ON THE CONVERGENCE OF A SERIES MAPPED BY
A FUNCTION

PETER ELIAS

ABSTRACT. We provide a characterization of two families of real functions,
namely, of those functions f such that the series Y f(zy) diverges whenever
the series >z, diverges, or, respectively, whenever the series Y x, non-
absolutely converges. This solves two open problems of J. Borsik. We also
reformulate known results on families of functions preserving or changing
the type of convergence of series, and add some results about divergent
series of terms converging to zero.

1. INTRODUCTION

In his paper [1], J. Borsik studied functions f : R — R which map every
series of some convergence type to a series of some other convergence type.
More precisely, let A and B be some families of sequences of real numbers. The
following families were considered in [1]:

C = {{zn}nen : X @, converges},
AC = {{zn}nen 1 Yz, absolutely converges},
RC = {{xn}nEN : 5" x, relatively converges},
D= {{xn}neN (> T diverges},
Ct = {{zn}nen : @n > 0 for all n and Y- a,, converges},
DT = {{zn}nen : @, > 0 for all n and Y- x,, diverges}.

Let us note that the series Y x,, is relatively convergent if the series Yz,
converges but Y |z,| diverges. Relative convergence is also called ‘non-absolute
convergence’ or ‘conditional convergence’.

Denote by F(A, B) the family of all functions f : R — R such that for every
sequence {z, },en belonging to A, the sequence {f(z,)}nen belongs to B. For
all but two combinations of A, B € {C, AC, RC, D,C*, D"}, a characterization
of functions belonging to F(A, B) was found in [1]. The two remained cases
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are F(D,D) and F(RC,D). In this paper, we provide a characterization of
functions belonging to these two families. We also consider one more family of
sequences of real numbers,

Dy = {{xn}neN climy 00z, =0 and >y, diverges}.
For every A, B € {C,AC,RC, D, Dy} we will find a simple family F of closed
subsets of R? such that a function f : R — R belongs to F(4, B) if and only if
its graph is a subset of some FE € F. Finally, we show how to characterize fam-

ilies F(A™, B) and F(A, B"), where AT denotes the family of all non-negative
sequences belonging to A.

2. KNOWN RESULTS

In this section, we review known results on the families F'(A, B), for A, B €
{C,RC, AC, D}. We also prove some statements related to the family Dy.

The characterization of F(C,(C) is a well known theorem of R. Rado [3].

Theorem 2.1. F(C,C)={f:R— R : Ja € R 3§ >0 Vz € (—64,0) f(z) =
ax}.

We formulate this result, as well as related results proved by J. Borsik [1], in
another way, using families of simple closed subsets of the plane. For a,b € R,
b > 0, denote

N(a,b) = {(z,y) eR* 1y =az V |z]| >b}.

Let us note that we identify a function f : R — R and its graph.
Parts (1)—(3) of the following theorem are reformulations of Theorems 10, 11,
and 3 of [1].

Theorem 2.2.
(1) F(C,C)=FRC,C)={f:3a€R3Ib>0 f C N(a,b)},
(2) F(RC,RC)={f:3a#03b>0 f C N(a,b)},
(3) F(C,AC)=F(RC,AC)={f:3b>0 f C N(0,b)},
(4) F(Do,C) = F(Doy, AC) ={f :3b>0 f € N(0,b)}.

Proof. To show (4), notice that {f : 3b > 0 f C N(0,b)} C F(Dy, AC) C
F(Dy,C). If f(0) # 0 then f maps every sequence containing infinitely many
0’s to a divergent series, hence f(0) = 0 holds for every f € F(Dg,C). If there
exists a sequence {zp}nen such that x, — 0 and for every n, z, # 0 and
f(zyn) # 0, then there is a sequence {k;, }nen of natural numbers such that for
all n, |z,| > 1/ky, and |f(xy,)| > 1/ky. If a sequence {y; }jen consists of ki-many
x1’s followed by ko-many x’s, and so on, then clearly {y;};en belongs to Dy
but {f(y;)}jen is not in C, hence f ¢ F(Dy,C). It follows that F(Dy,C) C
{f:3b>0fCNO,D)} O
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For a >0, b >0, let
X(a,b) = {(z,y) €R*: |y| < ala| V [o] =0},
O(b) = {(z.y) eR®:[a[ > b V |y| > b}.

Let 6 denote the zero function, i.e., 8(z) = 0 for every = € R.

Parts (1)—(4) of the following theorem are reformulations of Theorems 2, 7,
5, and 4 of [1].
Theorem 2.3.

(1) F(AC,C)=F(AC,AC)={f:3a>03b>0 f C X(a,b)},

(2) F(C,D) = F(AC,D) = {f:3b>0 f C O(b)}.
(3) F(D,C) = F(D,AC) = {6},

(4) F(C,RC) = F(AC,RC) = F(D,RC) = 0,

(5) F(Dy,RC) = F(C,Dy) = F(AC,Dy) = F(D, Dy) = 0.

Proof. To show that F(Dg, RC) = 0, assume that f € F(Dy, RC) and z,, = 1/n,
forn € N Put A ={n € N: f(z,) > 0}, B =N\ A. At least one of the
series Y o4 Tn, Y _nep Tn must be divergent. Since both series » 4 f(zn)
and ) f(x,) are divergent, we have that f ¢ F(Dy, RC).

To see that F'(A, Dy) = 0 for A € {C, AC, D} it suffices to take any f : R - R
and a constant sequence {%,}neny in A. Then {f(x,)}nen is again a constant
sequence and hence it does not belong to Dy. O

3. PRESERVING THE DIVERGENCE OF SERIES

The main result of this section is the characterization of the family F(D, D).
By aslight modification we also obtain characterizations of F'(Dg, D) and F(Dy, Dy).
For a € R and b > 0, denote
Y(a,b) ={(z,y) ER*:2 =0V |y| > b V |z] < ay}
and
Z(a,b)={(z,y) ER*:2=0V |y >bV z=ay}.
The family F'(D, D) can be then characterized as follows.

Theorem 3.1. F(D,D)={f:3a€R 3I>0(f CY(a,b) V f C Z(a,b))}.
We divide the proof of Theorem 3.1 into several steps.
Lemma 3.2. Let f CY(a,b) for somea € R and b > 0. Then f € F(D, D).

Proof. Assume that f C Y (a,b), b > 0, and a series ) . f(zn) is convergent.
We prove that ), must converge, too.

Without loss of generality we may assume that f(0) = 0. Otherwise, =, # 0
for all n except finitely many, and the value f(0) has no impact on the conver-
gence of ) f(z,). There exists ng such that |f(z,)| < b for n > ng. Hence,
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for all n > ng, z, = 0 or |z,| < af(z,). It follows that f(x,)f(xx) > 0 for
all n,k > ng, and the series )\ f(z,) converges absolutely. Since |z,| <

lal | f(xn)|, also the series ) 2, converges absolutely. O

Lemma 3.3. Let f C Z(a,b) for some a € R and b > 0. Then f € F(D, D).

Proof. Again, assume that f C Z(a,b), b > 0, and a series )y f(7,) con-
verges. Similarly as in Lemma 3.2, we may assume that f(0) = 0. There exists
ng such that for n > ng we have |f(x,)| < b, hence x,, = 0 or x,, = af(z,).
It follows that x,, = af(x,) holds for all n > ng, and thus the series } _yzn
converges.

We will need two auxiliary results.
Lemma 3.4. Let {a,}nen, {bn}nen be sequences of positive reals such that

. . an
lim a, =0 and lim — =0.
n—oo n—oo n

Then there exists a sequence {my}nen of non-negative integers such that

Z Mmpa, < oo and Zmnbn = 00.

neN neN

Proof. There exists an increasing sequence of natural numbers {ny}ren such
that the series ), .y @n, and ), oy @n, /by, converge. Put ¢ = 1/by,,. Then
the series ),y Cray, converges and the series ), crby, diverges. Let m,
be the least integer > ¢ if n = ng, and m,, = 0if n ¢ {ng : k € N}. Then
ZnGN MpGn = ZkeN My, Ony, 2 ZkeN(Ck + 1)a,, < oo, and ZnEN Mpbn =

wen Ckbn,, = 00. O

Lemma 3.5. Let a,b,¢,d € R be such that b,d > 0 and a/b # ¢/d. Then there
exist m,n € N such that |ma — nc| > 1 and |mb — nd| < max{b, d}.

Proof. Let us denote

a ¢
V=|—- — =

2 d,uzﬂmnax{b,d}—kl,

d

and put
m:min{keN:kb>%}, n:min{keN:kzd>%}.

Then mb > u/v, (m — 1)b < u/v, nd > u/v, (n — 1)d < u/v, hence mb — nd <
(u/v+0b) —u/v =band mb—nd > u/v — (u/v + d) = —d, thus |mb—nd| <
max{b, d}.

We also have
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and since
“_ o\ _ ¢ lel _ _
‘mb-(g—g)’—mbv>uand (mb—nd)-d < max{b, d} g =u 1,
we obtain that |ma — nc| > 1. O

Lemma 3.6. If f € F(D, D) then there exists € > 0 such that for all x,y € R,
[f(@)] <e Alf(y) <eAay>0= f(x)f(y)>0.

Proof. Tt is clear that if f(z) = 0 for some = # 0 then f ¢ F(D,D). Assume
that f(z) # 0 for all  # 0 and the conclusion of the lemma does not hold, i.e.,
for every € > 0 there exist x, y such that |f(z)| < e, |f(y)] < &, zy > 0 and
f(z)f(y) < 0. Then there are sequences {Zn}neN, {Un}nen such that all z,’s
and y,,’s have the same sign, and for every n, |f(z,)| < 27", | f(yn)] < 27", and
f(@n) f(yn) <O.

For every n, denote a,, = ||, by = |f(xn)]; cn = — ynl, dn = |f(yn)|. Since
an/bn # cn/dyn, by Lemma 3.5 there exist uy,, v, € Nsuch that |upa, — vpen| > 1
and |upby, — vpd,| < max{b,,d,}. We obtain |u, 2z, + vpyn| = |tnan — vpcn| >
Land [un f(2n) + v f(Yn)| = [tnbn — vndn| < max{|f(zn)], [ f(yn)]}-

Let us define a sequence {z;} jen as follows. For every n by induction define a
finite sequence {wf};‘:f Un containing u,-times value x,, and v,-times value y,
and such that for each k € {1,... ,u, +v,},

k
> fwp)
1=1
2 u2+v2

Let {z;}jen be the concatenation of sequences {w}}21 1" {w?}i21"2 ete. It is
easy to check that the series ),y z; diverges and }_,y f(2;) converges, hence
f¢ F(D,D). O

Lemma 3.7. If f € F(D,D) then there exist a € R and b > 0 such that
JCY(ab) or f C Z(a,b).

< max{|f(zn)|, |f(ya)|} <27

Proof. Let f € F(D,D). Let us first assume that a statement stronger than
that of Lemma 3.6 holds true, namely that there exists € > 0 such that

Yo,y #0 [f(2)] <e A |f(y)l <e = [f(2)f(y) >0. (1)

We show that then f C Y(a,b), for some a € R and b > 0.

Assume the opposite. Then for every a and b > 0 there exists x4, such that
(Xab, f(xap)) & Y(a,b), ie., zap # 0, |f(zap)] < b, and |zep| > af(xap). Let
s € {—1,1} be the common sign of all values f(z) with  # 0 and |f(z)| < ¢,
ie., sf(x) > 0 whenever  # 0 and |f(z)] < e. For b < € and sa > 0 we
have sf(zq) > 0, hence also af(zq) > 0 and |zqs| > |a| |f(zas)|. It follows
that there exists a sequence {x, }nen of nonzero reals such that f(z,) — 0 and
f(zp)/xn — 0. Moreover, there is a subsequence {y, tnen of {zy }nen such that
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all y,,’s have the same sign. Using Lemma 3.4 we can find a sequence {my, } nen
of non-negative integers such that the series ) ., |f(yn)| converges and
> nenMn |yn| diverges. Let {2;}jen be a sequence containing m;-times value
Y1, then my-times value yo, etc. Since all y,’s have the same sign, we obtain
that the series » . 2; is divergent while the series > ..y f(z;) is absolutely
convergent. This contradicts the assumption f € F(D, D).

Now, assume that (1) fails for every ¢ > 0. We show that then f C Z(a,b),
for some a € R and b > 0. If not, then for every a and b > 0 there exists = such
that (z, f(z)) ¢ Z(a,b), i.e., x # 0, |f(z)| < b, and x # af(z). We claim that
for every b > 0 there exist x and y such that zy < 0, |f(x)] < b, |f(y)] < b,
F(@)f () < 0, and f(2)/z £ Fu)/y.

This can be proved as follows. Let € > 0 be as in Lemma 3.6. Let s € {—1,1}
be the common sign of all values f(z) with z > 0 and |f(z)| <, i.e., sf(z) >0
whenever 2 > 0 and |f(x)| < e. Then sf(z) < 0 whenever x < 0 and |f(z)| < ¢,
and there is ' € {—1,1} such that s’z f(x) > 0 whenever z # 0 and |f(x)| < e.
Take any x # 0 such that |f(z)| < min{e,b}. Then f(z) # 0 and there exists
y # 0 such that |f(y)| < min{e, b} and y # (z/f(x))f(y). If zy < 0 then also
f(z)f(y) < 0 and we are done. Otherwise, since (1) fails, there is z # 0 such
that |f(z)] < min{e,b} and f(x)f(z) < 0. Then also zz < 0, yz < 0, and
F@)fx A (2))z or f)y £ £(2)) =

One can now easily find sequences {z,, }nen, {yn}nen such that for every n,
B0 > 0, 0 < 0, [F(@a)] < 277, [ ()] < 2, F(20)f () < 0, and f(w) /2 #
f(Wn)/yn. Denote an, = yn, by = |f(24)], ¢n = —yn, and d,, = |f(yn)|. By
Lemma 3.5 there exist natural numbers u,, v, such that |u,a, — v,c,| > 1 and
|tunbp, — Vndy| < max{b,,d,}. It follows that |u,Zy, + Vayn| = |[Unan — vncn| >
1 and |upn f(zn) + nf (Yn)| = |[unbn — vndyn| < max{|f(z,)|,|f(yn)|}. Similarly
as in Lemma 3.6 we can find a sequence {2;};en such that the series ), \ 2;
diverges and ), f(2;) converges, contradicting the assumption f € F(D, D).

0

Theorem 3.1 now follows directly from Lemmas 3.2, 3.3 and 3.7.

We are now going to characterize families F'(Dg, D) and F'(Dg, Dy). For any
frg:R—= R, let f ~gifandonlyif 3e > 0 Ve € R |z| < e = f(z) = g(x).
Clearly, ~ is an equivalence relation.

Theorem 3.8. Let f : R — R. The following conditions are equivalent.
(1) f € F(DO7D)7
(2) there exists g € F(D, D) such that f ~ g.

Proof. For a function f: R — R and € > 0, define

f(e) = {f(a:) if 2] < e,

15 otherwise.
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Clearly, fo ~ f. Let us assume that (2) does not hold, hence Ve > 0 f. ¢
F(D, D). Fix a sequence {e}ren of positive reals converging to 0. For each
k, find a sequence {xf}ieN such that the series }°, xf diverges but the series
Y ien fer (z¥) converges. There exists py, such such that for all i > py, |fsk (mf)| <
ek, hence also |z¥| < e; and f(a¥) = f., (zF). Since 3 a¥ diverges, there exists
N, > 0 such that

n
k

> =l

i=m

Let My, be such that Myn;, > 1, let my > p be such that

i=my

VYm dn>m > Nk

1

Vn > my, SW,

and let n; > my be such that

2
> o

1=my

> Nk-

ni
=m7y’

Let the sequence {2, } jen be created by joining M; copies of sequence {x}
then M, copies of sequence {x? i, and so on. Then {z;}jen converges
to 0, the series >,y z; diverges, and the series }_, f(2;) converges, hence
f ¢ F(Dg, D). We have thus proved (1) = (2).

To prove the other direction, assume that f ~ g and g € F(D,D). Let
{z;}ien € Dy be arbitrary, and let € > 0 be such that f(z) = g(z) for |z| < e.
There exists n such that for all i > n, |z;| < ¢, hence f(z;) = g(x;). The series

> ien 9(;) diverges, hence also ), f(x;) diverges. Thus, f € F(Do, D). [

To characterize family F'(Dg, D), we may use an easy modification of Theo-
rem 3.1. For ¢ € R and b > 0, denote

Y’(a,b):{(z,y)Estz:()\/ x| >bV |y >bV |x|§ay}

and
Z'(a,b) ={(z,y) ER*:x =0V |z| >bV [y >bV z=ay}.

Theorem 3.9. F(Dy,D)={f:3a€R 3Ib>0(f CY'(a,b) V f C Z'(a,b))}.
Proof. 1t follows directly from Theorems 3.1 and 3.8. 0

Theorem 3.10. Let f: R — R. The following conditions are equivalent.

(1) f S F(D07D0),
(2) f € F(Dy, D) A limy_o f(z) = £(0) = 0.
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Proof. To show that (1) implies lim,_,o f(x) = 0, assume that {z,}nen is a
sequence of non-zero reals converging to 0, ¢ > 0, and for all n, |f(z,)| >
c. For each n, let m, € N be such that |m,z,| > 1. Then the sequence
containing mq-times value x1, then ms-times value x5, and so on, witnesses that
[ & F(Do, Dy). O

For characterization of family F(Dy, Dp) in a form similar to Theorem 3.9 we
use a fact that for every function f such that lim,_,¢ f(z) = f(0) = 0 there exists
a continuous function h satisfying the same condition and such that h(z) > f(x)
holds on some neighborhood of 0. Indeed, let {z, },en be a decreasing sequence
converging to 0 and such that f is bounded on (—zp,zg). One can take h such
that h(0) = 0, h(xnt1) = h(—xnt1) = sup{|f(2)| : @ € [~zpn,xs]} for every n,
and between these points it is defined linearly.

Let U be the family of all continuous functions h such that lim,_,oh(z) =
h(0) = 0. For h € U, denote

Uh) = {(z,y) e R*: [y| < h(z)}.

Clearly, each U(h) is closed.
From Theorems 3.9 and 3.10 be obtain a characterization of F'(Dg, Do) by a
family of closed subsets of the plane.

Corollary 3.11. F(Dg,Dy) = {f : 3a € R3I>03h € U (f C Y'(a,b) N
Uh) v f <€ Z'(a,b)NU(R))}

4. MAPPING RELATIVELY CONVERGENT SERIES TO DIVERGENT SERIES

In this section we characterize families F/(RC, D) and F(RC, Dy). One natu-
ral example of a function belonging to F(RC, D) is f(z) = |z|. Let us mention
another, more interesting example (see [1], Example 1). Let a,b € R, and let
g(x) = ax if x > 0, g(z) = bz otherwise. Then g € F(RC,D) if and only if
a #b.

To formulate our result, we will need some notation. For f : R — R and
€ > 0, denote
f(z)

R;(e) = { rx € (—5,0) A lf(z)] < 5}

T
and

R}r(e) = {ff:):xe (0,e) A |f(x)] <s}.
For a,b,c,d € R, where b,c > 0, d € {—1,1}, denote
K(a,b,c,d)={(z,y) ER*:2 =0V |z|>cV |y| >c V dy>ax+blz|},

L(c,d) = {(z,y) e R*: |y| > c V dz <0V dz > c}.
The following theorem characterizes family F'(RC, D).
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Theorem 4.1. Let f : R — R. The following conditions are equivalent.
(1) f e F(RC,D),
(2) there exists & > 0 such that R; (¢) = 0 or Rf(¢) = 0 or inf R (¢) >
sup R (¢) or inf R (¢) > sup R} (¢),
(3) there exist a € R, b,c > 0, d € {—1,1} such that f C K(a,b,c,d) or
f < L(c,d).

The proof of Theorem 4.1 is based on the following lemma. Let d(A4, B) denote
the distance of two sets A, B C R, i.e.,, d(A,B) =inf{|lz —y|: 2 € A A y € B}.

Lemma 4.2. Let f: R = R, ¢ € (0,1) be such that R} (¢) # 0 and R;{(E) #0.
(a) If d(R; (E),R}_(E)) = 0 then there exists a sequence {x;}¥_, such that

Zle |z;| > 1 and for j € {1,...,k}, 27:1 Z; 25:1 fxy)
2¢e.

(b) Ifd(R; (e), R} (5)) >0, inf Ry (¢) < sup R} (e), inf R} (¢) < sup Ry (¢)
then there ewists a sequence {x;}¥_, such that Zle |z;] > 1 and for
every j € {1,...,k}, < e and ‘Z{Zl f(xz)‘ < 3e.

< e and <

J )
i=1%i

Proof. (a) If d(R]? (e), R} (5)) = 0 then we can find u € R} (¢), v € R} (¢) such
that |u —v| < /2. There exist a € (—¢,0), b € (0,¢) such that |f(a)] < e,
lf(b)] < e, u= f(a)/a, and v = f(b)/b. Without a loss of generality we may
assume |a| < |b], otherwise we can take function g(x) = f(—=z) instead of f.

Let m,n € N be such that 1 < mla| < 1+ |a| and |ma + bn| < b/2. Put
k =m +n. We will define sequence {z;}*_, by induction as follows. Let j € N,
1 <j<k IWHi<j:raz;=a} < m and ‘ZKJ-%-F@‘ < b, put z; = a,
otherwise put x; = b.

We will show that ’23:1 x

< b holds true for every j € {1,...,k}. Other-

wise there exists j such that |>2, .

< b and Ziql’i +9:j‘ > b. From the
definition of z; it follows that ; = b > 0. This implies )

i<j Ti > 0, hence

’Zi<j Z; —&—a’ < b, and thus |{i < j:x; = a}| = m. We obtain that x; = b for

every j < i < k, hence ma + nb = Zle T = Y <; i + (k — j)b, and thus

|ma + nb| > ‘Zigj x;| > b, that contradicts the assumption |ma + nb| < b/2.
For j € {1,...,k} denote m; = [{i < j:z; = a}|. Then

J

fh) fla)  f(b)
Zf(xi):b';’l‘ﬂrmja( . _b)’

=1
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and since ‘Zzzl z;| < band |mjal < mla| < 1+ |a|, we have ‘25:1 flz)] <
IfO)+ 1 +lal)|lu—v|<e+ (14¢)e/2 < 2e.
Since Y2F . |z;| = m|a| +n|b| and m|a| > 1, we can see that S5 |z > 1.
(b) Since d(RJ? (), R}L(E)) > 0, we have sup R} (¢) # sup RJT(E). Therefore,
either
(i) inf R}'(e) <sup R} () < sup R;{(e), or
(ii) inf R} (¢) < sup R}“(e) <sup R (e).

There are u < v < w such that in case (i), u,w € R;{(e) and v € R} (¢), and in
case (i), u,w € R} (¢) and v € R}r (€). In both cases there exist a, b, ¢ such that
fla)/a < f(b)/b < fc)/e, ab <0, be <0, |a| <&, [b] <&, || <&, [fla)] <&,

[FO)l <&, [flo)] <e.
Let us denote a’ = f(a), b’ = f(b), ¢ = f(c), and consider the equations

ar+by+cz=0 (2)
adr+by+cdz=0 (3)

of variables z, y, and z.
It can be easily checked that triples of the form

. _a’c—ac’x a'b—ab'x (4)
T be—bd 7 be—bd
are solutions of both equations. From inequalities ab < 0, bc < 0, a’/a < V' /b <

¢’ /¢ we obtain that coefficients in (4) are well defined and positive.
There exist m,n,l € N such that

a'b—ab
mb’c —bc!

a'c—ac
n+m-———

1
be—bc 2"

<

1
>1 < -
mlal = 1, <3

and ’l —

The triple (m,n,l) is an ‘approximate solution’ of equations (2), (3). More
precisely, since the triple

7<{m _ma'c—ac’ ma’b—ab’
o ’ be—bcd’ be—bd

is a solution of the equations (2), (3), we have
S Y,
ma+nb+lc:b(n+mw>+c<l—b ab ab) and

be— b mb’c—bc’

a'c—ac a'b—ab
ma/ -+ nb/ + ZC/ = b/ <TL -+ mblc—bcl) + CI <l — bmblc—bc/) s
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hence

1ol
2
b/ !

|ma’ +nb’ + 1| < —|2| JrLCQ' <e.

Let K C R® be the union of those unit cubes

]

|ma 4+ nb+le| < +5<8and

{(z,y,2) ER* 1 p<a<p+1Aqg<y<qg+lAr<z<r+1}

where p, q,r € Z, which have nonempty intersection with the line segment OT,

where O = (0,0,0). Since K is a connected set and (m,n,l) € K, there exists a

path going from O to point (m, n,l) through vertices of the unit cubes contained

in K. Let {P;}*_, be the shortest such path. Then for every i € {1,...,k},

P, — P;_4 is either (1,0,0), (0,1,0), or (0,0, 1). It follows that k =m +n + 1.
Let us define sequence {z;}¥_; as follows. For i € {1,...,k}, let

a ifpi—Piflz(l,0,0),

xT; = b ifPi—Piflz(O,l,O),

Cc lfPZ—Pl_lz(O,O,l)
For every j € {1,...,k} we have Z‘Zzl x; = ap+bg+cr and 2521 f(z;) =d'p+
b'q + r, where (p, q,r) = P;. Since P; € K, there exists a point (z,y,z) € OT

such that [p — x| <1, |¢ —y| <1, and |r — 2| < 1. Point (z,y, 2) is a solution of
equations (2), (3), hence

‘Zgzl Ti
L f)

Finally, we have Zf:l |z;| =mlal +n|b| +1]c| > 1. O

= |ap + bq + cr| < |a| + |b] + |¢| < 3¢, and

=la'p+bqg+cr| <|d|+b|+]|| < 3e.

Proof of Theorem 4.1. (1) = (2). Assume that for every € > 0, we have R (¢) #
0, R}”(e) # 0, inf R} (¢) < sup R}“(a), and inf R}’(a) < sup Ry (¢). There is
either d (R; (5),R}"(6)) =0,ord (RJI (5),R}f(€)) > 0. In the latter case we
have inf R (¢) < sup R}’ (¢) and inf R}“(a) < sup R} (g). Therefore, Lemma 4.2
can be applied for every € > 0.

Fix a convergent series )
kn

choose a sequence {z}'};”, such that Zf;l || > 1 and for j € {1,...,k,},
(S0 @| < e and [ D1, flaD)] < 32

Let us concatenate sequences {x?}f;l, n € N, into one sequence {z;}jen, that
is, if j = mel kn + 4 where 1 < 4 < ky,, then z; = 2*. Clearly, the series

n=1

en, of positive reals. For every n, using Lemma 4.2
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> jen #j is relatively convergent and the series Y f(2;) is convergent, hence
F ¢ F(RC, D).

(2) = (3). If ¢ > 0 is such that R} (c) = 0 then for every z € (—c,0) we have
|f(z)| > ¢. This implies that f C L(c¢,—1). Similarly, if R}"(C) = () for some
¢ > 0 then f C L(c,1).

If ¢ > 0 is such that inf R} (¢) > sup R;{ (¢) then there exist a,b € R such that
b>0, supRJf(c) <a—band a+b <inf Ry (c). If x € (0,¢) and |f(z)| < c then
f(z)/x < sup R?(c) < a—b, hence f(x) < ax — bzx. Similarly, if z € (—¢,0) and
|f(z)] < cthen f(z)/2z > inf R} (¢) > a+b, hence f(z) < az+bx. Thusifz # 0,
|z| < cand |f(x)| < cthen f(x) < ax—b|x|. We obtain that f C K(—a,b,c,—1).

Finally, if inf R}r (¢) > sup R} (c) for some ¢ > 0 then there exist a,b € R such
that b > 0, sup R, (c) < a—band a+b < inf R;{(c). For z € (0,c¢) such that
|f(z)] < ¢ weobtain f(z)/x > inf R;{(c) > a+b, hence f(x) > ax+bz. Similarly,
for x € (—¢,0) such that |f(2)| < ¢ we have f(z)/z < sup R} (c) < a— b, hence
f(z) > ax —bx. Thus if x # 0, |z| < ¢ and |f(z)| < ¢ then f(z) > ax + b|x|.
Hence, f C K(a,b,c,1).

(3) = (1). Let ), . Tn be arelatively convergent series, and let f : R — R be
a function satisfying condition (3). We have to show that the series ) f(zn)
is divergent. The series ) .y 2, has infinitely many nonzero terms. Inserting
zero terms into a series will not change its convergence and inserting finitely or
infinitely many times a nonzero term a will not change a divergent series into
a convergent one. Therefore, without a loss of generality, we can assume that
xn, # 0 for all n € N. We may also assume that lim, . f(z,) =0.

If f C K(a,b,c,1) for some a € R, b, ¢ > 0, then there exists ng € N such that
|z,| < ¢ and |f(zy,)| < ¢, for every n > ng. By the definition of K(a,b,¢,d),
for n > ng we have f(x,) > ax, + b|z,|. Then ) _\ f(zn) = oo because
> nen b]@n| = 0o and the set of partial sums {3, _, az, : m € N} is bounded.

Similarly, if f C K(a,b,c,—1) for some a € R, b,¢ > 0, then there exists ng

such that f(z,) < —ax, — b|z,| for every n > ng. Then ) _\ f(zn) = —o0
because Y, .y —b|@,| = —oc and the set of partial sums {}", _, —az, : m € N}
is bounded.

If f C L(c,d) for some ¢ > 0, d € {—1,1} and the series ) @, relatively
converges, then |f(z,)| > ¢ holds true for infinitely many n, hence the series

> nen f(zn) diverges. -

We finish this section with the characterization of the family F(RC, Dy).

Theorem 4.3. Let f : R — R. The following conditions are equivalent.

(1) f € F(RC,Dy),
(2) f € F(RC,D) A limg f(z) = f(0) = 0.
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Proof. We will show that lim,_,o f(z) = 0 for every function f € F(RC, Dy).
Assume that there exist ¢ > 0 and a sequence {x,, },en of nonzero reals converg-
ing to 0 such that |f(zy,)| > ¢ for all n € N. For every n, let m,, € N be such
that my, [z,| > 1. Then the sequence {z; } jen, containing m4-times pair z1, —1,
then mo-times pair x2, —z2, and so on, is such that series > jenZj s relatively
convergent, but {f(z;)}jen does not converge to 0, hence f ¢ F(RC, Dy). O

Corollary 4.4. F(RC,Dg) ={f:3a € R3Ib>03Jc>03dec {-1,1} g U
(f € K(a,b,e,d)nU(g) V fC L(e,d)NU(g))}-

5. SERIES OF NON-NEGATIVE TERMS

We complement presented results with two general statements on families of
the forms F(A*, B) and F(A, BT). Let us recall that for a family of sequences
A we define AT = {{zn}nen € A:Vn z, > 0}.

For any family A of sequences of real numbers, denote by E 4 the set of all
elements of sequences belonging to A, i.e.,

Es= {x :IHazptnen € AIneNz, :x}.
The following statement generalizes Proposition 2 of [1].

Theorem 5.1. Let A, B be families of sequences of real numbers. For every
function f, the following conditions are equivalent.

(1) feF(A B"),

(2) feF(A,B) and Vx € E4 f(z) > 0.

Proof. If there is € E4 such that f(z) < 0 then there exists a sequence in A
containing = which is then mapped by f to a sequence not belonging to B*.
This proves that (1) implies that Vo € E4 f(z) > 0. The rest of the proof is
trivial. d

Theorem 5.2. Let A, B be families of sequences of real numbers. Assume that
there exists a non-negative function h € F(A,A) such that h(z) = x for all
x > 0. Then for every function f, the following conditions are equivalent.

(1) f € F(A*,B),

(2) there exists g € F(A, B) such that Yo >0 f(z) = g(x).
Proof. Let the function h be as above. For f € F(A", B), put g(z) = f(h(x)),
for all z € R. Clearly f(z) = g(z) for all x > 0. Let {z,}nen € A be arbitrary.

Then {h(zn)}nen € AT and thus {g(x,)}nen € B. It follows that g € F(A, B)
and hence (1) implies (2). The opposite direction is immediate. O

Corollary 5.3. Let A, B be families of sequences of real numbers. Let F be a
family of subsets of R? such that F(A,B)={f:3E € F f C E}.
(1) F(A,BT) = {f :IE e F fCE\ (Eax (—oo,O))},
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(2) If there is a non-negative function h € F(A, A) such that Yo > 0 h(x) =
z then F(AT,B)={f:3E € F f CEU ((—00,0) x R) }.

Let us note that the assumption about the existence of function h is fulfilled
for A € {C,D,Dy}. For family C we can take h(x) = 0 whenever 2 < 0, for
families D and Dy we can use h(z) = |z|.

Corollary 5.3 allows us to characterize F/(A, B) for any combination of families
A,B € {C,AC,RC, D, Dy,C*,D*, Dj}.

For example, for A = B = D, from (1) and Theorem 3.1 we obtain F(D, D1) =
{f:3a€eRI>0fCY(a,b)\ (Rx(—00,0)) V fC Z(a,b)\ (Rx(—00,0))}.
Since every function f with graph below Z(a,b) \ (]R X (—o0, 0)) is a subset of
Y (lal,b) \ (R x (—00,0)), we have

F(D,D")={f:3a€R3b>0fCY(ab)\ (Rx(-00,0))}
={f:3a>036>0fCV(ab)},
where V(a,b) = {(z,y) € R? : y > alz| V y > b}. Further, from (2) we obtain
F(D*, DY) ={f:Ja€RI>0 f C V(a,b)U ((—0,0) x R)}
= {f:3a>03b>0V'(ab)},
where V’(a,b) = {(z,y) € R? : 2 <0 V y > ax V y > b}. These results

correspond to characterizations of families F'(D, DY) and F(D*, D) obtained
in [1] (see Theorem 13 and a remark before Problem 1).
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