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ABSTRACT. A class of generalized weighted quasi-arithmetic means in the integral
form M[a’b]’g(p7 f) is studied using the weighted integral form of Jensen’s inequality.
In particular, various inequalities and properties of the generalized weighted quasi-
arithmetic means are established with respect to the properties of input functions
p, f and g. Some well known inequalities as a consequence of our results are derived.

INTRODUCTION

In the discrete case, a mean of a nonnegative n-tuple of real numbers a = (a1,
..., ay) with respect to a weight vector p = (p1,...,pn) of positive real numbers,

where ', p; = 1, n € N (the set of all positive integers), is defined with the
formula

M(p,a) = ¢~ (st@(%)) ; (1)

where ¢ is a continuous and strictly monotone function which has its inverse
function ! satisfying the same conditions, [6]. Here ¢ is called the Kolmogoroff-
Nagumo function associated with (1). The mean of the form (1) is also referred to
as the quasi-arithmetic mean. This class of means comprises the commonly used
algebraic means and also other types of aggregation operators.

A considerable amount of literature about the concept of mean (or average) and
the properties of several means (e.g. the arithmetic mean, the geometric mean,
the power mean, the harmonic mean) has been appeared in the 19th century.
A. N. Kolmogoroff [10] and M. Nagumo [13] were the first who investigated the
characteristic properties of means in general. They considered mostly the case of
equal weights. The generalization to arbitrary weights and the characterization of
means of the form (1) are due to B. de Finetti [3], B. Jessen [8], T. Kitagawa [9],
J. Aczél [1] and many others.

Integral analogue of means (1) was established in 1930ties by A. N.Kolmogoroff,
M. Nagumo and B. de Finetti. They showed that all types of the so called intrinsic
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means may be expressed via

M) =7 ([ ot ara)) )

where F'(z) is a distribution and ¢(x) is a continuous real increasing function on
R (the set of all real numbers), cf. [6]. The integral (2) is meant in the sense
of Lebesgue-Stieltjes. This form of means coincides with class of the so called
integral p-means. Recently, it is well known that many types of means may be
rewritten according to the pattern given with the formula (2), e.g. the Stolarsky’s
means [19].

In this paper we study the quasi-arithmetic non-symmetrical weighted mean (3)
proposed by F. Qi in [18]. In Section 2, we state an analogue of Jensen’s inequality
for the weighted integral means as well as its conversion. This enables us to derive
various inequalities for means M, 4 4(p, f), @ < b, with respect to the convexity
property of functions f and g. Also a comparison theorem between generalized
weighted quasi-arithmetic means is established. As a consequence we derive the
weighted integral version of Wang-Wang’s geometric-harmonic mean inequality,
Chebyshev’s integral inequality and the well known Pdlya-Knopp’s inequality.

1. PRELIMINARIES

Let [a,b] C R, a < b, be an interval. Denote by L;([a,b]) the vector space of all
real Lebesgue integrable functions defined on the interval [a,b] with the classical
Lebesgue measure. Let us denote by L{ ([a,b]) the positive cone of Li([a,b]), i.e.
the vector space of all real positive Lebesgue integrable functions on [a, b]. In what
follows [|p||(4,4) denotes the finite L;-norm of a function p € L{ ([a,b]).

Definition 1.1. Let (p, f) € L{ ([a,b]) x L] ([a,b]) and g : [0,00] — R be a
real continuous and strictly monotone function. The generalized weighted quasi-
arithmetic mean of function f with respect to weight function p is a number
Miap),4(p, f) € R, where

b
Mg p),4(ps f) = g ! (ﬁl p(:c)g(f(m))dm) ; (3)

where g~! denotes the inverse function to the function g.

In what follows, g is always a real continuous and strictly monotone function
(in accordance with Definition 1.1).

Means Mg ), 4(p, f) include many commonly used two variable integral means
as particular cases when taking the suitable functions p, f and g. For instance,

(a) for g(z) = x = I(z) (the identity function) we get the weighted arithmetic
mean

1 b
M[a,b],g(pa f) = A[a,b](pa f) = M/ p(ZC)f(.T) dx;



(b)

()

Miq.4(p: ) = MU(f5p;a,b) =
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for g(x) = 2! we obtain the weighted harmonic mean

1t -
M[a,b],g(paf):H[a,b](paf): <m/@ %dl‘) N

for g(x) = 2" we have the weighted power mean of order r

1
b r G
(Ilplll[a,b] fa p(z)f(:c) dx) ) r#0
b
exp (—le\l[a,b] fa p(x)In f(x) dx) , T=0
The case r = 0 corresponds to the weighted geometric mean and r = 2 is
called the weighted Fuclidean quadratic mean.

if we replace p(z) by p(x)f"(x) and g(z) by 257" in (3), then we get the
generalized weighted mean values

Lﬁuwww¢>*h
[Pp@)fr@)yde)

if p(x) is a constant function on [0, 27] and f(z) is of the form

M[a,b],g(pa f) = Mp,f(ra s a, b) = (

(u™ cos?x + v"sin )7, n#£0

f(‘r) = { cos?z,sin? x
)

u v

)

n=>0

then we obtain the gemneralization of arithmetic-geometric mean of Gauss

Mia),4(p, f) = Mgn(u,0) = g~ < ! /O%g(f(x))dx>

27
for n # 0. Choosing n = 2 and g(x) = 2! we get original Gauss’
arithmetic-geometric mean. For n = —2 and ¢(t) = ¢t~2 the mean may

be found in [16], the case n =1 and g(t) = Int was studied in [2].

Note that means M, ) 4(p, f) generalize also logarithmic means L(a, b), identric
means I(a, b), one-parameter means J,(a, b), abstracted means Mg(a, b), extended
mean values E(r, s; a,b), generalized logarithmic means S,.(a, b), and many others.
Hence, from M, ), 4(p, f) we may deduce most of the two variable means. Further
possible extension of means M,y 4(p, f) could be considered when f is of the
form f(0) = |h(re*?)|, where 0 < r < 1 and h is an analytic function in the open
unit disk D = {z : |z| < 1} of the complex plane C. In that case choosing a = 0,
b=2m, g(x) =2 for 0 < ¢ < oo and p(x) =1 on [0, 27|, we get the integral mean
of order ¢, cf. [4],

1
1

2m q
Miunslp ) = 1) = (5= [ Ihtreyras) "
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2. JENSEN’S INEQUALITY AND ITS CONVERSION

Many mathematical investigations deal with problems about operator of means
depending of the behavior of the input functions p, f and g, resp. how functions
behave under the action of means. The most known case is that of Jensen’s convex
functions, which originally deal with the arithmetic mean.

In general measure theoretical notation the Jensen’s inequality theorem sounds
as follows: let (€2, A, 1) be a measurable space, such that pu(Q2) = 1. If f is a real
p-integrable function and ¢ is a convex (concave) function on the range of f, then

w(/ﬁfdu)S/QwOfdu,
(o([ran)= [woran)

cf. [17]. The following Lemma 2.1 is a direct application of this general statement

to our particular situation when yu([a,b]) =1 and du = H;’H([z)b] dz.

Lemma 2.1 (Jensen’s Inequality). Let (p, f) € L{ ([a,b]) x LT ([a,b]) such that
a < f(z) < B for all x € [a,b], where —oo < a < f < 00.

(i) If g is a convex function on (a, 3), then
9(Ap) (P, ) < Ay (p,g0 f)-

(i1) If g is a concave function on (a, 3), then

(g(A[a,b] (pa f)) > A[a,b] (pag © f))a

where A ) (p, f) denotes the weighted arithmetic mean of the function f on [a,b].

Corollary 2.2. Let (p, f) € L ([a,b]) x LT ([a,b]) such that o < f(z) < B for
all x € [a,b], where —co < o < 3 < 0.

(i) If g is a convex increasing or concave decreasing function on («, 3), then

Aap)(p, f) < Mg )4, f)-

(i) If g is a convex decreasing of concave increasing function on («, 3), then

A[a,b] (pa f) > M[a,b],g(pa f)

Proof. Let g be a convex increasing function. According to Jensen’s inequality
we get

9 (9(Auy®. ) <97 (Aap (@ g0 f)),
which is equivalent to
A[a,b] (pa f) < M[a,b],g(pa f)

Proofs of the remaining parts are similar. O
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Some elementary properties of M, 4] 4(p, f) derived by the use of the weighted
integral analogue of Jensen’s inequality may be found in [5]. Also some well known
inequalities among weighted means in integral form may be obtained as its direct
corollaries.

The following theorem corresponds to some conversions of the Jensen’s inequal-
ity for convex (concave) functions in the case of Mg 4 4(p, f)-

Theorem 2.3. Let (p, f) € LT ([a,b]) x LT (la,b]), such that f : [a,b] — [o, 3],
and g : [a, f] = R, where —co < o < 3 < 00.
(i) If g is convex on [a, (3], then

g(M[a,b],g(p, f)) - g9(a) (6 ; A[Zb] (p, f)) s 9(83) (A[;b](polf) — a) |

(ii) If g is concave on |a, (], then

Q(M[a,b],g(p, f)) . 9(@) (ﬁ ; A[c;b] (p; f)) . 9(8) (A[;b](PO:f) - a) |

Proof. We will prove only the item (i). The item (ii) may be proved analogously.
Suppose that g is a convex function on the interval [, 5]. Let us consider the
following integral

b
/ p(2)g(f (x)) dz.
Putting
Ay = L=, 0
we have

f(@) = (1= A@))a + )8,
for all « € [a,b]. Since a < f(x) < for all x € [a,b] and g is convex on [«, 8], we
have

b
/ p(2)g(f () da

IN

/abp(z)<(1 —AM2)g(a) + A(x)g(ﬂ)) do

9(a) / b (1~ A@)) da + (3 / poAE) d
By (4) we get

b b
| e de = 2= ( | @@ s anpn[a,b])

and therefore

/ p()g(f (@) do < I (mpna,m— / p(w)f(w)dw>

S

b
g(ﬁzy </a p()f(z)dz — a ||P||[a-,b]> -

_|_
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Since [[p||{a,p) is positive and finite, we may write

1 b
9(Mosso0.9) = = [ ot o
9l (8- T o) @ dz) a9 (i Jgp(w)f(:v) dr —a)
_ 9() (B— Ay (. f)) N 9(8) (A (0, f) — )
8-« B8—a ’
The proof is complete. (I

3. SOME INEQUALITIES AMONG MEANS

In this section we investigate some more properties of the class of generalized
weighted quasi-arithmetic means expressed in the integral form. Summarizing
elementary properties of M, 3] 4(p, f) related to convexity (concavity) of functions
f, g we obtain the following easy lemma. For the proof, cf. [5].

Lemma 3.1. Let (p,k) € L ([a,b]) x L ([a,b]) and let h; € L{ ([a,b]) be a
sequence of functions, i =1,...,n; n € N. Let § € R.

(a) If g : [0,00) — R is a convex function and f : [0,00) — R is a concave
function on [a,b], then
(1) M[a b, g(pa k) > M[a,b],(—g)(pv k) and M[a,b],f(pv k) < M[a,b]v(_f)(pa k)7
ii k) < M[a,b],g(pv k);
(iii) M[a7b]7f(p,5) < 6 < Migp),4(p,6), where 6 = 6(x) > 0 is a constant
function for x € [a,b];
(iv) o1y Mg, p(py hi) < Mgy, (9, D5y hi);
(v) if f(z) = g(x) for all z € [a,b], then Mo, 5(p:9) < Alap)(p,g) <
Apap)(ps f) < M) (p, f)-
(b) If g : [0,00) — R is a concave function and f : [0,00) — R is a convex
function on [a,b], then the above inequalities (i)—(v) are in the reversed
order.

Jensen’s inequality provides very important tool for a kind of comparison of
means. Therefore, we state the following comparison theorem between means

Miqp),,. (P, f) and Mg p), g, (P f).

Theorem 3.2. Let (p, f) € L{ ([a,b]) x LT ([a,b]) such that f : [a,b] — [a, G].
Let gi,, k = 1,2,...,m be one to one functions defined on [«, 5]. Let us denote
G1 =4g1, GQ 19209;1,...,Gk+1 :ngrlOg];l fOTk: 1,2,...,m71.

(i) If either Gy are concave increasing or convex decreasing on the range of g,
fork=1,2,...,m, then

M[a,b],gk(pa f) < M[a,b],gk71(p7 f)a k= 1; 27 R
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(i1) If either Gy are concave decreasing or convex increasing on the range of g,
fork=1,2,...,m, then

M[a,b],gk(pa f) > M[a,b],gk71(paf)a k= 1; 27 cee, M.

Proof. Let us suppose that G = g o g,;_ll are concave increasing functions for

k=1,2,...,m. By Jensen’s inequality we have
1 b b
[ 0@ (9er7@)) de < o | i [ ple)ga(f@)de )
1Plla.b) Ja 1PMla,0) Ja
for K = 1,2,...,m. Since the functions G} are increasing, it follows that g, are
increasing too, and therefore for k =1,2,...,m we get
_ 1 /b
1
9 | 7r— | p@)Gr(gr-1(f(2)) ) dx
¢ (npn[a,b] . ( )
1 1 ’
< (9, °Gr) m/ p(@)gr—1(f(z))dz | .

Using the fact gk_1 oGy = gk__l1 and Grogr_1 = gk, we finally obtain the inequality

1 1 b 1 # b
[ <m/@ p(z)gk(f(z))dz> < 9L <||P||[a,b]/a p(:c)gkl(f(;c))dx>,

for k = 1,2,...,m, which corresponds to M, y].q, (D, f) < Miap),g._, (D, f)-
Proofs of the remaining parts are similar. O

Lemma 3.3. Let p € L ([a,b]) and f : [a,b] — R be a continuous and inte-
grable function with the continuous first derivative on (a,b).

(i) If f is a strictly monotone and convex function on [a,b], then
A (0 ) < f (Apap(p(2) ' (2), 2)) -
(i1) If f is a strictly monotone and concave function on [a,b], then
A0 ) > f (A (p(2) ' (2), ) -
Proof. Let us define 0 by
g _ Jar@)f @ de
J2 p@) f! () da

Since f is strictly monotone on [a, ], it follows that 6 € (a,b). The convexity of f
ensures that f’ is nondecreasing on (a,b) and

f(@) + f'(@)(0 — z) < f(0),
cf. [14]. Multiplying both sides of the above inequality by %, we have

p@)f(x)  p@)f(@)®—z)  pl)fO)
121l7a. [12lla.0 = Ipllay

(5)
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Integrating (6) with respect to  we may write

fabp(x)f( f p(x)f'(x) dx f p(x)f(x)x dx
I2la,8) ||P||[a B HPH (a,0]

< f(0).

Replacing 6 by (5) we obtain

Jr(@)f@)dz fp—m
Pl =7\ [0 p(a dz )’
ie. Ay (0. f) < f (A (0() f'(2), 7). B

Example 3.4. Let [a,b] = (0,1/2] and suppose p € LT ((0,1/2]). Let f(z) =
In =% on (0,1/2]. It is easy to verify that function f(z) is strictly decreasing and
convex on (0,1/2] and f'(x) = ﬁ, i.e. the assumptions of Lemma 3.3(a) are
satisfied. Thus,

1/2 p(w)

1/2 p(x)
1 /1/217(33) In 1-a de < In [ 2L—2= 1) f i
P01/ Jo " Iy ﬁ da

B <f01/2 P(I) dx )
- 1/2 p(z
o e da

The above inequality may be rewritten as follows

1 /1/2 @ 1— f1/2 p(x) d
29 BT T— p(z) In <20z 7
||P||(0,1/2] 0 T f1/2 p(z) de
which is equivalent to

1/2
exp (m fO p(.r)ln(l—x)dx) § f;m@dz
1/2 = 1/2 = .
e (i Jo Pp@)mede) " fda

Using the notation

A

1/2
Gio1/2(p(x), 9(x)) = exp (é / p(z) In g(z) dx) ,

HPH(0,1/2]

for the weighted geometric mean and

o P
H“’”Q](p(x)’g(z”(npn(o,l/z}/o ) dﬂf) ’

for the weighted harmonic mean, we may rewrite the inequality (7) as follows

Go,1/2/(p(x),1 —x) _ Ho1/29/(p(x),1 —2)
Goa2(p(z),2)  —  Heu2(p(), )
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which is equivalent to the weighted integral inequality of Wang-Wang, cf. [11], in
the form

Hg,1/2] (p(z), ) < Go,1/2] (p(2),z)
H1/9(p(7),1 —2) = Go,1/2/(p(7), 1 — )

The following theorem is an easy corollary of Lemma 3.3.

Theorem 3.5. Let p € L ([a,b]). Suppose f : [a,b] — [, 8] is a continuous
and integrable function on [a,b] with the continuous first derivative on (a,b), and

g:lo, 8] = R
(i) If either g is a convex increasing or concave decreasing function on [a, 3]
and f is a strictly monotone and concave function on |a,b], then

J (A (p(@) f'(2), ) < Miay),4(p, f)-

(i) If either g is a concave increasing or convex decreasing function on [« 3]
and f 1is a strictly monotone and convex function on |a,b], then

f (A (@) f'(2),2)) = Mq 4,40, f)-

Proof. Let g be a concave decreasing function on [, 3] and f be a strictly
monotone and concave function on [a,b]. From Corollary 2.2 and Lemma 3.3 we
immediately get the inequalities

Miap).g(P; ) = Ay (p(2), f(2)) > [ (Apan(p(2) [ (2),2)) .

Remaining parts may be proved analogously. O

Theorem 3.6. Let (p, f) € (L ([a,b]) x LT ([a,b])), where f : [a,b] — [o, B] is a
continuous function with the continuous first derivative on (a,b). Let g : [o, 8] —

R.

(i) If either g is convex increasing or concave decreasing on |« 3], then

Ay (ps f) < f(a) + Mg p) 4 ( /f dt)

(i) If either g is concave increasing or convex decreasing on [a, 3], then

Ay (ps f) = f(a) + Mg b4 ( /f dt)

Proof. Consider the case when ¢ is convex increasing on [a, 5]. The direct
calculation yields

M[ab,g< /f dt)>A[ab]< /f dt)

L .
~ Ipla b]/a pe)f (@) de - |£|([a)b] /a p(x) dz = Ao (p. f) = f(a).




10 JAN HALUSKA anp ONDREJ HUTNIK

Similar results we may obtain when considering integrals ff f/(t)dt. An easy
corollary for the generalized weighted quasi-arithmetic mean of product of two
functions follows from the Chebyshev’s integral inequality in the following form,
cf. [12].

Lemma 3.7 (Chebyshev’s Inequality). Let p € L ([a,b]) and let b,k : [a,b] —

R be two integrable functions, both increasing or both decreasing on [a,b]. Then
A[a,b] (pa h) : A[a,b] (pa k) < A[a,b] (pa hk) (8)
If one of the functions h or k is nonincreasing and the other nondecreasing, then

the inequality in (8) is reversed.

Theorem 3.8. Let p € L ([a,b]), let h,k : [a,b] — [a, ] be two integrable
functions and f : [a, 0] — R. Let g be a real continuous monotone function

defined on the range of hk.

(i) If g is convex increasing or concave decreasing, [ is concave increasing
or convex decreasing and h,k are either both increasing or both decreasing
functions, then

Mia )50 h) - Mgy, ¢ (0, k) < Mg p),(p, hE).

(i1) If g is concave increasing or convex decreasing, f is convex increasing or
concave decreasing and one of the functions h, k is nonincreasing and the
other one nondecreasing, then

M[a,b],f(p, h) : M[a.,b],f(p’ k) > M[a,b],g(pa hk)

Proof. Let us prove the item (i). Suppose that h,k are both increasing func-
tions, ¢ is convex increasing and f is concave increasing function. From Corol-
lary 2.2 it follows that

Miay),5(p,h) < Ajag(p,h)  and Mgy r(p, k) < Apa 5 (p; k).

Since h, k are both increasing functions, then

Miap),5 (0, 1) - Miap),5(p, k) < Alap) (D5 h) - Ala,p (05 F)-
Applying Lemma 3.7 and Corollary 2.2 we get

M[a,b],f(pa h) : M[a,b],f(pa k) < A[a,b] (pa hk) < M[a,b],g(pa hk)

Hence the result. Similarly we may prove the remaining parts. (I
4. SOME APPLICATIONS

In this section we deal with the geometric mean operator G : L ([0,00)) —
LT ([0,00)) defined as follows: If f € L ([0,0)), then

G =ew (1 [ mrwa). e 0.0 o)

0

i.e. we consider g71(-) = exp(-) and the weighted function p(t) = 1.



SOME INEQUALITIES INVOLVING INTEGRAL MEANS 11

There exist many inequalities involving the geometric mean operator (9), cf. [15].
We will prove the following generalization of the inequality considered in [7] and
give an easy corollary related to Pélya-Knopp’s inequality and its weighted form.

Theorem 4.1. Let n be a natural and r, s, q be real numbers satisfying 2r™ —1 >
q—sr™. If

| e < s,
0

then
/ z9 exp [r%xrn/ " |z f ()| dt| da
0 0
< ce [To o) at (10)
0
where
,rn

T s —q—1
Proof. Using the substitution ¢ = xy, we may rewrite the left side of (10) as

follows
o] 1
/ 9 exp {7’2” / vy ~'ln |x=% f (zy)] dy] dx.
0 0

Since e = exp {77’2” fol y ol lnydy}, we have that (10) has the form
o] 1 "
/ 7 exp [r2"/ y" Tln|az T8 f(xy)| dy} dr <
0 0

1 o]
< C-exp [—r2"/ y" ! 1nydy] . / tI=S F ()| dt.
0 0

The direct calculation yields

o) 1
C’/ tqfsrn|f(t)|rn dt > exp {7’2”/ yrnllnydy}
0 0
o] 1 N
X / 9 exp {TQ"/ yrrlln|xsf(zy)|dy] dx
0 0
o] 1 N
= / 9 exp {TQ"/ yrrlln|xsyf(zy)|dy] dx.
0

0
Therefore, we get the inequality

e’} 1 e’}
/ z? exp [r”/ yTn_l In |x_syf(acy)|Tn dy} dx < C/ tq_”n|f(t)|Tn dt.
0 0 0

By Jensen’s inequality, the left side is dominated by

[e%s) 1
o [T < | et dy) dr. (1)
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Applying Fubini’s theorem to (11) and using the substitution ¢ = xy, we get

1 [e’e]
T”/ yo ot (/ | f(wy)|” dw) dy =
0 0
1 " n [e’e] ” "
o [ ([T r ) ay -
0 0

- . / s () dt.
0

2rn 4 sr —q —1 .
Hence the result. O

Note that from the inequality (10) we may obtain some well known inequalities
as direct consequences. For instance, the following Pélya—Knopp’s inequality.

Corollary 4.2. Letr =1,g=s=n =0 and f(t) > 0. Then the inequality (10)

reduces to - . -
/0 exp [i/o In f(t) dt] dx < e/o f(z)dz, (12)

or equivalently,
/ [Gfl(x)dx < e/ f(z)de.
0 0

Some weighted versions of Pélya—Knopp’s inequality (12) may be also directly
derived from (10), for example:

/ x?exp {— / In f(t) dt} de < —— 29 f(z) dx,
0 T Jo L—qJo
for every ¢ < 1, which is more general than (12).
Using Theorem 4.1 we may obtain some other interesting integral inequalities.

One of them is the Cochran—Lee’s type inequality.

Corollary 4.3. Let s = 0, let ™ = XA > 0 and q be real numbers such that
2\ —1>q. Then (10) has the form

oo 2 T oo
/ x?exp [A—A/ t’\_11n|f(t)|dt] dx < Ce/ 24| f ()| de,
0 = Jo 0

where
B A
S 2A—q—1"
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