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ON INTEGRATION IN LOCALLY CONVEX SPACES

Ján Haluška

Abstract. An algebraic type of integral is introduced in locally convex spaces. Two
convergence theorems are given.

1. Preliminaries

1.1. Let T 6= ∅ be a set and R be a ring of subsets of the set T . The set F ⊂ T is
called locally measurable if there holds the implication E ∈ R ⇒ F ∩ E ∈ R. Denote
Rloc the set of all locally measurable sets. Rloc is an algebra of sets.

1.2. Let X,Y be two vector spaces over the field K, where K is the field of all real or
complex numbers. Let P, Q be two directed families of seminorms which define locally
convex Hausdorff topologies on X and Y respectively. We suppose Y to be complete.
Let B be a vector bornology on X and Θ be a basis of B which consists of circled sets
in X, cf. [3].

1.3. Denote Z a locally convex subspace of the space L(X,Y) of all continuous
linear operators z : X → Y equipped with the topology of the uniform convergence on
elements θ ∈ Θ, cf. [4].

A set function m : R → Z is called a charge (= a finitely additive vector measure)
if m(∅) = O and the following implication holds:

E, F ∈ R, E ∩ F = ∅ ⇒ m(E ∪ F ) = m(E) + m(F ).
1.4. A function f : T → X is called to be simple if f(T ) is a finite subset of X

and for each x ∈ X \ {O} there is f−1(x) ∈ R. Denote Φsim the space of all simple
functions. By an indefinite integral of the function f ∈ Φsim with respect to the charge
m we mean

(1)
∫

E

f dm =
∑

x∈f(T )\{O}
m(E ∩ f−1(x))x =

∫

T

fχE dm,

where χE denotes the characteristic function of the set E ∈ Rloc.
1.5. By a q, θ-semivariation m̂q,θ of the charge m we mean

(2) m̂q,θ(E) = sup q

(∫

E

f dm
)

,

where E ∈ Rloc and the supremum is taken over the all functions f ∈ Φsim, such that
‖f‖E,θ ≤ 1, where
(3) ‖f‖E,θ = sup

t∈E
pθ(f(t)),

where pθ denotes the Minkowski functional of the set θ ∈ Θ (if θ ∈ Θ does not absorb
the point x ∈ X, then we put pθ(x) = ∞).

We say that the charge m is of finite Θ-semivariation on E ∈ Rloc if for every q ∈ Q
there exists a set θ ∈ Θ, such that m(E) < ∞.
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1.6. Lemma. The set function m̂q,θ, q ∈ Q, θ ∈ Θ, is a monotone, subadditive set
function on Rloc and m̂q,θ(∅) = 0 for every q ∈ Q, θ ∈ Θ. If E ∈ Rloc, f ∈ Φsim, q ∈
Q, θ ∈ Θ, then

(4) q

(∫

E

f dm
)
≤ ‖f‖E,θ . m̂q,θ(E).

1.7. It is technically convenient to extend the definition of m̂q,θ, q ∈ Q, θ ∈ Θ, to
arbitrary subset of T . We do this as follows: if W is an arbitrary subset of T the we
define

(5) m̂∗
q,θ(W ) = inf

E∈Rloc,W⊂E
m̂q,θ(E).

1.8. Definition. We say that the net of charges (νi)i∈I , νi : Rloc → Y, i ∈ I, is
eventually equicontinuous with respect to the Θ-semivariation, if for every q ∈ Q, ε > 0,
there are θ = θ(q) ∈ Θ, i1 = i1(q, θ, ε) ∈ I, and E = E(q, θ, ε) ∈ Rloc, such that
m̂q,θ(E) < ∞ and for every i ≥ i1, i ∈ I, and D ⊂ T \ E, D ∈ Rloc, there holds:
q(νi(D)) < ε.

1.9. Definition. We say that the net of charges (νi)i∈I , νi : Rloc → Y, i ∈ I, is
eventually uniformly absolutely continuous with respect to the Θ-semivariation, if for
every q ∈ Q, ε > 0, there are θ = θ(q) ∈ Θ, i2 = i2(q, θ, ε) ∈ I, and η = η(q, θ, ε) > 0,
such that for every i ≥ i2, i ∈ I, the following implication holds:

(6) A ∈ Rloc, m̂q,θ(A) < η ⇒ q(νi(A)) < ε.

1.10. Definition. We say that the net of functions (fi)i∈I , fi : T → X, i ∈ I, con-
verges with respect to the Θ -semivariation to the function f : T → X, if for every
q ∈ Q, δ > 0, η > 0, there are θ = θ(q) ∈ Θ and i3 = i3(q, θ, δ, η) ∈ I, such that for
every i ≥ i3, i ∈ I, the following implication holds:

(7) m̂∗
q,θ({t ∈ T ; pθ(fi(t)− f(t)) ≥ δ}) < η.

1.11. Definition. We say that the function f ∈ Φsim is Θ-integrable, we write f ∈
ΦΘ

sim, if for every x ∈ f(T ) \ {O} the set f−1(x) is of the finite Θ-semivariation.
We say that the function f : T → X is Θ-measurable if it belongs to the closure

of the space ΦΘ
sim with respect to the topology of the convergence with respect to the

Θ-semivariation.
We say that the Θ-measurable function f : T → X is Θ-integrable over T , we write

f ∈ ΦΘ
int, if there exists a net (fi)i∈I in ΦΘ

sim satisfying the following conditions:
(a) the net (fi)i∈I converges with respect to the Θ-semivariation to the function f ,
(b) the net (mfi)i∈I is eventually uniformly absolutely continuous with respect to the

Θ-semivariation,
(c) the net (mfi)i∈I is eventually equicontinuous with respect to the Θ-semivariation,
(d) for every q ∈ Q there is θ = θ(q) ∈ Θ the same simultaneously in (a), (b), (c).
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If E ∈ Rloc then the limit

(8)
∫

E

f dm = lim
i∈I

∫

E

fi dm

is called an indefinite integral mf at the set E.

1.12. It can be proved that the value of the integral in (8) is independent of the
net of simple functions (fi)i∈I in this definition.

1.13. Definition. We say that the net of simple (Θ-integrable) functions (fi)i∈I is
fundamental (converges) in mean if the net of charges (mfi)i∈I is fundamental (con-
verges) in Y uniformly for every E ∈ Rloc, where mf (.) =

∫
.
f dm : Rloc → Y, f ∈

Φsim, (ΦΘ
int).

2. Convergence theorems

2.1. Theorem (Vitali). Let (fi)i∈I be a net in ΦΘ
int and f : T → X be a function,

such that the condition (a), (b), (c), and (d) in Definition 1.11. are satisfied. Then
f ∈ ΦΘ

int and the net (fi)i∈I converges in mean to the function f .

Proof. Consider first the case when fi ∈ ΦΘ
sim, i ∈ I. In this case clearly f ∈ ΦΘ

int

by Definition 1.11. Since Y is complete, we have only to show that the net (fi)i∈I is
fundamental in mean, i.e. we prove that the integral (8) is defined well.

Let F ∈ Rloc, E ∈ R, q ∈ Q. We have:

d = q

(∫

F

fi dm−
∫

F

fj dm
)

=

(9) q

(∫

F∩(T\E)

fi dm−
∫

F∩(T\E)

fj dm +
∫

F∩E

(fi − fj) dm

)
,

where i, j ∈ I. Clearly F ∩ (T \ E) ⊂ T \ E and F ∩ (T \ E) ∈ Rloc.
Let ε be an arbitrary positive number. Choose E ∈ R, θ ∈ Θ, i1 ∈ I, such as in

Definition 1.8. Put D = F ∩ (T \ E). Then by Definition 1.8. we obtain for every
i, j ≥ i1:

(10) d < 2ε + q

(∫

F∩E

(fi − fj) dm
)

.

By (d) to given q ∈ Q let us consider the same θ ∈ Θ as in Definition 1.8. (4)
implies:

(11) q

(∫

F∩E

f dm
)
≤ ‖f‖E∩F,θ . m̂q,θ(E ∩ F ),
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where f ∈ ΦΘ
sim. If fi, fj ∈ ΦΘ

sim, i, j ∈ I, then fi − fj ∈ ΦΘ
sim, too, and (11) implies for

every i, j ∈ I:

(12) q

(∫

F∩E

(fi − fj) dm
)
≤ ‖fi − fj‖E∩F,θ . m̂q,θ(E ∩ F ).

Since the charge m is of finite Θ-semivariation on E ∈ R and m̂q,θ is a monotone set
function, there is m̂q,θ(E ∩ F ) < ∞, too. Then for given ε > 0 there is δ > 0, such
that the following implication is true:

(13) fi, fj ∈ ΦΘ
sim, ‖fi − fj‖E∩F,θ < δ ⇒ q

(∫

F∩E

(fi − fj) dm
)

< ε.

Denote G = {t ∈ F ∩ E; pθ(fi(t) − fj(t)) < δ}. Since fi, fj ∈ ΦΘ
sim, i, j ∈ I, there is

G ∈ Rloc. We have:

q

(∫

F∩E

(fi − fj) dm
)
≤

(14) q

(∫

(F∩E)∩G

(fi − fj) dm

)
+ q

(∫

(F∩E)\G
(fi − fj) dm

)
.

So, we obtain from (10), (13), and (14):

(15) d < 3ε + q

(∫

(F∩E)\G
(fi − fj) dm

)
.

By (b) the net (mfi)fi∈I is eventually uniformly absolutely continuous with respect
to the Θ-semivariation, see Definition 1.9. By (d) to given q ∈ Q let us consider the
same θ ∈ Θ as in Definition 1.8. Choose i2 ≥ i1. Further, if q(mfi)(A) < ε, A ∈
Rloc, i ∈ I, i ≥ i2, then

(16) q(mfi−fj )(A) < 2ε

for i ≥ i2, i ∈ I.
By (a) the net (fi)i∈I converges with respect to the Θ-semivariation to f , see Def-

inition 1.10. Since m̂q,θ, q ∈ Q, θ ∈ Θ, is a monotone set function, then also the net
(fiχA)i∈I converges with respect to the Θ-semivariation to fχA, A ∈ Rloc, i.e. for every
i ≥ i3, i, i3 ∈ I, there is

(17) m̂q,θ({t ∈ A; pθ(fi(t)− fi(t)) ≥ δ}) < η.

Choose i3 ≥ i2 and put A = (F ∩E) \G ∈ Rloc. Since fi, fj ∈ ΦΘ
sim, i, j ∈ I, there is

{t ∈ A; pθ(fi(t)− fj(t)) ≥ δ} ∈ Rloc. In this case clearly m̂∗
q,θ = m̂q,θ. Then (6), (15),

(16), and (17) imply that for every F ∈ Rloc, q ∈ Q, ε > 0, there is i3 ∈ I, such that
for every i ≥ i3, i ∈ I, there is d < 5ε.
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Let us consider fi ∈ ΦΘ
int, i ∈ I. Let I denotes the family of all directed sets. By

definition to every Θ-integrable function there exists a net of functions (fi,j)j∈Ii
in

ΦΘ
sim, such that the conditions of Definition 1.11. (a), (b), (c), and (d) are satisfied.
Consider the product of the family of directed sets I × II . An partial ordering on

this product we define as the lexicographical ordering, as follows: (i1, j1) ≤ (i2, j2) ⇔
[ either (i1 < i2) or (i1 = i2 ∧ j1 ≤ j2)], for j1 ∈ Ji1 , j2 ∈ Ji2 , i1, i2 ∈ I. It is easy
to see that a subnet of the net (fi,j)j∈Ij , (i, j) ∈ I × II , can be choosen to satisfy the
conditions (a), (b), (c), and (d) of this theorem. ¤
2.2. Theorem (Lebesgue). Let (fi)i∈I be a net in ΦΘ

int, f : T → X be a function,
E ∈ Rloc, and

(a) the net (fi)i∈I converges with respect to the Θ-semivariation to f ,
(b) there is a function g ∈ ΦΘ

int such that the net (mfi)i∈I is such that

(18) q

(∫

E

fi dm
)
≤ q

(∫

E

g dm
)

for every i ∈ I and q ∈ Q. Then f ∈ ΦΘ
int and the net (fi)i∈I converges in mean to the

function f .

Proof. From the Theorem 2.1 there immediately follows this version of Lebesgue Dom-
inated Convergence Theorem as a consequence, cf. also [1], [5], and [6]. ¤
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E-mail address: jhaluska @ saske.sk


