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Let T be the circle group, i.e. the set [0,1) with
operations carried out modulo integers.

For x € T, let ||| be the distance of = to O, thus
|zl € |0, 5].

T is a compact Polish space.

Definition A set X C T is:

A-set if there is an increasing sequence {nk}keN
such that |[ngz|| — 0 on X,

D-set if there is an increasing sequence {ng}rcN
such that |[ngz|| =2 0 on X,

N-set if there is a sequence {an},cy Of NON-negative
reals such that 3 an = co and Y an ||nz|| < oo on X,

wD-set if there is a Borel set Y O X such that for
any continuous Borel measure p on T there is an
increasing sequence {ny}rcn Such that
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Let A, D, N, wD denote the families of all A-, D-,
N-, and wD-sets, respectively.

Basic properties
1. Families A, D, N, wD are closed under transla-
tions and taking subsets, have Borel bases (D
— closed, N — Fy, A — Gs,);
. DCACwD, DCN CwD, T ¢ wD;
3. a subgroup of T generated by an A-set (N-set,
wD-set) is again an A-set (N-set, wD-set);
4. there exist D-sets X, Y such that X +Y =T,
thus X UY & wD.

N

Definition (Arbault 1952) A set X is N -permitted
if for any N-set Y, X UY is an N-set.

Theorem (Arbault, Erdds) Any countable set is
N-permitted.

Problem (Bary 1961) Does there exist a perfect
N-permitted set?

Theorem (Lafontaine 1969) Any closed N-permit-
ted set is countable.

Theorem (P.E. 2004) Any A-permitted set is per-
fectly meager, i.e. meager relatively to any perfect
set.

Definition Let F be a family of sets. A set X is
called F-additive if forany Y e F, X +Y € F.



Remark A set is A-permitted (N-, wD-permitted)
iff it is A-additive, (N-, wD-additive).

Remark Lafontaine actually showed that for any
perfect set P C T there exists D-set D such that
P + D has positive Lebesgue measure.

Theorem (Erdds, Kunen, Mauldin 1981) For any
perfect set P C R there exists a perfect set ) hav-
ing Lebesgue measure zero such that P+ @Q = R.

Theorem For any perfect set P C T there exists
D-set D such that P+ D =T.

Proof Let B;, = {m2~ %=1 :m ¢ 2k+11 By induc-
tion for k € N define ng, g, > 0, and A, € [P]<¥
such that for every a € A, and b € B there is
a’ € Ap41 such that

1. ||la' —all <eg/2,

2. if HCE — CL/H < €k+41 then an_|_1$ — bH < 2 k=2
Put D = {z : Vk |ngz|| < 27%}. For a given y € T,
let by, € By, be such that an_|_1y — ka < 2—k=2

By induction choose p;. € A, such that p;, — p and
for all k, |njq1p — by| <2772,

Thenpe Pandy—pe D, henceye P+ D.

Corollary If F is a family of subsets of T such that
D C F and T ¢ F then any F-additive set is totally
imperfect.



Remark For a given perfect set P, we have defined
a set D = {z :Vk |ngz|| < 2%} so that for any
yeT, Pn(y— D) #0.
We can moreover arrange that for all y € T,
1. PN (y— D) contains a perfect subset,
2. if E={z:Y®k |ngz|| <27} then PN (y — E)
is dense in P.

Definition A set X C T is sp-set if every perfect
set P C T has a perfect subset @ disjoint with X.

Theorem Let D C F C P(T). Then any F-additive
set is sp-set.

Proof Let X be an F-additive, not sp-set. There
is a perfect set P such that for any perfect Q C P,
QNX # 0. Find a D-set D as above. Since X is
F-additive, there exists y € T\ (X 4+ D). We have
the set D such that PN(y—D) has a perfect subset,
but this set must intersect X. Butifz € XN(y—D)
then y € x + D, a contradiction.

Definition (Nowik, Scheepers, Weiss) Aset X C T
IS perfectly meager in transitive sense if for every
perfect set P C T there exists an Fy set F DO X
such that for all y € T, PN (y + F') is meager in P.

Notation Let F, denote the family of all subsets
of proper F, subgroups of T.



Theorem Let D C F C F,. Then any F-additive
set is perfectly meager in transitive sense.

Proof Let X # () be F-additive, P be perfect. Find
the sequence {n}.cN as above, and put

Dm = {z :Vk > m ||ngz| < 2%}

For any m, there is a proper F, group Fj,, contain-
ing the set X + Dy,. Since {Dm},,eN IS inCreasing,
we may assume that also {Fn},,cN IS inceasing,
and thus F = |JF), is a proper Fs; subgroup of
T. Denote E = {z : V® |ngz| < 27%}. Then
FOUX 4+ Dmy) =X+ FE, and thus F contains X
and a translation of E.

Let y € T be given. Since F' is a proper subgroup,
it can be shifted away from itself. Now, since F
contains a translation of E, there is also a transla-
tion of E in the complement of F'. Let x + FE be a
translation of E contained in G =T\ (y+ F). By
the construction of {ng}ren, PN (z 4+ E) is dense
in P, and thus also PNG is dense in P. Since G is
Ggs, PN (y+ F) is meager in P.



