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Abstract

Given a family of continuous real functions G, let Rg be a binary relation defined
as follows: a continuous function f: R — R is in the relation with a closed set
E C R if and only if there exists g € G such that f [ E =g [ E. We consider
a Galois connection between families of continuous functions and hereditary
families of closed sets of reals naturally associated to Rg. We study complete
lattices determined by this connection and prove several results showing the
dependence of the properties of these lattices on the properties of G. In some
special cases we obtain exact description of these lattices.
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1. Introduction and statement of main results

Let X and Y be topological spaces. Denote by CL(X) the family of all closed
subsets of X, and by C(X,Y) the family of all continuous functions f: X — Y.
Given a fixed family G C C(X,Y), let Rg be the binary relation defined by

Rg ={(},E) € C(X,Y) x CL(X): (g € G) fIE = g E}.
For F C C(X,Y) and £ C CL(X) denote

Eg(F) ={E € CL(X): (Vf € F)(f, E) € Rg},
Fg(&) ={f € C(X,Y): (VE € ) (f,E) € Rg}.

The mappings

Eg: P(C(X,Y)) - P(CL(X)) and Fg: P(CL(X)) = P(C(X,Y))
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form a Galois connection between the partially ordered sets (P(C(X,Y)),C)
and (P(CL(X)),<). This means that Eg and Fg are inclusion-reversing map-
pings such that for any F C C(X,Y) and £ C CL(X) one has

EC Eg(F) ifandonlyif Fg(€) D F.
The compond mappings
EgFgZ P(CL(X)) — P(CL(X)) and FgEg: P(C(X, Y)) — P(O(X,Y))

are closure operators on P(CL(X)) and P(C(X,Y)), respectively. Hence, for
any £ g CL(X), & Q EgFg(g) and EgFg(g) = & if and only if & = Eg(f)
for some F C C(X,Y). Similarly, for any 7 C C(X,Y), F C FgEg(F) and
FgEg(F) = F if and only if F = Fg(&) for some £ C CL(X). Let us denote

Kg ={& CCL(X): EgFg(&) =&} = {Eg(F): F C C(X,Y)},
Lg={F CCOX,Y): FgEg(F)=F} ={Fg(€): £ CCL(X)}

the classes of all closed families with respect to the closure operators associated
with the relation Rg. The families Kg and Lg are in a one-to-one correspondence
and, when ordered by inclusion, form dually isomorphic complete lattices. In
fact, the mapping & — Fg(&) is an isomorphism (Kg,C) — (Lg,2) and its
inverse is the mapping F — Eg(F). Moreover, the infimum in both lattices
coincides with the set-theoretic intersection. Let us note that in a complete
lattice there exist the least and the greatest elements.

For a history of Galois connections and their applications we refer the reader
to [M]. For more on their relations to complete lattices and formal concept
analysis see [2]. Let us note that Galois connections occur naturally in various
settings; for some examples related to analysis and topology see [6] or [8]. For
applications of Galois connections in the theory of cardinal characteristics see
[1]. Our study of restrictions of continuous functions was loosely motivated by
classical notions of Kronecker and Dirichlet sets from harmonic analysis, see [7]
and [B].

In the present paper we deal with the case X =Y = R. Our aim is to analyze
the structure of the lattices g and Lg for certain simple families G C C(R, R).
In Section 2 we characterize the elements of the lattices g and L£g. We prove
that every element of Kg is a hereditary family of closed sets and that each
hereditary family of closed sets is the least element of some lattice g. We also
find a family G such that ICg is the lattice of all nonempty hereditary families
of closed sets. In Sections 3-5 we describe the lattice KCg for three families G
determined by a single continuous function g: the singleton {g}, the family of
all functions f such that f(z) < g(x) for all z, and the family of all functions
f satisfying f(x) # g(x) for all . In each case we characterize all families that
yield the same lattice KCg.

1.1. Notation and terminology.

For F C C(R,R) and E C R we denote F [ E = {f [ E: f € F}. For
x € R we also denote Flz] = {f(z): f € F}. If H C C(E,R), we denote
[H] ={f € C(R,R): fIE € H}. We write [h] instead of [{h}] for h € C(E,R).



For E C R let CL(E) denote the family of all closed subsets of E. To avoid
ambiguity, we use notation CL(E) only if E is closed; otherwise the family of
all subsets of E that are closed in R is expressed by the term CL(R) N P(E).
Denote Eq;, = {x € R: f(x) = g(zx)} for f,g € C(R,R). Then for any
F C C(R,R) and & C CL(R) we have Eg(F) = (;er U, eq CL(Eqy,) and
Fg(&) =Npee Ugeg[g [E].

We shall identify a function f: R — R and its graph {(x,y) € R?: f(z) =
y}. We say that a family G C C(R,R) is complete if g € G holds for every
g € C(R,R) satisfying ¢ C |JG. A family G is connected if for any f,g € G and
x # y there exists h € G such that h(x) = f(z) and h(y) = g(y).

Let R* = RU{—00,00}. For f,g € C(R,R*), define inequalities f < g and
f<gby (Vz €R) f(z) < g(x) and (Vz € R) f(z) < g(x), respectively. Further,
let (f,g) ={h € C(R,R): f <h<g}and [f,g] ={he CR,R): f <h<g}
If there is no ambiguity we denote the constant function f: z — z € C(R,R*)
simply by z.

Let X be a family of subsets of a topological space. We say that X is
separated if for any distinct sets X,Y € X one can find disjoint open sets U, V
such that X CU, Y CVand (VZ e X)(ZCUor ZCV).

1.2. Main results

We will prove the following equalities and inclusions.

Theorem 1.1. Let g € C(R,R) and let G C C(R,R) be nonempty.

(1&) /C{g} = {CL(E): Ee CL(R)}.

(1b) Kyigy € Kg if and only if Glx] # R for every x € R.

(1c) Kigy 2 Kg if and only if G = [f,h] for some f,h € C(R,R*) such that
f<h, —co<h, and f < oco.

(2a) K(g’oo) ={CLR)NP(X): X CR}.

(2b) K(g,00) € Kg if and only if for every x € R there exists f € C(R,R) such
that Eg({f}) ={F € CL(R): z ¢ E}.

(2¢) Kg,00) 2 Kg if and only if G is complete and connected.

(3a) K(—oo,g)u(g.00) = {CLR) NUxex: X € P(R) is separated }.

(3b) K(—so,g)u(g,00) € Kg if and only if CL(R) N P(R\ {x}) € Kg for every
z € R and CLR)N (P(U)UPR\ clU)) € Kg for every regular open set
UCR.

(3¢) K(—oo.g)u(g,00) 2 Kg if and only if G = ;c; Gi for some linearly ordered
set (I, <) and an indexed system of complete connected families {G;: i € I}
such that for every i € I there exist functions f;, h; € C(R,R*) satisfying

UG S (=00, fi)y GiC(fihs) and | JG; € (hsyo0).

7<i J>i

First three statements are proved in Section 3 (Theorems and ,
statements (2a)—(2c) in Section 4 (Theorems [4.1] [£.2) and [4.5), and (3a)—(3c) in

Section 5 (Theorems and [5.5).



2. The elements of lattices ICg and Lg

We begin with two extremal cases.
Proposition 2.1. Let G C C(R,R).

(1) Ky ={0,CLR)}, Ly = {0,C(R,R)}.
(2) Kowr) = {CLR)}, Lowr) = {C(R,R)}.

If G # 0 then every family £ € Kg is nonempty because it contains @), and
every F € Lg is nonempty because G C F. Hence, () € Kg if and only if § € Lg
if and only if G = 0.

Proposition 2.2. Let G C C(R,R), G # 0.

(1) The least element of K¢ is Eg(C(R,R)) ={F € CL(R): G| E = C(E,R)}.
(2) The least element of Lg is Fg(CL(R)) = Fg({R}) = G.

It follows that the lattices g and Lg have at least two elements if and only
if G # C(R,R).

By Proposition [2.2] (2), every family G C C(R,R) is the least element of Lg.
Now we are going to characterize families £ C CL(R) that can be least elements
of lattices Kg.

We say that a family & C CL(R) is hereditary if for any D, E € CL(R), if
D C Fand E € £ then D € £. We show that the elements of lattices g are
exactly hereditary subfamilies of CL(R) and every hereditary family £ C CL(R)
is the least element of some lattice Kg.

Proposition 2.3. Let £ C CL(R). The following conditions are equivalent.

(1) There ezists G C C(R,R) such that £ € Kg.
(2) & is hereditary.

Proof. (1) = (2). I £ € Kg then £ = Eg(F) for some F C C(R,R). It follows
from the definition that the family Eg(F) is hereditary.

(2) = (1). Fix f € C(R,R). For every E € &, fix gg € C(R,R) such that
Eq;,, =F andlet G ={gp: E € £}. Then & = Eg({f}) € Kg. O

Lemma 2.4. Let I,J C R be non-degenerate, bounded, closed intervals. For
every n € w, let x, € int I be distinct and A, C J be dense in J. Then there
exists an increasing bijection f: I — J such that (Yn € w) f(x,) € Ay.

Proof. Let us note that any increasing bijection from I to J is necessarily con-
tinuous. Define a sequence of increasing bijections f,: I — J by induction as
follows. Let fo be linear. For every n, let ag, ..., a,4+1 be the increasing enumer-
ation of the set {a,b} U{z;: j < n}, where I = [a,b]. Assume that f,: I — J is
an increasing bijection which is linear on each interval [a;, a;4+1] and moreover
the function f, — %fo is strictly inceasing. For every j < n, if ,, ¢ (a;,aj41)
then let fr41(x) = fn(x) for every = € [aj,a;11]. If 2, € (aj,aj41), let frni1
be defined linearly on intervals [a;, z,] and [z, aj4+1], where fr11(a;j) = fn(aj),



fn+1(aj+1) = fn(aj+1)7 and fn+1(xn) € An is chosen so that fn+1 - %fO is
strictly increasing and for every = € (aj,aj41), |fat1(x) — fu(z)] < 277 We
obtain a uniformly convergent sequence of increasing bijections f,: I — J. Its
limit f: I — J is continuous and surjective. Function f — % fo, being a limit of
a sequence of strictly increasing functions, is non-decreasing, hence f is strictly
increasing. For every n we have f(z,,) = fo+1(xn) € A,,. O

Theorem 2.5. Let £ C CL(R) be hereditary. Then there exists G C C(R,R)
such that € is the least element of Kg.

Proof. Fix disjoint countable dense sets Dy, D1 C Rand h: R — {0, 1} such that
both h=1[{0}] and h=1[{1}] are dense. Given a hereditary family & C CL(R),
let G be the family of all functions g € C(R,R) such that E, € &, where
Ey =cl{z € R: g(z) € Dp(y)}. We prove that & = Eg(C(R,R)).

Let £ € £ and f € C(R,R) be arbitrary. We will find g € [f | E] such that
E, C E. Without a loss of generality we may assume that the complement
of E is a disjoint union of bounded open intervals and that the values of f at
the endpoints of each of these intervals are different. We can accomplish this
by adding to F an unbounded discrete set Z C R\ E dividing each interval
adjacent to F, and suitably modifying the values of f outside E to ensure that
f(2) & Dy for z € Z and f(a) # f(b) for each interval [a, b] adjacent to EUZ.

Let [a,b] be a closed interval adjacent to E. Assume that f(a) < f(b).
Let I = [f(a), f(D)], J = [a,b], {xn: n € w} = (Do U Dy)Nintl, and for
every n, let A, = J N h~'[{i}] where i € {0,1} is such that z,, ¢ D;. Let
gs: I — J be the increasing bijection obtained in Lemma Its inverse
g7": [a,b] — [f(a), f(b)] is an increasing bijection as well and for every z € (a, b)
we have g7 ' (%) ¢ Dy(y). Similarly, if f(b) < f(a) then there exists a decreasing
bijection g;': [a,b] — [f(b), f(a)] such that g;'(z) ¢ Dy, for all z € (a,b).
Define g: R — R by

() f(z), ifzxek,

g = g;l(:t) if J is a closed interval adjacent to E and x € int J.
Obviously, g is continuous and E, C E. Since E € £ and & is hereditary, we
have E, € &, hence g € G.

We have shown that for every E € £ and f € C(R,R) there exists g € G such
that g | E = f ] E, hence £ C Eg(C(R,R)). To prove the opposite inclusion,
let us take E € CL(R) \ €. Let {x,: n € w} be a countable dense subset of E,
and for every n, let A, = Dj(,,). By repeated use of Lemma we can find
f € C(R,R) such that f(x,) € A, for all n. Since £ is hereditary and F ¢ &,
for every g € G we have E ¢ E,, hence there exists n such that x,, € E\ E,.
We have f(zn) = Dh(z,) and g(z,) ¢ Dp(a,), hence f[E # g[E. It follows
that fIE ¢ G| E, thus E ¢ Eg(C(R,R)). O

Theorem 2.6. There exists G C C(R,R) such that Kg contains every nonempty
hereditary family € C CL(R).



Proof. Let {E,: a < 2¥} be a one-to-one enumeration of all nonempty closed
subsets of R. For each a < 2% fix some z,, € F,. Using transfinite induction for
a < 2¥ we define y, € R and a sequence of functions {g, »: n € w} C C(R,R).

We proceed as follows. If yz and gg,, are defined for all 5 < a and n € w,
find yo € {yp: B8 < a}U{ggn(za): B < a,n € w}. Let {Io,:n € w} be the
family of all nonempty open intervals with rational endpoints having nonempty
intersection with E,. For every n, there exists a function g, , € C(R,R) such
that gon(z) = yo if and only if = ¢ I, ,,, and ga »(x5) # ys for all § < a.

Let G = {gan: a < 2¥ n € w}. For every a < 2¢, let f, be the constant
function with value y,. We show that fo [Eq ¢ G Ey. If g € G then g = ggn,
for some f < 2% and n € w. If § < a then gz ,(rs) # Ya by the definition
of y,. Since x, € E,, we have f, [ E, # g | Eo. If f = «a then there exists
z € By NI, . Wehave gon(z) # Yo, hence fo [ Eqy # g E,. Finally, if 8 > «
then g, (q) # Yo by the definition of gg . Again, fo [Ey # g Eaq.

Let £ be a nonempty hereditary family of closed subsets of R. Then ) € £,
hence each E € CL(R) \ &€ is nonempty. Denote F = {fo: Eo € CL(R) \ £}. If
E € & and f € F then f = f, for some a < 2¢ such that E, € CL(R)\ &, hence
E, ¢ E. There exists n such that E C R\ I, . By the definition of g,,, we
have fo [E = gan | E, hence fo | E € G E. It follows that E € Eg(F), and we
conclude that £ C Eg(F). Conversely, if E € CL(R) \ € then E = E,, for some
a < 2% Since fo[Ey € Gl E, and f, € F, we have E ¢ Eg(F). It follows that
&€ = Eg(F), hence € € Kg. O

3. Results for family G = {g}

We show that if G is a singleton then the lattice Kg is isomorphic to the
complete lattice (CL(R),C) of all closed subsets of R. Let us note that in
(CL(R),C) we have A€ =€ and \/ € = cl (JE), for any £ C CL(R).

Theorem 3.1. Let G = {g}, g € C(R,R). Then Kg = {CL(E): E € CL(R)}
and Lg ={[¢gIE]: E € CL(R)}.

Proof. 1t is clear that (f, E) € Rg if and only if E C Eq; ,, for any f € C(R,R)
and E € CL(R). Hence, for any F C C'(R,R) we have

Eg(F) = m CL(Eqy,) = CL (mfe]-' qu,g) :
feF

Since for any set E' € CL(R) there exists f € C(R,R) such that E' = Eq; ,, we
obtain that Kg = {Eg(F): F C C(R,R)} = {CL(EF): E € CL(R)}. For any
& C CL(R) we also have

Fg(€&) = (Ig!E] = [glcl (UE)],

Eec€&

hence Lg = {Fg(€): E CCLR)} ={[gE]: E € CL(R)}. O



It can be easily seen that if G = {g} then each element £ € Kg can be
generated by a family consisting of a single function f: if £ € KCg then there
exists £ € CL(R) such that & = CL(E), for any f € C(R,R) satisfying Eq; , =
E we then have &€ = Eg({f}). Similarly, each F € Lg can be expressed as
Fg({E}) for some E € CL(R). Moreover, this set E is unique; if D, E € CL(R)
are distinct then Fg({D}) # Fg({E}) by the normality of R.

The next two results allows us to characterize families G C C'(R,R) for which
the lattice KCg is the same as in Theorem [3.1

Theorem 3.2. Let G C C(R,R) be nonempty. The following conditions are
equivalent.

(1) {CL(E): E € CL(R)} C Kg.
(2) The least element of Kg is {0}.
(3) For each x € R, Glx] #R.

Proof. (1) = (2) is trivial.

(2) = (3). If Eg(C(R,R)) = {0} then for each nonempty E € CL(R) there
exists f € C(R,R) such that f[F ¢ G| E. In particular, for every z € R there
exists y € R such that if f(z) =y then f[{z} ¢ G[{z}, hence y ¢ G[z].

(3) = (1). Fix a function h € G. For every E € CL(R) and x ¢ E let us take
y ¢ G[z] and a function f, € [h]E] such that f,(z) =y. Let F = {f,: x ¢ E}.
If D € Eg(F) then for any © ¢ E we have f, [ D € G| D, hence x ¢ D. It
follows that D C E and thus Eg(F) C CL(E). The opposite inclusion is clear,
hence we obtain CL(E) = Eg(F) € Kg. O

Theorem 3.3. Let G C C(R,R) be nonempty. The following conditions are
equivalent.

(1) Kg C {CL(E): E € CL(R)}.
(2) There exist hy,hs € C(R,R*) such that G = {g € C(R,R): hy < g < ha}.

Proof. (1) = (2). Denote H = |JG. Let us first show that H is a closed
subset of R%Z. Assume that (x,y) € clH. Since G is a nonempty family of
continuous functions, there exists in H a sequence of points {(x,,yn): n € w}
converging to (x,y) and such that all x,, are distinct. Let f € C'(R,R) be such
that f(x,) = yn for every n and f(z) = y. Then {z,} € Eg({f}) for every n.
Since Eg({f}) € Kg, it follows from (1) that cl{z,: n € w} € Eg({f}), hence
{z} € Eg({f}) and so (z,y) € H.

We show that Glx] = {g(x): g € G} is connected, for every x € R. Otherwise
we can find g1,92 € G and y ¢ G[z] such that ¢g1(x) < y < g2(z). Since
H is closed, there exist a,b,c,d € R such that z € (a,b), y € (¢,d), and
((a,b) x (c,d)) N H = 0. Let f € C(R,R) be such that f(a) = g1(a) and
f(b) = g2(b). Then {a},{b} € Eg({f}), hence also {a,b} € Eg({f}), and thus
there exists g € G such that g(a) = g1(a) and g(b) = g2(b). By Intermediate
Value Theorem there is z € (a,b) such that g(z) € (¢,d), which contradicts the
assumption that ((a,b) x (c,d)) N H is empty. So G[z] is a connected closed set,
that is, a closed interval.



For every x € R denote hy(z) = inf G[z] and ha(z) = sup G[z]. We show that
hi, ho are continuous. If y < hy(z) then there exist a,b,c,d € R such that z €
(a,b),y € (c,d), and ((a,b)x(c,d))NH = 0. It follows ((a, b)x (—oco,d))NH = 0,
otherwise one could find a contradiction using Intermediate Value Theorem, as
before. We can conclude that h; is lower semi-continuous. Since h; is the
infimum of a family of continuous functions, it is also upper semi-continuous,
and hence continuous. A similar argument shows the continuity of hs.

It remained to show that G = {g € C(R,R): hy < g < ha}. The inclusion
from left to right is clear. If g € C(R,R) is such that hy < g < hso, then for every
xz € R we have g(x) € G[z], hence {z} € Eg({g}). By (1), also R € Eg({g}),
hence g € G.

(2) = (1). Let € € Kg, that is, &€ = Eg(F) for some F C C(R,R), and let
E =¢&. Then E = {z € R: Flz] C G[z]}. First, let us show that E € CL(R).
If z € cl E then there exists a sequence {z,: n € w} in E such that x,, — z. For
any y € Flz], let us take some f € F such that f(z) = y. For every n we have
f(zn) € Flzn] € Glzy,], hence hy(zy,) < f(x,) < ha(z,). By the continuity of
fs hi1, and he we obtain that hy(z) < f(z) < ha(x), hence y € G[z]. We have
Flx] C Gx], hence x € E, and it follows that F is closed.

We show that for every f € F there exists g € G such that f[|F =g F.
Fix some f € F. For every x € E we have f(x) € G[z], hence hy(z) < f(x) <
ho(x). Let g(z) = min{max{f(x), h1(x)}, ha(z)}, for all z € R. Clearly, g is
continuous and g [ F = f | E. Since G is nonempty, we have hy < ho, and
hence also by < g < hs. By (2), we have g € G. Tt follows that E € &, hence
& =CL(E). O

Now we can characterize those families G for which Kg = {CL(E): E €
CL(R)}. Let us recall that for f, h € C'(R,R*) we denoted [f,h] = {g € C(R,R):
f < g <h}, where f < g if and only if (Vz € R) f(z) < g(z).

Corollary 3.4. Let G C C(R,R). The following conditions are equivalent.
(1) Kg ={CL(E): E € CL(R)}.
(2) There exist f,h € C(R,R*) such that f < h, f7'R]UR7IR] = R, and
G =fhl.
It follows that the same lattice g is obtained for families G of the form
(=00, 9] ={f € C(R,R): f < g} and [g,00) = {f € C(R,R): g < f}.

Corollary 3.5. Let g € C(R,R). Then K(_w,q = Kig00) = {CL(E): E €
CL(R)}.

4. Results for family G = (g, 00)

Recall that for f,h € C(R,R*), (f,h) = {9 € C(R,R): f < g < h}, where
f < g is a shorthand for (Vx € R) f(z) < g(z).

Theorem 4.1. Let G = (g, 00) where g € C(R,R). Then Kg = {CL(R)NP(X):
X CR).



Proof. If €& € Kg then &€ = Eg(F) for some F C C(R,R). Denote X = |J€.
Clearly £ C CL(R) NP(X). If E € CL(R) N P(X) then for every z € E we
have z € D for some D € &, hence f(x) > g(z) for all f € F. For every f € F
there exists f/ € G such that f'[E = f]E; it suffices to take f' = h’ + g where
R’ > 0 is a continuous function such that A’ [ E = (f —g) | E, k' is linear on each
bounded interval adjacent to E, and constant on unbounded adjacent intervals,
if there are any. It follows that E € £, and we obtain £ = CL(R) NP (X), hence
Kg C{CLR)NP(X): X CR}.

To prove the opposite, let X C R. Denote F = {f,: a € R\ X}, where
fa(z) = g(x) + |z —a] for all z € R. If E € Eg(F) then f,(x) > g(z) for all
z € Eand a € R\ X, hence E C X. It follows that Eg(F) C CL(R) N P(X).
The opposite inclusion is clear since F C Fg(CL(R) N P(X)). We obtain that
CLR)NP(X) = Eg(F) € Kg, hence {CLIR)NP(X): X CR} C Kg. O

A similar argument would prove the same result for the family G = (—o0, g).
Nevertheless, it will also follow from Corollary [4.6] below.

We will characterize those families G C C'(R,R) for which g = {CL(R) N
P(X): X C R}. Like in the previous section, we characterize both inclusions
separately. For 2 € R denote A, = CL(R)NP(R\ {z}) = {E € CL(R): = ¢ E}.

Theorem 4.2. Let G C C(R,R) be nonempty. The following conditions are
equivalent.

(1) {CLR)NP(X): X CR} C Kg.
(2) {Az:z e R} C Kg.
(3) For every x € R there exists f € C(R,R) such that Eg({f}) = As.

Proof. (1) = (2) is clear.

(2) = (3). For every x € R, we have {2} ¢ A, = Eg(Fg(Ay)), hence there
exists f € Fg(A;) such that f[{z} ¢ G|{x}. We have {f} C Fg(A,), hence
Eg({f}) 2 Eg(Fg(A,)) = A,. Conversely, if £ € CL(R) \ A, then z € F and
hence f|E ¢ G| E. It follows that E ¢ Eg({f}), and we obtain Eg({f}) C A,.

(3) = (1). Let X C R, £ =CLR)NP(X), and F = Fg(E). We will show
that Eg(F) = €. If not, then there exists £ € Eg(F) such that £ ¢ X. Let
x € E\ X. By (3) there exists f € C(R,R) such that Eg({f}) = A,. Since
E C A,, we have Fg(€) DO Fg(A,), hence f € Fg(€) = F. Tt follows that
E € Eg({f}), and we come to a contradiction. O

Note that the family {A, : € R} in condition (2) of Theorem cannot
be replaced by a smaller one. More precisely, for every z € R there exists
G C C(R,R) such that A, € Kg for all x # z but A, ¢ Kg. Indeed, let
G={f e CR,R): (V& # z) f(x) > 0}. For every y € R, let f,(z) = |z —y|.
If y # z then Eg({f,}) = Ay, hence A, € Kg. Since F5(A,) = {f € C(R,R):
(Vx # z) f(z) > 0} = G, we obtain that Fg(Fg(A,)) = CL(R), hence A, ¢ Kg.

To characterize all families G such that g C {CL(R)NP(X): X C R} we
need the following notion. We say that a set H C R? is functionally connected
if for any two points (z1,y1), (z2,y2) € H such that x1 < z9, there exists a



continuous function h: [x1,z3] — R such that h(z1) = y1, h(z2) = yo, and the
graph of h is included in H. If H is a functionally connected set then 1 [H], the
projection of H to the first coordinate, is connected. If 71 [H] has at most one
point then H is functionally connected. If 71 [H] has more than one point and
H is functionally connected then H must be pathwise connected. A connected
set need not to be functionally connected, a simple example is the unit circle
{(z,y): 2 +y? =1}

Lemma 4.3. Let a < b and let H C R? be a functionally connected set such
that [a,b] C m[H]. Let h: [a,b] — R be a continuous function such that h C H,
and let u,v € R be such that points (a,u),(b,v) € H. Then for every open
interval J such that u,v € J and rng(h) C J, there exists a continuous function
g: la,b] = J such that g C H, g(a) = u, and g(b) = v.

Proof. Let a,b, H, h,u,v, and J be as above. There exists a continuous function
f:[a,b] = R such that f C H, f(a) = u, and f(b) = v. Let az,bs € (a,b) be
such that as < by and f(x) € J for every = € [a, az| U [bs, b].

Let us first prove that there exists some a; € [a, az] and a continuous function
fi: ]la,a1] = J such that f; C H, fi(a) = f(a), and fi(a1) = h(ay). This is
clear if f(x) = h(z) for some x € [a, ag]. If this is not the case then the values
f(a) — h(a) and f(az) — h(az) must have the same signs. Without a loss of
generality, assume that f(a) > h(a) and f(as) > h(az). Let f': [a,as] — R be
a continuous function such that f/ C H, f'(a) = f(a), and f'(a2) = h(az). Let
ap = max{x € [a,a2]: f'(z) = f(x)} and a1 = min{z € [ag,az]: f'(z) = h(x)}.
It follows that f'(x) € J for every z € [ag,a1], and we can define f1(z) = f(z)
for x € [a,a0] and fi(x) = f'(z) for = € [ag, a1]. Then f; is as required.

Similarly, there exist b; € [ba,b] and a continuous function fy: [by,0] — J
such that fo C H, fa(b1) = h(b1), and fo(b) = f(b). Let g(z) = fi(z) for
z € [a,a1], g(z) = h(z) for © € [a1,b1], and g(z) = fa(x) for = € [b1,b]. Then g
has the required properties. O

Lemma 4.4. Let H C R? be a functionally connected set such that m [H] = R.
Then for every f € C(R,R) and E € CL(R) such that f[E C H, there exists
g € C(R,R) such that g|E = f|E and g C H.

Proof. Let H, f and E be as assumed. Let us note that for each point (x,y) € H
there exists g € C(R,R) such that g(z) =y and g C H.

For every closed interval I adjacent to E there exists a continuous function
gr: R — R such that g; € H and g; coincides with f at the endpoints of I.
Let g(x) = f(x) for x € E and g(z) = gr(x) for x € I if I is a closed interval
adjacent to E. We obtain a function g: R — R such that g [ F = f [ F and
gC H.

It remains to show that g; can be chosen so that g is continuous. This is clear
if there are only finitely many such intervals, so we will assume the opposite.
Let {I,: n € w} be one-to-one enumeration of all closed intervals adjacent to
E. We define continuous functions ¢, = g, as follows.

If I,, is unbounded then let g,: I, — R be arbitrary continuous function
such that g, C H and g, coincides with f at the only endpoint of I,,.
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Assume that I, = [an, b,]. For every continuous function h: I,, — R denote
osc(h) its oscillation, that is, osc(h) = max{h(z) — h(y) : =,y € I,}. Let
on, = inf{osc(h): h € H,}, where H,, is the family of all functions h € C(I,,,R)
such that h C H and h [ {an,bn} = f ] {an,bn}. Choose g, € H, such that
0sc(gn) <o, +27".

As above, let g: R — R be a map such that g(x) = f(z) for all z € E and
g(x) = gn(x) for all z € I, n € w. We prove that g is continuous at every
point z € R. Let us take a convergent sequence z — z. We will assume that
this sequence is increasing, as it suffices to consider only one-sided limits, and
for decreasing sequences the proof is the same. We may further assume that
zr € R\ E for all k since we have g(x) = f(z) for v € E and f is continuous
at z. For every k, let ni be such that z; € I,,. If there exist m,! such that
ng = m for all k > [, then g(z;) = gm(2) for all k& > [, hence z € clI,, and
g(zx) — g(z). So we may assume that ny — oo and z € E.

To prove that g(zx) — g(2), it will suffice to show that osc(gn,) — 0. Fix
some h € C(R,R) such that h C H and h(z) = g(z). By Lemma[L.3] for every
n we have o, < diam(f[I,] U h[[,]). Since both f and h is continuous at z, we
have diam(f[I,] U h[I,]) — 0, hence osc(gn, ) < on, +27™ — 0. O

Recall that a family G C C(R,R) is said to be complete if f € G for every
f € C(R,R) such that f C|JG. A complete family G C C(R,R) is connected if
and only if | JG is functionally connected.

Theorem 4.5. Let G C C(R,R) be nonempty. The following conditions are
equivalent.

(1) Kg C{CLR)NP(X): X CR}.

(2) G is a complete and connected family.

Proof. (1) = (2). Denote H = |JG. Clearly, G C {g € C(R,R): g C H}. To
prove the opposite inclusion, let g € C(R,R) be such that ¢ C H. For every
z € R we have g(z) € G[z], hence {z} € Eg({g}). It follows that R € Eg({g}),
hence g € G. Thus, G = {g € C(R,R): g C H}, hence G is complete.

It remains to show that H is functionally connected. Let (z1,y1), (z2,y2) €
H and z1 < z2. Let f € C(R,R) be such that f(x1) = y1 and f(z2) = ya. Since
{z1},{z2} € Eg({f}) and Eg({f}) € Kg, it follows that {x1,z2} € Eg({f}).
Hence, there exists g € G such that g(x1) = y; and g(z2) = yo.

(2) = (1). Let £ € Kg, that is, there exists F C C(R,R) such that & =
Eg(F). Let X =JE. We will show that £ = CL(R) N P(X).

Let us take E € CL(R) N P(X) and an arbitrary f € F. For every x € E
we have {x} € &, hence f(x) € G[x]. Tt follows that f[E C |JG. Since G is
connected, by Lemma there exists g € C(R,R) such that f[E = g[F and
g CJG. Since G is complete, we have g € G. This shows that F € Eg(F), so
CL(R) NP(X) C €. The opposite inclusion is clear. O

From Theorems and we obtain the following characterization.

Corollary 4.6. Let G C C(R,R) be nonempty. The following conditions are
equivalent.
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(1) Kg ={CLR)NP(X): X CR}.
(2) G is a complete and connected family, and for every x € R there exists a

function f € C(R,R) such that f\ UG = fI{z}.

5. Results for family (—oco,g) U (g, o0)

For f,g € C(R,R), if f(x) # g(zx) for every = then either f < g or f > g.
Hence, {f € C(R,R): (va € R) f(z) # g(x)} = (—00, 9) U (g, ).

Recall that a family X of subsets of a topological space is said to be separated
if for every distinct X,Y € X there exist disjoint open sets U,V such that
XCU,YCVand (VZeX)(ZCUor ZCV).

Theorem 5.1. Let g € C(R,R), G = (—0o0,9) U (g,00). Then

Kg = {CL(R) N U P(X): X CPR) is sepamted} .

XeXx

Proof. Let £ € Kg, that is, £ = Eg(F) for some F C C(R,R). For z € |J¢,
denote &, = {E € £:x € E}, and let X = {{J&,: v € JE}. We will show
that & is separated and & = CL(R) NUycx P(X). Let us note that for every
xz,y € R, {z,y} € € if and only if for every f € F,

(f(x) > g(x) and f(y) > g(y)) or (f(z) < g(x) and f(y) < g(y))-

Hence, the relation ~, defined by « ~ y < {z,y} € £, is an equivalence relation
on | J&, and X is the corresponding partition of | J€£ into equivalence classes.

Let X = J& and Y = (J€&, be distinct elements of X. Then {z,y} ¢ &,
hence there exists f € F such that (f(z) — g(x))(f(y) — g(y)) < 0. We have
{z},{y} € & so (f(z)—g(x))(f(y) —g(y)) # 0. Without a loss of generality we
may assume that f(z) < g(z) and f(y) > g(y). Let U = {v € R: f(u) < g(u)}
and V= {v € R: f(v) > g(v)}. Then U,V are disjoint open sets such that
X CU,Y CV. Also, for every z € | JE we have f(z) # g(z), hence z € U or
z € V. Clearly, z € U implies £, C U, and similarly z € V implies £, C V|,
hence the family X is separated.

We show that & = CL(R) N Jycy P(X). The inclusion from left to right
follows from the definition of X. Conversely, if £ € CL(R) N P(X) for some
X € X then we have x ~ y for all x,y € E, hence for every f € F we have
either f <g gor g <g f, where f <g g is a shorthand for (Vz € FE) f(z) < g(z).
It follows that f|E € G| E, thus E € Eg(F) =¢£.

We have proved that Kg € {CL(R) NUycy: X € P(R) is separated }. For
the reverse inclusion, let us take £ = CL(R) N {Jx ¢ P(X) for some separated
family X C P(R), and let F = Fg(€). Then f € F if and only if f € C(R,R)
and fIE € G| F for every F € £. Hence, F = {f € C(R,R): (VX € X)(f <x
gorg<x f)}

Let us further show that Fg(F) = £. Assume that £ € CL(R) and E ¢ £.
Then either E ¢ [J X or there exist distinct sets X, Y € X such that F intersects
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both of them. In the first case we take z € E\ |JX and f € C(R,R) such that
f(z) =g(z) and f(x) > g(x) for all z # z. Then f € F but f(z) ¢ G|z], hence
E ¢ Eg(F). In the second case let U, V be disjoint open sets such that X C U,
Y CVand (VZ € X)(Z CUor Z CV). There exists f € C(R,R) such that
U={zeR: f(z) >g(z)} and V ={x € R: f(z) < g(z)}. We have f € F but
fIE ¢ G| E, hence again E ¢ Eg(F). It follows that Eg(F) C &, hence the
equality holds true, and thus £ € Kg. Therefore, {CL(R) N Uycr P(X): X C
P(R) is separated } € Kg. O

If a family X C P(R) is separated then for every distinct sets X, Y € X one
can find regular open sets U,V such that X CU,Y C V and (VZ € X)(Z C
Uor Z CV). Indeed, if U,V are disjoint open sets then their regularizations
U’ =int(clU), V' = int(cl V) satisfy U C U’, V. C V' and are disjoint as well.
We may also take R\ clU’ instead of V.

Let us recall that for © € R we have denoted A, = CL(R)NP(R\ {z}). For
every open set U C R we also denote By = CL(R) N (P(U) UP(R\ clU)).

Theorem 5.2. Let G C C(R,R) be nonempty. The following conditions are
equivalent.

(1) {CLR)NUxex P(X): X C P(R) is separated } C Kg.
(2) {Az:z € R}U{By: U C R is reqular open} C Kg.
(3) For any x € R there exists f € C(R,R) such that Eg({f}) = Ay, and for

any z,y € R and any regular open set U C R such that x € U and y ¢ clU
there exists f € Fg(By) such that f{z,y} ¢ G {z,y}.

Proof. (1) = (2) is obvious.

(2) = (3). The first part of (3) follows from Theorem [4.2] For the second
part, let U be a regular open set such that € U and y ¢ clU. By (2), we have
By € Kg, hence Eg(Fg(By)) = By. Since {z,y} ¢ By, there exists f € Fg(By)
such that f[{z,y} ¢ G[{z,y}.

(3) = (1). Let X € P(R) be a separated family and let £ = CL(R) N
Uxex P(X). Denote F = Fg(£). We show that & = Eg(F). Let us take
E € CL(R), E ¢ £. Then either there exists © € E\|J X, or there exist z,y € E
and distinct sets X, Y € X such that r € X and y € Y.

If £ € E\UAX then let f € Fg(A;) be such that f(x) ¢ G[z]. Since & C A,,
we have Fg(A,) C Fg(€), hence f € F. It follows that {z} ¢ Eg(F), hence
E ¢ Eg(F). If z € X, y € Y for some distinct X,Y € X then there exists
an open regular set U such that X C U, Y C R\ clU and each Z € X is
covered either by U or by R\ clU. It follows that & C By. By (3), there
exists f € Fg(By) such that f | {z,y} ¢ G| {z,y}. We have f € F, hence
{z,y} ¢ Eg(F), so E ¢ Eg(F). In both cases it follows that Eg(F) = &, hence
£ ekg. O

Let us note that the family H = {A,: z € R} U{By: U is regular open} in
the second condition of Theorem [5.2|is not minimal. Indeed, By = Br = CL(R)
is an element of g for every G C C'(R,R), hence H \ {By} C Kg & H C Kg
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holds for every G. We do not know whether there exists a regular open set U
and a family G C C(R,R) such that H \ {By} C Kg and By ¢ Kg. We also
do not know whether one can find a minimal family M of nonempty hereditary
families of closed sets having the property that for every G, if M C Kg then
CL(R) NUxex P(X) € Kg for every separated family X'

To characterize families G such that CL(R) N Uy ¢y P(X) € Kg holds for
every separated family X', we need few more notions. Given a fixed family
G C C(R,R) and points a = (a1, az2), b = (by,bs) in R2, let us write a ~ b if
there exists a function f € G such that f(a1) = as and f(by) = by. Clearly, if
a ~band a; = by then a = b. We say that family G is transitive if for any points
a,b, c € R? having distinct first coordinates, if a ~ b and b ~ ¢ then a ~ c. We
say that family G is sequential if a ~ b holds true whenever a,b € | J G and there
exists a sequence of points {a,: n € w} in |JG such that a,, — a, a, ~ b, and
the first coordinates of points a, b, and a,, n € w, are pairwise distinct.

Let (I, <) be a linearly ordered set, and for every i € I, let G; C C(R,R) be
nonempty. We say that indexed system {G;: i € I} is sliced if for every ¢ € I
there exist functions g; ,g;” € C(R,R*) such that

Ugi S (—00.6), GiClyi.gh) and [JG;C (g, 00).

Jj<i j>i
Let us note that the assumption G; # () implies that g; < g;" , for every i € I.

Lemma 5.3. Let {G;: i € I} be a sliced system. Then for each i € I there exist
functions h; ,ht € C(R,R*) such that G; C (h; ,h}) and hi < h; whenever
i<y
Proof. For every i, let g ,g;7 € C(R,R*) be such that Uj<iGj € (—00,9; ),
G C (9;,9), and Uj=:9; € (g;,00). Tt is clear that if Uj<:G; # 0 then
9; € C(R,R) and, similarly, if (J;.,;G; # 0 then g € C(R,R). Since each
interval (g; (0), g; (0)) contains a rational number, I is at most countable.

For simplicity let us assume that I is infinite. In the finite case the proof

will be the same. Let {i(n): n < w} be a one-to-one enumeration of I. By
induction let us define

h;(n)(:c) = max ({h:zm)(x) m <n and i(m) < i(n)} U {g;(n) (2)}),
h;zn)(:r) = min ({h;(m)(:v) m <n and i(m) > i(n)} U {g:En)(x)})

It is clear that h; ,h] € C(R,R*), and G; C (h;,h;"). Moreover, if m < n
then either i(m) < i(n) and then h;’zm) < hy,) by the definition of A7, or
i(m) > i(n) and then h;’?n) < hy(,ny Dy the definition of h:En). Hence, hj" < h;
for any i < j. O

Lemma 5.4. Let G C C(R,R) be a complete, transitive and sequential family.
Then there exists a sliced system {G;: i € I} such that G = J;c; Gi and each G;
is complete and connected.
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Proof. We may assume that G is nonempty. Denote H = |JG. For a,b € R,
let us write a ~ b if there exists ¢ such that a ~ ¢ ~ b. We prove that = is
an equivalence relation on H. The symmetry and the reflexivity of ~ is clear.
For the transitivity it suffices to prove that a ~ b ~ ¢ ~ d implies a =~ d.
Let a = (a1,a2), b = (b1,b2), ¢ = (c1,¢2), d = (dy,d2). We may assume that
a #b#c#d, hence ay # by # ¢1 # di. If a1 # ¢1 then by transitivity of G
we have a ~ ¢, and we are done. A similar argument works if b; # di, so we
may assume that a; = ¢; and b1 = dy. Without a loss of generality, let a; < b;.
Let f € G be such that f(b;) = by, and let b = (b],b}) be such that b > by
and by, = f(b}). Then we have a ~ b’ and b’ ~ c. Since b] # di, it follows that
b ~d, and thus a =~ d.

Let {H;: i € I} be the partition of H corresponding to the equivalence =,
and for every i € I'let G, = {f € G: f C H;}. Let f € G be arbitrary. For
all points a,b € f we have a ~ b, hence f C H; for some i. It follows that
G = U{Gi: i € I}. By the definition of ~ and the completeness of G, each G;
is connected and complete, and we have |JG; = H;. Clearly, if G; # G; then
(VfeG)VgeG)f <gor (Vf € G;)(Vg € Gj) f > g. Thus there exists a
linear order on I such that ¢ < j if and only if f < g for all f € G; and g € G;.

For every i that is not a maximal element of I, let us define hy(z) =
inf{supA, . : € > 0} and ho(z) = sup{infB,. : ¢ > 0}, where A, =
H;N((x—e,z+¢e)xR) and B, . = Uj>iHjﬂ((x75,x+s) xR). Then hy is up-
per semi-continuous, hs is lower semi-continuous, and we have f < h; < hy <g
for all f € G; and g € J;-;G;. For x € R denote a = (x, hi(z)) and assume
that @ € H. Then there exists a sequence {a, : n € w} in H; converging
to a and such that each a,’s first coordinate is distinct from z. Let b € H;
be such that for every n, first coordinates of a, b, and a, are distinct. We
have a, ~ b for every n. Since G is sequential, it follows that a ~ b, hence
a € H;. Similarly, if b = (z, he(x)) and b € H then there exists k € I such that
k=min{j € I:j > i}, and b € Hg. Tt follows that if hy(z) = ha(z) = y then
(2,) ¢ H.

By a theorem of Michael (see [3], Exercise 1.7.15 (d)), there exists a con-
tinuous function h™: R — R such that by < h™ < hy and for every xz € R, if
hi(z) < ha(x) then hi(z) < h™(z) < hao(x). It follows that f < ht < g for
any f € G; and g € J;5;G;. A similar argument shows that if (J,;;G; # 0
then there exists h~ € C(R,R) such that f < h~ < g for any f € Uj<i G; and
g € G;. Hence, {G;: i € I} is a sliced system. O

Theorem 5.5. Let G C C(R,R) be nonempty. Then the following conditions
are equivalent.

(1) Kg € {CLR)NUxexr P(X): X is separated }.

(2) There exists a sliced system {G;: i € I} of complete connected families such

that g = UiEI gi.

Proof. (1) = (2). Denote H = |JG. Let g € C(R,R) and ¢ C H. Since
Eg({g}) € Kg, there exists a separated family X C P(R) such that Eg({g}) =
CL(R) N Uxecx P(X). For every z € R we have g(z) € G[z], hence {z} €
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Eg({g}), and thus | X = R. For any disjoint open sets U,V C R, if UUV =R
then either U = R or V = R. It follows that X = {R}, hence R € Fg({g}) and
thus g € G. Hence, G = {g € C(R,R): g C H}, so G is complete.

Let us show that G is transitive. Let a = (a1,a2), b = (b1,b2), ¢ = (c1,¢2)
be such that aq, b1, c; are distinct, and let a ~ b ~ ¢. Since for any (z,y) € H
there exists g € G such that g(z) = y, we can find g, h € G such that g(a1) = ao,
g(b1) = h(b1) = ba, and h(cy) = co. Let f € C(R,R) be any function such that
f(a1) = asg, f(bl) = bz, and f(Cl) = ¢9. Then {a1,b1} € Eg({f}), {bl,cl} S
Eg({f}), and thus also {a1,c1} € Eg({f}). It follows that there exists f' € G
such that f’(a1) = a2 and f'(c1) = (¢2), hence a ~ c.

To show that G is also sequential, assume that a,b € H and there exists a
sequence {a,: n € w} in H such that a, — a , a, ~ b, and first coordinates
of points a, b, and a,, n € w, are pairwise distinct. We have to prove that
a ~ b. There exists a function f € C(R,R) such that f(z) =y, f(u) = v,
and f(x,) = yn for all n, where (z,y) = a, (u,v) = b, and (zn,yn) = ap.
Since Eg({f}) € Kg, by (1) there exists a separated family X C P(R) such
that Eg({f}) = CL(R) N Jxcr P(X). We have {z} € Eg({f}) and {z,,u} €
Eg({f}), for every n.

It suffices to show that {x,u} € Eg({f}). If this is not the case then there
exist distinct sets X, Y € X such that z € X and u € Y. Since X is separated,
there exist disjoint open sets U, V such that X CU,Y C V, and (VZ € X)(Z C
U or Z CV). Since x,, — x, there exists n such that z, € U. But then z,, ¢ Y,
and this is in contradiction with {z,,u} € Eg({f}).

We have proved that G is complete, transitive and sequential. Then condi-
tion (2) follows from Lemma

(2) = (1). Let {G;: i € I} be a sliced system of complete connected families
such that G = |J,.; G:- By Lemma for every i there exist h;, bl € C(R,R*)
such that G; C (h;, h;") and h < h; whenever i < j.

Let f € C(R,R) be arbitrary. For every i, denote X; = {x € R: f(x) €
Glz] and hy (z) < f(x) < hi (z)}, and let X = {X;:i € I}. For every i € I,
let us take U; = {x € R: h; (z) < f(z) < hi(z)} and V; = {z € R: f(z) <
hi (z) or hi (x) < f(z)}. Then U;,V; are disjoint open sets such that X; C U;
and X; C V; for every j # i. It follows that & is a separated family.

We will prove that Eg({f}) = CL(R) NUxcr P(X). If E € Eg({f}) then
there exists g € G such that f[E = g[E. We have g € G; for some ¢ € I, and it
easy to see that £/ C X;. We can conclude that Eg({f}) € CL(R)NJxc x P(X).

To prove the opposite inclusion, assume that E ¢ Eg({f}), hence f [ E #
g| E for every g € G. If there exists x € E such that f(z) ¢ G[z] then z ¢ |J X,
and hence E ¢ CL(R) NUxcx P(X). Assume further that E C {x € R: f(z) €
Glx]}. If there exists ¢ € I such that f | E C |JG,, then by Lemma there
exists g € G; such that f[ E = g [ E, which is impossible. Hence, there exist
i # j and x,y € F such that (z, f(z)) € JG; and (y, f(y)) € UG,. It follows
that z € X; and y € X, hence £ ¢ CL(R) NUycr P(X).

We have proved that for every f € C'(R,R) there exists a separated family
Xy € P(R) such that Eg({f}) = CL(R) N Uxex, P(X). For arbitrary F C
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C(R,R), we have Eg(F) = (;cr Eg({f}). Let us take

X—{ () Xs: (X feF)e fo}.

feF ferF

We show that X' is separated. Let (Xy: f € F),(Yy: f € F) € [[;cx Xy be
such that (;c» X¢ # (V;c7 Yy Then there exists h € F such that Xj, # Yj.
Since A}, is separated, there exist disjoint open sets U, V' C R such that X, C U,
Yp CV,and (VZ € X,)(Z C U or Z C V). It follows that (. » Xy C U and
NferYs C V. For every (Zs: f € F) € [[ e Xy we have Z, CU or Z, C 'V,
hence also mfefo CU or ﬂfe}.Zf cV.

For E € CL(R), we have E € Eg(F) if and only if (Vf € F)(3X € X;) E C
X if and only if (3X € X) E C X. Hence, Eg(F) = CL(R) NUxcr P(X) and
condition (1) follows. O
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