ii
TR e
general 1 MHAD

input unary ?
H

RAT
output unary

foutput unary j

Theorem: from [Anselmo’90]

When #A =1, loop-free 2NFT realize rational transductions

» deterministic/unambiguous
» functional
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= Examples:

» UIDENTITY = {(a",2") | n € N} € RaT
» USQUARE = {(2",2%") | n € N} = UIDENTITY ® UIDENTITY € RAT
» UPOWERS = {(a”, ak™y | k,n € N} = UIDENTITY® ¢ RAT
Theorem: [Choffrut, G.14] When #¥ =1 and #A =1, 2NFT =HAD
transducer one-way rotating sweeping two-way
a,—| b A A= s e = = ==
T T | || B || TR
general [ ) W[ MHAD j ?
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Proof sketch

Theorem: [Choffrut, G.14] When #3> =1 and #A =1, 2NFT = HAD

Proof: fix a unary transducer T realizing R

» decompose computations in hits
hit = computation path between 2 successive visits of endmarkers

» each family of hits define a relation R4 ¢) (¢',s)
€.8. (p7[>)—t0—(q,<]), (pa <1)—t0—(q, <])

» simulate each hit family with a one-way transducer
= each R(y¢),(q.s) € RAT

» commutative outputs
» deal with central loops

> R is a combination of R(g) (q,s)'s using Hadamard operations
— € Hap [J
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Unary central loops
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Unary central loops
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» each language L4 C a* of outputs of all central loops around state g
satisfies Lq" = Lqg = Lq € RAT = L is finitely generated

» JdNeN such that a window of size N is sufficient to generate each L,

» Open problem: bound N?
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Relax assumptions?

transducer one-way rotating sweeping two-way
a, | b EmEERN B I ——— =
T ] = ==L
general ?
input unary ?
RAT
output unary Hap ?
both unary
Theorem: [G 16] When #3% > 1, HAD C 2NFT

When #A > 1, HAD C 2NFT
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Output-unary witness

MuLT1BLOCK = {(u, ak™y | ue{a, i}, k,ne€N, and #a"4 is a factor of u}

[al#]alalalafa]a[#]a]

[a]alafafaafa[a]a[afa]a]a[a]a[a[a]a] |

MurLT1BLOCK ¢ HAD

Remark: HAD is not closed under componentwise concatenation
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Two-way versus componentwise concatenation

Proposition:  2NFT is not closed under
componentwise concatenation and Kleene star

Proposition:  2NFT is closed under
unambiguous componentwise concatenation
and unambiguous Kleene star

Remark: these operations are used in the characterization of
regular functions through regular combinators
[Alur et al'14, Baudru&Reynier'18, Dave et al.'18]

but they are still not sufficient for the non-functional case
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Conclusion

transducer one-way rotating sweeping two-way
a—|b A A= : | | ==
T =t
general ?
input unary ?
RAT
output unary HaAD ‘ ?

both unary

Abilities arising from nondeterminism:
» loop
» output an unbounded word in one step  e.g., ERASE™!
» loop over some portion of the input word e.g., POWERS
» nondeterministically select some positions e.g., RLPREFIX

Thank you
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